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Stat293 class notes

Statistical Learning: Algorithms and
Theory

Sayan Mukherjee

LECTURE 1
Course preliminaries and overview

Course summary

The problem of supervisedlearning will be developedin the framework
of statistical learning theory. Two classesof machine learning algorithms
that have beenusedsuccessfullyin a variety of applications will be studied
in depth: regularization algorithms and voting algorithms. Support vector
machines (SVMs) are an example of a popular regularization algorithm
and AdaBoost is an example of a popular voting algorithm. The course
will

(1) introduce thesetwo classesof algorithms

(2) illustrate practical usesof the algorithms via problemsin computa-
tional biology and computer graphics

(3) state theoretical results on the generalizationand consistencyof these
algorithms.

Grading

Three problem setsfor 50% of the grade. A nal project for 50% of
the grade. Possible nal projects are
(1) application of a learning algorithm to data

linstitute of Statistics and Decision Sciences(ISDS) and Institute for Genome Sciencesand Policy
(IGSP), Duke Univ ersity, Durham, 27708.
E-mail address : sayan@stat.duke.edu .

November 18, 2004

These lecture notes borrow heavily from the following coursesat M.I.T. 9.520 and 18.465.

€ 1993 American Mathematical Societ y
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(2) critical review of topics in the classor related topics
(3) theoretical analysis of an algorithm
The student can pick a topic or selectfrom prede ned topics.

Courseoutline
(1) The supervised learning problem
The problem of supervised learning will be introduced as function
approximation given sparsedata.
(2) Regularization algorithms
(@) Reproducing Kernel Hilb ert Spaces
A function classwith somevery nice properties.
(b) Regularization methods
(c) Algorithms derived from Tikhonov regularization
(i) Kernel ridge-regression
(i) Support vector machines (SVMs)
(i) Regularizedlogistics regression
(iv) Splines
(d) Optimization
Lagrange multipliers and primal/dual problems.
(3) Voting algorithms
(a) Examples of voting algorithms
(b) Probably approximately correct (PAC) framework
A theoretical framework intro duced by Leslie Valiant usedex-
tensively in Learning theory.
(c) Strong and Weak learnersand the Boosting hypothesis
Do there exist two kinds of algorithms: strong and weak algo-
rithms, or are they equivalent in and that one can one boost
weak algorithms into strong ones.
(d) Boosting by majority and Adaptiv e boosting (AdaBoost).
(4) Applications
(@) Computational biology
(i) Classifying tumors using SVMs
Expressiondata from human tumors will be analyzed us-
ing SVMs. Both binary and multiclass problems will be
addressed.The challengehereis high dimensionality and
lack of samples.
(i) Predicting genetic regulatory responseusing boosting
A boosting algorithm is usedto predict generegulatory
responseusing expressionand motif data from yeast.
(b) Computer graphics
Trainable videorealistic speet animation systemis described
that usesTikhonov regularization to create an animation mod-
ule. Given video of a pre-determined speed corpus from a
human subject the algorithm is capableof synthesizing the hu-
man subject's mouth uttering ertirely novel utterances that
were not recordedin the original video.
(5) Theory
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(a) Generalization and consistency
How accurate a function learnt from a nite dataset will be on
future data and as the number of data goto innit y will the
optimal function in the classselected.
(b) Tednical tools
(i) One-dimensionalconceriration inequalities
(A) Polynomial inequalities
(B) Exponertial inequalities
(C) Martingale inequalities
(i) Vapnik-Cervonenkis (VC) theory
(A) Covering numbersand VC dimension
(B) Growth functions and metric entropy
(C) Uniform law of large numbers
(D) Kolmogorov chaining and Dudley's ertropy integral
(E) Rademader averages
(c) Generalization bounds
() Boundsfor Tikhonov regularization using algorithmic sta-
bility
(i) Bounds for empirical risk minimization algorithms using
VC theory
(i) Generalization bounds for boosting






LECTURE 2
The learning problem

In this lecture the (supervised) learning problem is presened asthe problem of
function approximation from sparsedata. The keyideasof lossfunctions, empirical
error and expected error are intro duced. The Empirical Risk Minimization (ERM)
algorithm is introducedand three key requiremerts on this algorithm are described:
generalization,consistency and well-posednessWethen mertion the regularization
principle which ensuresthat the above condition are satis ed. We closewith a brief
intro duction to voting algorithms.

2.1. Key denitions in learning

Our dataset consistsof two sets of random variables X RYand Y RK. Our
generalassumption will be that X is a compact Euclidean spaceand Y is closed
subset. For most of this classk = 1. Given a dataset we would like to learn a
function f : X ! Y,

For example the spaceX canbe measuremets for a given courntry:
x = (gdp, poilty, infant mortalit y, population density, estimates of WMD, oil export);

we will focuson two typesof spacesY in theselectures.

(1) Pattern recognition: the spaceY = f0; 1g correspondsto a binary variable
indicating whether the courtry is bombed,

(2) Regression:the spaceY IR correspondsto a real-valued variable indi-
cating how much the country is bombed (we assumethere exists negative
bombing here).

The dataset S is often called the \training set" and consists of n samples,
(x;y) pairs, drawn i.i.d. from a probability distribution (z), a distribution on the
product spaceof X andY (Z = X YY)

S=fz1= (X1;¥1); 5520 = (Xn; Yn)O:
An important conceptis the conditional probability of y given x p(yjx)
(2) = p(yjx) p(x):
In the learning problem we assume (z) is xed but unknown.

5
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2.1.1. Algorithms, hyp othesis spaces, and loss functions

Prop osition. A learning algorithm A is a map from a data set S to a function
fsi
A:S! fg:

Prop osition. A hypothesisspace H is the space of functions that a learning algo-
rithm A \searches" over.

The basic goal of supervised learning is to usethe training setS to \learn" a
function f g that givenavalue x,,, not in the training setwill predict the assiated
value Ypreq :

ypred = fS(Xnew);
not only for one value X, but for a set of thesevalues.

A lossfunction can be usedto decide how well a function \ts" a training set
or how well it predicts new obsenations.

De nition. A lossfunction will be de ned as a nonnegative function of two vari-
ablesV(f;z) := V(f (X);y):
ViR RR! IR":
The lossfunctions we will encourter will be nondecreasingin either
jE(x) yj or  yf(x):
Examples. The following are loss functions usead in geneal for regression prob-
lems.

(1) Squae loss: the most common lossfunction geesbackto Gauss,sometimes
called L, loss

VIEx)y) = (F) y3%
(2) Absoluteloss: this lossfunction is lesssensitiveto outliers than the squae
loss, sometimescalled L1 loss

V(E(x)y) =it (x) Vi
(3) Huber loss: is lesssensitive to outliers like the L; loss but is everywhee

di er entiable unlike the L1 loss
L(f (x 2 f jf (x i 2:
if(x) vyj o.W.

(4) Vapnik loss: is lesssensitive to outliers like the L1 lossand in particular
algorithms can lead tcz sparse solutions

VEiy = o TRy
if(X) i 0o.W.

Examples. The following are lossfunctions usel in geneal for classi cation prob-
lems.

(1) Indicator loss: the most intuitive lossfor binary classi cation

if yf(x) O

VIEx):y) = ( f(X)y):= 0 ow.
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Figure 1. Four loss functions for regression: square loss, absolute loss, Hu-
ber's loss function, and Vapnik's loss function.

(2) Hinge loss: unlike the Indicator lossthis lossfunction is convexand there-
fore leads to practical algorithms Ehat may have sparse solutions

if yf :
VEX)Y) = @ fx)y). = 2 o0y ;x x) 1

(3) Quadratic hinge loss: similar to tr(1e hinge lossbut the deviation is squaed
if yf(x) 1
1 f(x)y)?> ow.

(4) Logistic loss: this is also a convexloss function with the advantagethat a
prokabilistic model can be assaiated with it

VE®X);Y)=In 1+e Y

V(IEE)Y) =L fey). =



Indicator loss

Hinge squared loss
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Figure 2. Four loss functions for classication: indicator loss, hinge loss,
square hinge loss, and logistic loss.
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2.1.2. Empirical error, expected error, and generalization

Two key conceptsin learning theory are the empirical error of a function and
expected error of a function.

De nition.  The empirical error of a function f given a loss function V and a
training setS of n points is

X
Isfl=n 1 V(f;z):
i=1
De nition.  The expected error of a function f given a loss function V and a
distribution  is 7

Iff1=IE.V(f;2):= V(f;z)d (2):

Note that the expected error can almost never be computed since we almost
never know (z). However, we often are given S (n points drawn from (z)) so
we can compute the empirical error. This obsenation motivates the principal of
generalization which is fundamental to learning theory.

Prop osition. An algorithm genealizes, Agen, if its empirical error is closeto its
expected error:
Agen= fA [jl[fs] Is[fs]j is smalg:
The advantage of algorithms that generalizeis that if the empirical error is
small then we have faith that the algorithm will be accurate on future obsenations.

However, an algorithm that generalizesbut hasa large empirical error is not of much
use.

2.1.3. Empirical Risk Minimization

A very common algorithm is the empirical risk minimization (ERM) algorithm.

De nition.  Given a hypothesisspace H a function fg is a minimizer of the em-
pirical risk if
" #
fs 2 argfn;hn Is[f]:= argfrghn n ~ V(f;z)
If there exists no minimizer of empirical risk then a variation of the algorithm:
almost ERM is used.

De nition.  Given a hypothesis space H a function fs is an -minimizer of the
empirical risk if for any > 0

Islfs] inf Isf]+ :

2.1.4. Desired prop erties of ERM

A natural property for an algorithm such asERM to haveis that asthe number of
obsenations increasethe algorithm should nd the best function in the hypothesis
space. This property is de ned as consistency
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De nition.  ERM is universally consistent if
8" > Onl!llm suplPs |[fs]> fm I[f]+ =0

One can obsene (homework problem) that for ERM universal consistencyand
distribution independert generalization are equivalent.

De nition.  ERM has distribution independent generlization if
8">0 nIlilrn suplPs fjIs[fs] I[fs]i> "g= 0:

Another set of desirable properties for ERM is that the mapping de ned by
ERM (A : S! fgs) be well-posed. The notion of well-posednessgoes back to
Hadamard who de ned this idea for operators.

De nition. A map is well-posd if its solution
(1) exists
(2) is unique
(3) is stable(the function output varies smaothly with respect to perturbations
of the input, the training set S).

The key requiremernt for ERM is stability since existenceis ensured by the
de nition of ERM or almost ERM.and uniquenesss de ned modulo empirical error,
all functions that have the sameempirical error are equivalert.

We will seethat the requiremerts of stability and consistencyare complimen-
tary and indeed equivalent for ERM.

The following two examplesillustrate theseissues.
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Example. This example examinesthe stability of ERM when di er ent function
classesare usal. The key point here is that ERM with a less complex or simpler
function classis more stable.

The datasetis composed of 10 points and we t the smaothest interpolating
polynomial to this data. We then perturb the data slightly and re t the polynomial
and note how much the function changes. Repeating this procedure with a second
degree polynomial resultsin a much smaller changein the function.
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Figur e 3. The rst gure consists of 10 points sampled from a function. In
the second gure we t the smoothest interpolating polynomial. The third
gure displays the original data and the perturb ed data. The fourth gure
plots the smoothest interp olating polynomial for the two datasets. The fth
gure plots the original dataset with a 2nd order polynomial t. The sixth
gure plots both datasets with t with 2nd order polynomials.
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Example. This exampleis an il lustration of how well-posanessand genealization
are related. The key point here is that when ERM is well-posel the expected error
will be smaller and in the limit this implies consistency.

Ten points are samplal from a sinusoid. We will use two algorithms to t the

data

(1) A1: ERM using a 7th order polynomial
(2) A,: ERM using a 15th order polynomial.

A1 is well-posal and A, is not. Note that the expected error of A; is much smaller
than the expected error of As.

sampled data in(2x)

00

7th order polynomial

Figur e 4. The rst gure consists of 10 points sampled from a function. The
second gure is the underlying function, a sinusoid. The third and fourth
gures are a 7th and 15th order polynomial t to the data.

2.2. Imp osing well-p osedness

The previous examplesillustrated that ERM by itself is not well-posed. A standard
approad to imposingwell-posedto a procedureis via the principle of regularization.

The principle of regularization involvesconstraining the hypothesisspace. Two
basic of the three basic methods of imposing constraints are

(1) Ivanov regularization: directly constrain the hypothesisspace
" #
X

fr‘r;Ln n! V(f:;z) subjectto (f)
i=1
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(2) Tikhonov regularization: indirectly constrain the hypothesis space by
adding a penalty term. "

l)@
min n V(f;z)+ f
mpon ' VG (0
The function ( f) is called the regularization or smoothness functional and is
typically a Hilbert spacenorm, seelecture 3, and the parameters and are
the regularization parametersthat cortrol the trade-o between tting the data
and constraining the hypothesis space.

2.3. Voting algorithms

An alternative to imposing well-posednesausing constraints is to use algorithms
that by construction are well-posed. Voting algorithms implemernt this approac,
seelecture ?72.

The idea behind voting algorithms is that we use a weighted combination of
very simple functions called weak learnersto build a more complicated function

xP X
f(x) = iG(X) subject to i=land ; O
i=1 i=1
the functions ¢; (x) are the weak classi ers and the weights ; canbe predetermined
or set basedupon the obsened data.






LECTURE 3
Repro ducing Kernel Hilb ert Spaces (rkhs)

Reproducing Kernel Hilb ert Spacedqrkhs) are hypothesisspaceswith somevery
nice properties. The main property of these spacesis the reproducing property
which relates norms in the Hilbert spaceto linear algebra. This classof functions
also has a nice interpretation in the context of GaussianprocessesThus, they are
important for computational, statistical, and functional reasons.

3.1. Hilb ert Spaces

A function spaceis a spaceof functions where ead function can be thought of as
a point.

Examples. The following are three examplesof function spacesde ned on a subset
of the real line. In theseexamplesthe subsetof the real line we consider is x 2 [a; b]
whetr for examplea= 0 and b= 10.

(1) CJa;b is the set of all real-valued continuous functions on x 2 [a; b
y = x3isin C[a;b] while y = dxe is not in C[a;h].

(2) LF%[a; b] is the set of all squae integrable functions on x 2 [a;b]. If
( ;jf (x)j2dx)12 < 1 thenf 2 Ly[a;l].
y=x3isin Ly[a;bj andsoisy = x>+ (x c) wherea< c< b, however
the second function is not de ned at x = c.

(3) Lq[a;b] is the set of all functions whose absolute value is integrable on
X 2 [a;b].
y=x3isin Ly[a;b] andsoisy = x3+ (x c) wherea< c< b, however
the second function is not de ned at x = c.

De nition. A normed vector space is a space F in which a norm is de ned. A
function k kisanormi forallf;g2F

(1) kfk Oandkfk=0i f=0

(2) kf + gk kf k+ kgk

(3) kf k=j jkfk.
Note, if all conditions are satis ed exept kf k = 0i f = 0 then the space has a
seminorm instead of a norm.

15
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De nition.  An inner product space is a linear vector space E in which an inner
product is de ned. A real valua function h; i is an inner producti 8f;g;h 2 E
and 2 IR

(1) igi = hgifi

(2) B + g;hi = K ;hi + hg;hi and hf ;gi = H;qgi

(3) H;fi Oandh;fi=0i f=0. 0
Given an inner product space the norm is dened askf k= = H;fi and an angle
between vectors can be de ned.

De nition.  For a normed space A a subspoe B A is densein Ai A = B.
Where B is the closure of the set B.

De nition. A normed space F is se@rablei F hasa countable densesubset.

Example. The setof all rational points is densein the real line and therefore the
real line is semrable. Note, the set of rational points is countable.

Coun terexample. The space of right continuous functions on [0; 1] with the sup
norm is not serable. For example,the step function

f(x)=U(x a) 8a2]0;1]

cannot be approximated by a countable family of functions in the sup norm since
the jump must occur at a and the set of all a is uncountable.

Denition. A sejuene fx,g in a normed space F is called a Cauchy sequene if

De nition. A normed space F is called completei every Cauchy sequene in it
converges.

De nition. A Hilbert space, H is an inner product space that is complete, sefara-
ble, and geneally in nite dimensional.
A Hilbert space has a countable basis.

Examples. The following are examplesof Hilbert spaces.

(1) IR" is the textbook example of a Hilbert space. Each point in the space
x 2 IR" can be represgl as a vector x = fxi;::;X,g and the metric
in this space is kxk = i1 IXij2. The space has a very natural basis
composal of the n basis functions e; = f1;0;:::;0g, 2 = f0;1;:::;0g,...,
e, = f0;0;:::; 1g. The inner product between a vector x and a basis vector
e is simply the projection of x onto the ith coordinate x; = hx; .

Note, this is not an in nite dimensional Hilbert space.

(2) L, is alsoa Hilbert space. This Hilbert space is in nite dimensional.

3.2. Repro ducing Kernel Hilb ert Spaces (rkhs)

We will usetwo formulations to describe rkhs. The rst is more general, abstract,
and elegart. Of courseit is lessintuitiv e. The secondis lessgeneraland construc-
tive. Of courseit is more intuitiv e.

For the remainder of this lecture we constrain the Hilb ert spacesto a compact
domain X .
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3.2.1. Abstract form ulation

Prop osition. A linear evaluation function L; evaluateseach function in a Hilbert
space f 2 H at a point t. It assaiatesf 2 H to a number f (t) 2 IR, L{[f] = f (1).

(1) Leff +g]=f(t)+ g(t)
) L[af] = af (t).

Example. The deltafunction (x t) is a linear evaluation function for C[a;b]
z b
f(t)= f(x) (x t)dx:
a

Prop osition. A linear evaluation function is boundel if there exists an M such
that for all functions in the Hilbert space f 2 H

JLeIfli = jE ()] MKfk;
whet kf k is the Hilbert space norm.

Example. For the Hilbert space C[a; b] with the sup norm there exists a bounded
linear evaluation function since jf (x)j M for all functions in C[a;b]. This is due
to continuity and compactnessof the domain. The evaluation function is simply
Leff]:t! f(t) andM = 1.

Coun terexample. For the Hibert space L[a;b] there exists no boundel linear
evaluation function. The following function is in L;[a;b]

y=x3+ (x ¢) where a< c<b:

At the point x = c there is no M such that jf (¢)j M since the function is
evaluatal as\1 ". This is an exampleof a function in the space that is not even
de ned pointwise.

De nition. If a Hilbert space has a bounde linear evaluation function, L., then
it is a Reproducing Kernel Hilbert Space (rkhs), Hg .

The following property of a rkhs is very important and is a result of the Riesz
represenation theorem.

Prop osition. If Hi is a rkhs then there exists an elementin the space K with
the property suchthat for all f 2 Hg

Leff]= WK fi = £ (1)

The inner product is in the rkhs norm and the elementK; is called the representer
of evaluation of t.

Remark. The above property is somewhat amazing in that it says if a Hilbert
space has a bounded linear evaluation function then there is an elemer in this
spacethat evaluates all functions in the spaceby an inner product.
In the spacel ;[a; b] we say that the delta function evaluatesall functions in L,[a; b]
Zy
Lf]= f(x) (x t)dx:
a

However, the delta function is not in Ly[a;b].
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De nition.  The reproducing kernel (rk) is a symmetric real valued function of two
variabless;t 2 X
K(s;t): X X! IR:

In addition R(s;t) mustbe positive de nite, thatis for all real a;;::;;a, andty;:::;ty 2
X

ag K(ti;t;) O
ij =1
If the alove inequality is strict then K (s;t) is strictly positive de nite.

Remark. Instead of characterizing quadratic forms of the function K (s;t) onecan
characterize the matrix K where K;j = K(tj;t;) and usethe notions of positive
and positive-semide nite matrices. The terminologies betweenanalogousconcepts
for functions versusmatrices is unfortunately very confusing.

There is a deep relation between a rkhs and its reproducing kernel. This is
characterized by the following theorem.

Theorem. For every Reproducing Kernel Hilbert Space (rkhs) there existsa unique
reproducing kernel and converselygiven a positive de nite function K on X X we
can construct a unique rkhs of real valued functions on X with K asits reproducing
kernel (rk).

Proof.
If Hk is a rkhs then there exists an elemert in the rkhs that is the represener
evaluation by the Reiszrepresener theorem. We de ne the rk

K (s;t) := HKg; Kii

whereK ¢ and K are the represerers of evaluation at s and t. The following hold
by the properties of Hilb ert spacesand the represener property
2

X
a8 Ky, 0
i
2
X X _
g Ky, = aja Ky Ky
[
x X
aag K(tit;) = aiay Ky Ky, i

5] i5j
Therefore K (s;t) is positive de nite.
We now prove the corverse. Given a rk K (; ) we construct Hx . For eadh
t 2 X we de ne the real valued function
Ki() = K(t ):

We can shaw that the rkhs is simply the completion of the space of functions
spannedby the the set Ky,
X

H=ffjf = aKi where a2 IR; tj 2 X; and i2 INg
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with the following inner product
* +

X X X X
aKy,; aKy = aay Ky Ky i = aa K (ti;t)):
[ [ i i
SinceK (; ) is positive de nite the above inner product is well de ned. For any
f 2 Hk we can ched that
K fi=f(t)
becausefor any function in the above linear spacenorm convergenceimplies point-
wise corvergence
jfn(t) f()j=jhfn f;Kddj = kin fKkKk;

the last step is due to Cauchy-Schwartz. Therefore every Cauchy sequencein this
spacecorvergesand it is complete.

3.2.2. Constructiv e form ulation

The dewvelopmert of rkhs in this subsectionis seenin most formulations of Support
Vector Machines (SVMs) and Kernel Machines. It is lessgeneralin that it relieson
the reproducing kernel being a Mercer Kernel. It however requires lessknowledge
of functional analysisand is more intuitiv e for most people.
In this formulation we start with a continuouskernel K : X X ! IR. We
de ne anintegral operator L : L,[X]! C[X] by the following integral transform
z

(3.1) Lgf = K (s;t)f (t)dt = g(t):
X

If K is positive de nite then Lk is positive de nite (the corverseis also true)
and therefore the eigervaluesof (3.1) are nonnegative.

Wedenotethe eigenvaluesand eigenvectorsof (3.1) asf 1;::; xgandf 1;::; «g
respectively, where z

K(s;t) k(t)dt=  k(t) 8k:
X
We now state Mercer's theorem.

Theorem. Given the eigenfunctions and eigenvaluesof the integral equation de-
ne d by a symmetric positive de nite kernel K
Z

K(s;t) (s)ds= (1):
X
The kernel has the exmnsion
X
K(sit) = i i(s) ()
i
where convergene is in the L,[X] norm.

We can de ne the rkhs asthe spaceof functions spannedby the eigenfunctions
of the integral operator de ned by the kernel

X
Hx = ffjf(s)= ¢ k(s) and kfky, < 19 ;
k
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where the rkhs norm k ky, is de ned asfollows

+
, X X 2 X @
kf (sS)kp, = G j(s); G j(s) = —
i i H i
Similarly the inner product is de ned as follows
* +

. X X X dc
Mg = G (9 d (5 = 49

i i Ho i

Part of a homework problem will be to prove the represener property
HCGKGX)n, = f(x);

using Mercer's theorem and the above de nition of the rkhs norm.

3.2.3. Kernels and feature space

The rkhs concept has been utilized in the SVM and kernel machines literature in
what is unfortunately called the kernel trick.

Points in the domains x 2 X IRY are mapped into a higher dimensional
spaceby the eigervaluesand eigenfunctionsof the reproducing kernel (the spaceis
of the dimensionality of the number of nonzeroeigenvaluesof the integral operator
de ned by the kernel)

p— p—
xPo(x)=1F 1105« «(X:

A standard L, inner product of two points mapped into the feature spacecan
be evaluated by a kernel due to Mercer's theorem

K(s;t) = h( s); ( t)iL,:

3.3. The rkhs norm, complexit y, and smoothness
We will measurethe complexity of a hypothesisspaceusing the the rkhs norm. We
restrict our function spaceto consistof functions f 2 Hx where
kfky, A:
The next two examplesillustrate how restricting the rkhs norm correspondsto
enforcing somekind of \simplicit y" or smoothnessof the functions.

Example. Our function space consists of one dimensional lines
f(x) = wx and K (s;t) = st:
For this kernel
kf ki, = kwk?
so our measure of complexity is the slope of the line.
Our objective is to nd a function with the smallest slope such that

yE(x) 1
for all observe (x;y) pairs. This can be thought of as sefrating the samplesof the
two classesby a margin of 2.
In the three following examplesthe slope of the function that separates the two
classesby a margin of 2 increasesas the points of the opposite classget closer.
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Three datasetsand a line to semrate the classes. As the class distinctions
become ner a larger sloge is required to seprate the classes.

P L] —

1)
()
1)

Figur e 1. Three datasets with the points in the two classesgetting nearer.
Note that the slope of the separating functions get steeper as the two classes
approach each other.

Example. Consider any function of one variable that is continuous, symmetric
and periodic with positive Fourier coe cients over the interval. The rk K (s;t) can
be rewritten as K(s t) = K(z) and can be exmndel in a uniformly convergent
Fourier series(all normalization factors setto 1)

*

K (z) ncognz)

n=0
R R
K(s t) = 1+ p Sin(ps) sin(pt) + p cogps) cogpt);

p=1 p=1

showingthat the eigenfunctions of K are

(1;sin(z); coqz); sin(2z); coq3z); :::; sin(pz); copz); :::):
So the rkhs norm of a function is
K ; cogpz)i? + Hf;sin(pzi)?

) R
kf ki, =
p=0 P
For the alove rkhs norm to be nite the magnitude of the Fourier coe cients
of the functions f 2 H¢ hasdecay fast enoughto counteract the decreasein .
The picture belowis an illustration of how the smathnessof a function can be
characterized by the decay of the Fourier coe cients.

3.4. Gaussian pro cessesand rkhs
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)

Figur e 2. The rst function is smoother than the second function and the
decay of the Fourier coe cien ts of the rst function is quicker.



LECTURE 4
Three forms of regularization

The three standard approachesto regularization will be described. Setting the
regularization functional to a rkhs norm in all three approadesresults in the solu-
tion having a particular form dueto the represerer theorem. Lastly the equivalence
betweenof the three forms of regularization is speci ed.

4.1. A result of the represen ter theorem

The following are the three standard regularization methods for ERM:
(1) Tikhonov regularization: indirectly constrain the hypothesis space by
adding a penalty term. "

n 0tV f
min-n i:1V(,Zi)+ (f)

(2) Ivanov regularization: directly#constrain the hypothesis space
. X] .
min n 1 V(f;z) subjectto ( f)
i=1
(3) Phillips regularization: directly constrain the hyp#othesisspace
X
fn’zan (f) subjectto n ! V(f;z)
i=1
Throughout this text the rkhs norm will be usedasthe regularization functional
(f)=Kkf kﬁK :
This de nes the following optimization problems v#\t/e will considerin this text:

X
(P1) min n ' V(iz)+ kiKY
f2H .
(P2) min n ' V(f;z) subjectto kfk3, ;
f2H i=1 .
#
X

(P3) frrghn kfki, subjectto n ' V(f;z)
i=1

23
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All the above optimization problems above are over spacesof functions that
cortain an in nite  number of functions. Using the formulation in section 3.2.2 we
can write any function in the rh(ks as )

X
He = fif(x) = o «(x)
k
so the optimization procedureis over the coe cien ts ¢x. The number of nonzero
coe cien ts in the expansionde nes the dimensionality of the rkhs and this can be
in nite, for examplethe Gaussiankernel.
One of the amazing aspects of the above optimization problems is that the
minimizer satis es the form

X
f(x) = G K (X;%i):
i=1
So the optimization procedureis over n real variables. This is formalized in the
following \Represerter Theorem."

Theorem. Given a set of points f(x;;yi)gL; a function of the form

X
f(x)= KX xi);
i=1
is a minimizer of the following optimization procedure

c((f (xa)iya); = (F (Xn)iyn)) + 9 (Kfkn );
whetre kf ky , is a rkhs norm, g() is monotonically increasing, and c is an arbitrary
cost function.

Procedure(P1) is special caseof the optimization procedurestated in the above
theorem.
Proof. For easeof notation all norms and inner products in the proof are rkhs
norms and inner products.

Assumethat the function f hasthe following form

X
f= b ix)+v
i=1
where
hi(xj);vi=0 8i=1:n:
The orthogonality condition simple ensuresthat v is not in the spanof f (x;)gf; .
Sofor any point Xj (j =150
+
X X .
f(x) = b (xi)+v; (xj) = bh(xi); (x)i;
i=1 i=1
sov hasno e ect on the cost function

c((f (x1);y1); =5 (F (Xn)iyn)) -

We now look at the rkhs norm

| Ov 1 Ov 1
u

2

! u 2
X X X
g(kfk) =g b i(xj)+v =9E13P ' b i(xi) +ka2£ g?@%’ b i(xi) E:

i=1 i=1 i=1
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Sothe extra factor v increasesthe rkhs norm and has e ect on the cost func-
tional and therefore must be zero and the function hasthe form

X
f= b oi(xi);
i=1

and by the reproducing property

X
f(x)= aiK (x; Xi):
i=1
Homework: proving a represerier theorem for the other two regularization
formulations.

4.2. Equiv alence of the three forms

The three forms of regularization have a certain equivalence. The equivalenceis
that given a set of points f(x;;yi)gL, the parameters ; ;and can be set sut
that the samefunction f (x) minimizes (P1), (P2), and (P3). Giventhis equivalence
and and the represener theoremfor (P1) it is clearthat arepreserer theoremholds
for (P2) and (P3).

Prop osition. Given a convex loss function function the following optimization
procedures are equivalent

" #
X
(P1) min n ' V(f;z)+ kiKY
f2H « .
" i=1 #
(P2)  min n L' V(f;z) subjetto kfk3, ;

i=1 " #

xX
(P3) f|;r|14in kfki, subjetto n ' V(f;z)
« i=1

By equivalent we mean that if f(x) is a solution of one of the problemsthen there
exist parameters ; ;  for which fy(x) is a of the others.

Proof.

Let fo be the solution of (P2) for a xed and asswmethat the constraint
under the optimization is tight (kfok3 = ). Let n *" [ V(fo;z) = b By
inspection the solution of (P3) with = bwill befy.

Let fo be the solution of (P3) fopa xed and assumethat the constraint
under the optimization is tight ((n * [L, V(fo;z)] = ). Let kfok% = b. By
inspection the solution of (P2) with = bwill befy.

For both (P2) and (P3) the above argument can be adjusted for the casewhere
the constraints are not tight but the solution f ¢ is not necessarilyunique.

Let fo be the solution of (P2) for a xed . Using Lagrange multipliers we can
rewrite (P2) as

" #

X
: 1 .o 2 .
4.1) fzﬁ“{]; n B V(f;z) + kfkg, ;
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where 0 the optimal = (. By the Karush-Kuhn-T ucker (KKT) conditions
(complimentary sladkness)at optimality
0 kf0k|2_|K =0:

If o= 0then kf kﬁK < and we can rewrite equation (4.1) as
" #

X0
mn n?! V(:z) ;

f2H ¢ ,
i=1
which corresponds to (P1) with = 0 and the minima is fo. If ¢ > 0 then
kf kﬁK = and we canrewrite equation (4.1) asthe following equivalent optimiza-
tion procedures ., 4
i 1X1 f kf k3
2) 4+ i
(P2) ([min-n ~ V(f;z) 0 H ;
" - #

(P2)  min n 1 V(f;z) + okfkj, ;
f2H i=1

which correspondsto (P1) with = ¢ and the minima is fg.

Let fo be the solution of (P3) for a xed . Using Lagrange multipliers we can
rewrite (P3) as

" # ool
X
(4.2) min  kfk3 + nt V({:;z) :
f2H K i=1
where 0 with the optimal = (. By the #lfKT |conditions at optimalit y
o n'  V(foz) =0

i=1
P
If o= 0then n ! i”:l V(fo;zi) < and we canrewrite equation (4.2) as

min kf k% :
f2H ¢ Hi

Whicl'bcorresponds to (P1) with = 1 and the minima is fo. If ¢ > 0 then
nt i”:1 V(fo;zi) = and we canrewrite equation (4.2) asthe following equiv-
alent optimization procedures ., P
; 2 1><1 .
(P3) frermK kiki, + o n _ V(f;z) ;
" i=1 #

x
(P3)  min kfki, + o n ' V(f;z)
- 4=t
. 1><1 1 2
(P3) min  n V(f;z) + —kfkg, ;
f2H k 0

i=1

which correspondsto (P1) with = 1= ¢ and the minima is fg:



LECTURE 5
Algorithms  deriv ed from Tikhono v regularization

From Tikhonov regularization we will derivethree popular and extensively used
algorithms: Kernel ridge-regression,Support Vector Machines, and Spline models.
For the rst two algorithms we will usea RKHS norm as the regularization func-
tional. For the spline modelswe will usea di eren tial operator asthe regularization
functional and closewith an open-problemregarding the relation betweenthis func-
tional and a RKHS norm.

5.1. Kernel ridge-regression

The Kernel ridge-regression(KRR) algorithm has been inverted and reinvented
many times and has been called a variety of names such as Regularization net-
works, Least Square Support Vector Machine (LSSVM), Regularized Least Square
Classi cation (RLSC).

We start with Tikhonov regularization
g #

(min - n i:lV(f,zi)+ (f)

and then set the regularization functional to a RKHS norm
()= kikd,
and usethe squarelossfunctional
1 X . — 1 X 2.
n V(f;z)=n (f(xi) yi)*:
i=1 i=1

The resulting optimization problem is
" #

X
(5.1) [min n 1i:1(f(xi) yi)i+ kikG,

the minimizer of which we know by the Represeter theorem has the form
X
f(x)= aKXx):

i=1
27
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This implies that we only needto solve the optimization problem for the c;. This
turns the problem of optimizing over functions which maybe in nite-dimensional
into a problem of optimizing over n real numbers.

Using the represener theorem we derive the optimization problem actually
solved for Kernel ridge-regression.

We rst de ne somenotation. We will usethe symbol K to refer to either the
kernel function K or the n n matrix K where

Kij K(Xi;Xj)Z

Using this de nition the function f (x) evaluated at a training point x; can be
written in matrix notation as

f(x;) K (xi3 %)
i=1

[Kcl;

where [K ¢]; ; is the jth elemen of the vector obtained in multiplying the kernel
matrix K with the vector c. In this notation we can rewrite equation (5.1) as

1 2 2
— + :
fr2nH|r1Kn(Kc y) kf ki ;
wherey is the vector of y values. Also by the represertier theorem the RKHS norm
can be evaluated using linear algebra
ifiik = c'Ke;

wherec' is the transposeof the vector c. Substituting the above norm into equation
(5.1) results in an optimization problem on the vector c

arg min g(c) := Tl(Kc y)2+ cTKec:
c2IR"

This is a convex, di erentiable function of ¢, so we can minimize it simply by
taking the derivative with respect to c, then setting this derivative to 0.

@(g) - 2K(Kc y)+ 2K c= O

We shaw that the solution of the above equation is the following linear system

c=(K+ 1)ty

wherel is the identit y matrix:

. . 2
di eren tiation 0= -K(Kc y)+2Kc
multiplication K(Kec+ 'K c= Ky
\left multiplication by K " (K + °I )c=y
inversion c=(K+ 1)y

The matrix K + °| is positive de nite and will be well-conditioned if is not too
small.
A few properties of the linear systemare:
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(1) The matrix (K + 'l ) is guaranteed to beinvertible if > 0. As ! 0,
the regularizedleast-squaressolution goesto the standard Gaussianleast-
squaressolution which minimizes the empirical loss. As ! 1, the
solution goesto f (x) = 0.

(2) In practice, we don't actually invert (K + °I ), but instead use an algo-
rithm for solving linear systems.

(3) In order to use this approac, we needto compute and store the ertire
kernelmatrix K. This makesit impractical for usewith very largetraining
sets.

Lastly, there is nothing to stop us for using the above algorithm for classi-
cation. By doing so, we are essetially treating our classi cation problem as a
regressionproblem with y valuesof 1 or -1.

5.1.1. Solving for ¢

The conjugate gradient (CG) algorithm is a popular algorithm for solving positive
de nite linear systems. For the purposesof this class,we needto know that CG
is an iterativ e algorithm. The major operation in CG is multiplying a vector v by
the matrix A. Note that matrix A need not always be supplied explicitly, we just
needsomeway to form a product Av.

For ordinary positive semide nite systems,CG will be competitiv e with direct
methods. CG can be much faster if there is a way to multiply by A quickly.

Example. Suppseour kernel K is linear:
K(xy) = hyi:
Then our solution x can be Writtenxas
f(x) = Gihx s xi
D x E
= GXj ;X
= hw;xi;
and we can apply our function to new examplesin time d rather than time nd.

This is a generl property of Tikhonov regularization with a linear kernel, not
related to the use of the squae loss.

We canusethe CG algorithm to get a huge savings for solving regularizedleast-
squaresregressionwith a linear kernel (K (x1;X2) = X1 X32). With an arbitrary
kernel, we must form a product K v explicitly | we multiply a vector by K. With
the linear kernel, we note that K = AAT, whereA is a matrix with the data points
as row vectors. Using this:

(K + nl)v

(AAT + nl v
AATV) + nl v:

Suppose we have n points in d dimensions. Forming the kernel matrix K
explicitly takesn?d time, and multiplying a vector by K takesn? time.

If we usethe linear represenation, we pay nothing to form the kernel matrix,
and multiplying a vector by K takes2dn time.

If d << n, we save approximately a factor of j; per iteration. The memory
savings are even more important, as we cannot store the kernel matrix at all for



30 S. MUKHERJEE, STATISTICAL LEARNING

large training sets, and if were to recompute the entries of the kernel matrix as
needed,ead iteration would cost n?d time.

Also note that if the training data are sparse(they consist of a large number
of dimensions,but the majority of dimensionsfor eact point are zero), the cost of
multiplying a vector by K can be written as 2dn, whered is the averagenumber of
nonzeroertries per data point.

This is often the casefor applications relating to text, where the dimensions
will correspond to the words in a \dictionary”. There may be tens of thousands of
words, but only a few hundred will appearin any given documert.

5.2. Support Vector Mac hines (SVMs) for classi cation

SVMs have beenusedin a multitude of applications and are oneof the most popular
machine learning algorithms. We will derive the SVM algorithm from two perspec-
tives: Tikhonov regularization, and the more common geometric perspective.

5.2.1. SVMs from Tikhono v regularization

We start with Tikhonov regularization
" #

i VIS f
min n i=1V(,zi)+ (f)

and then set the regularization functional to a RKHS norm
(f)=kf kﬁK
and usethe hinge lossfunctional
1 X 1 X
n V(f;z):=n @ vif(xi))+;
i=1 i=1
where (k). := max(k; 0).

Y‘D'(K)
Figure 1. Hinge loss.

The resulting optimization problem is
) #

X
(5.2) [min - n 1i:l(1 yif a)+ + KK,
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which is non-di erentiable at (1 y;f (x;)) = 0 sowe introduce sladk variables and
write the following constrained optimization problem:

. P -
qminoon L iR
subject to : vif (xi) 1 i=121:::;n
i 0 i=1::n
By the Represetter theorem we can rewrite the above constrained optimization
problem as a constrained quadratic programming problem

P
min nl 1 i+ cTKc
c2IR"
subject to : J"1:1ch(xi;x,-) 1  i=121::5n
i 0 i=21:5n

The SVM contains an unregularized bias term b so the Represener theorem
results in a function

X
f(x) = GK (x;xi) + b:
i=1
Plugging this form into the above constrained quadratic problem results in the
\primal" SVM
P
min nl ' i+ c'Kc
c2IR"; 21R"
P.
subject to : jzlch(xi;xj)+b 1 § i=1::5n
i 0 i=1:5n
We now derive the Wolfe dual quadratic program using Lagrange multiplier
techniques:

X
L(c; ;b;; ) = nt i+ c'Kc
"o 8 9 1
X <X =
i @y GK(Xi;x))+b 1+ A
i=1 Tj= '
X

Wewant to minimize L with respectto c, b, and , and maximize L with respect
to and , subject to the constraints of the primal problem and nonnegativity
constraints on and . We rst eliminate band by taking partial derivatives:

X

1
o

1
N

iVi=0

QR 9@
I

Sl
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The above two conditions will be constraints that will have to be satis ed at opti-

mality. This results in a reduced Lagrangign: 1

X X0
LR(c; )= c'Kc | @y K (xi3x) 1A

We now eliminate c
@_R
@

where Y is a diagonal matrix whosei'th diagonal element is y;; Y is a vector

whoseith elemen is jy;. Substituting in our expressionfor c, we are left with the
following \dual* program:

=) 2Kc KY =0=) cizzi—yi;

n 107
rg%ﬁ ji=1 i e Q
subject to : LYy i=0
o ;i & =1

where Q is the matrix de ned by
Q=yKy" () Qj = yiyK(Xi;x)):
In most of the SVM literature, instead of the regularization parameter , reg-

ularization is cortrolled via a parameter C, de ned using the relationship

— 1 .

2n°
Using this de nition (after multiplying our objective function by the constart% ,
the basic regularization problem becomes

. X _ 1., .5
(in Ci:l Vi (xi)) + St i :
Like ; the parameter C also cortrols the trade-o0 betweenclassi cation accuracy

and the norm of the function. The primal and dual problems becomerespectively:
P

c2IRn”1;inZIR" C iy i+ 3cTKe
subjectto : y; Pjnzlch(xi;xj)+b 1  i=1:::n
i 0 i=2L1::5n
max o 1TQ
subject to : inzl yi i=0
0 i C i=1:::;n:

5.2.2. SVMs from a geometric perspectiv e

The \traditional" approach to developing the mathematics of SVM is to start with
the conceptsof separating hyperplanesand margin. The theory is usually developed
in a linear space, beginning with the idea of a perceptron, a linear hyperplane
that separatesthe positive and the negative examples. De ning the margin asthe
distance from the hyperplaneto the nearestexample,the basic obsenation is that
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intuitiv ely, we expect a hyperplanewith larger margin to generalizebetter than one
with smaller margin.

@) (b)

Figure 2. Two hyperplanes (a) and (b) perfectly separate the data. However,
hyperplane (b) has a larger margin and intuitiv ely would be expected to be
more accurate on new observations.

We denote our hyperplane by w, and we will classify a new point x via the
function

(5.3) f (x) = sign[hw; xi]:

Given a separating hyperplanew we let x be a datapoint closestto w, and we let
x" be the unique point on w that is closestto x. Obviously, nding a maximum
margin w is equivalent to maximizing jjx x%jj. Sofor somek (assumek > 0 for
cornvenience),

hw;xi = k
hw;xVi=0
hw; (x  xW)i = k:
Noting that the vector x  x" is parallel to the normal vector w,
. Wi
hw;(x x")i = W J]XAW
Jw)
20X xMj
fiwii
= diwji jix xYjj
ko= jiwjj jix  x")i
k
— = jjx xWVij:
iiwi ] ]
k is a \n uisanceparameter" and without any loss of generality, we x k to 1, and

seethat maximizing jjx  x%jj is equivalent to maximizing m which in turn
is equivalent to minimizing jjwjj or jjwjj’>. We can now de ne the margin as the
distance betweenthe hyperplaneshw;xi = 0 and hw; xi = 1.

= Jiwij
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So if the data is linear separablecaseand the hyperplanesrun through the
origin the maximum margin hyperplane is the one for which
i iy i 2
LIS nwj
subjectto : yjhw;xji 1 i=1;:::;n

The SVM introducedby Vapnik includes an unregularized bias term b, leading
to classi cation via a function of the form:

f (x) = signfhw; xi + b

In addition, we needto work with datasetsthat are not linearly separable,so we
intro duce slad variables ;, just as before. We can still de ne the margin as the
distance between the hyperplaneshw;xi = 0 and hw;xi = 1; but the geometric
intuition is no longer as clear or compelling.

With the bias term and sladk variables the primal SVM problem becomes

1 P n 1:: Y
subjectto: yi(hw;xi+b 1 ; i=1:::;n
i 0 i=1:::;n

Using Lagrangemultipliers we canderivethe samedual from in the previoussection.
Historically, most developmernts begin with the geometric form, derived a dual
program which was identical to the dual we derived above, and only then obsened
that the dual program required only dot products and that thesedot products could
be replacedwith a kernelfunction. In the linearly separablecase,we canalsoderive
the separating hyperplane as a vector parallel to the vector connecting the closest
two points in the positive and negative classespassingthrough the perpendicular
bisector of this vector. This wasthe \Metho d of Portraits”, derived by Vapnik in
the 1970's,and recently rediscovered (with non-separableextensions)by Keerthi.

5.2.3. Optimalit y conditions

The primal and the dual are both feasible corvex quadratic programs. Therefore,
they both have optimal solutions, and optimal solutions to the primal and the dual
have the sameaobjective value.

We derived the dual from the primal using the (now reparameterized) La-
grangian:

X
L(c; ;b;; ) = C i+c'Ke
=l 0 8 9 1
X <X =
i @y; | GK(xi;xj)+b 1+ A
i=1 =1 !
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—

We now considerthe dual v%riables assciated wj
<X
i =) Y. gKGisx)+b 1+
j=1 '
i =) i O
Complemertary sladknesstells us that at optimalit y, either the primal inequality is

satis ed at equality or the dual variable is zero. In other words, if ¢, , b, and
are optimal solutiong to fghe primal and dual,gthen

h the primal constraints:

1l O

<)<‘I =
i @y | GK(xi;x)+b 1+ ;A

= 0
b
ii = 0
All optimal solutions must satisfy:
X X
G K (Xi;xj) yi jK(xi;x;)=0 i=1:::;n
j=1 j=1
X
iYi=0
i=1
0 C1 i =0 i=1::5n
X
yi@ y (K(xi;x)+bA 1+ 7 0 i=1L:::n
-
2 0’ 1 3
X
4y @y K(xixj)+PA 1+ 5=0 i=1:::;n
j=1
ii=0 i=1::;n
v i 0 i=Ln

The above optimalit y conditions are both necessaryand su cien t. If we havec,
, b, and satisfying the above conditions, we know that they represen optimal
solutions to the primal and dual problems. These optimality conditions are also
known asthe Karush-Kuhn-T ucker (KKT) conditions.
Suppose we have the optimal ;'s. Also suppose (this \alw ays" happensin
practice") that there existsan i satisfying0< ; < C. Then

i<C =9 i>0
=) i50 1
X0
=) vi@ y Kx;x)+bA 1=0
j=1
X0
=) b=y Y K (Xii%)
j=1

Soif we know the optimal 's, we can determine b.



36 S. MUKHERJEE, STATISTICAL LEARNING

De ning our classi cation function f (x) as

X
f(xX)= vy iKXXi)+Db;
i=1

we can derive \reduced" optimality conditions. For example, consideran i such
that y;f (x;) < 1:

yif (xi)< 1 =) i>0

Conversely suppose ; = C:

Figure 3. A geometric interpretation of the reduced optimalit y conditions.
The open squares and circles correspond to caseswhere ; = 0. The dark
circles and squares correspond to caseswhere y;if (xj) = 1and ; C, these

are samples at the margin. The grey circles and squares correspond to cases
where yif (xj) < 1and ; = C.

5.2.4. Solving the SVM optimization problem

Our plan will be to solve the dual problemto nd the 's, and usethat to nd b
and our function f . The dual problem is easierto solve the primal problem. It has
simple box constraints and a single inequality constraint, even better, we will see
that the problem can be decompmsedinto a sequenceof smaller problems.
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We can solve QPs using standard software. Many codes are available. Main
problem| the Q matrix isdense,andisn n, sowecannotwrite it down. Standard
QP software requiresthe Q matrix, sois not suitable for large problems.

To get around this memory issuewe partition the dataset into a working set
W and the remaining points R. We can rewrite the dual problem as:

P, 3
“max - i=1 i+t =1
W2|R|WJ; R2|R|R| i2w i2R
i, ] Qww Qwr w
2
| P QRWP Qrr R
subject to : owYi it rYi i=0
0 i GC; 8i

Supposewe have a feasiblesolution . We can get a better solution by treating the
w asvariable and the g asconstart. We can solve the reduceddual problem:

max (1 Qwr R) w 3 wQuww w
w 2IRIWI b

! P
subject to: 2w Yi i = i2rYi i
0 i C; 8 2W:

The reduced problems are xed size, and can be solved using a standard QP
code. Convergenceproofs are di cult, but this approach seemsto always corverge
to an optimal solution in practice.

An important issuein the decomposition is selectingthe working set. There are
many di erent approades. The basicideais to examine points not in the working
set, nd points which violate the reduced optimality conditions, and add them to
the working set. Remove points which are in the working set but are far from
violating the optimalit y conditions.

5.3. Regularized logistics regression

One drawbadk with the SVM is that the method doesnot explicitly output a prob-
ability or likelihood of the labels, instead the output is a real value the magnitude
of which should be monotonic with respect to the probability

Py= 1x)/ yf(x):

This issue can be addressedby using a loss function based upon logistic or
binary regression.The main idea behind logistic regressionis that we are trying to

model the log likelihood ratio by the function f (x)
P(y = 1jx)
f(x)=log ———

() = log Ply= 1x)

SinceP (y = 1jx) is a Bernoulli random variable we can rewrite the above equation
as

f(x) = log ;%;J%%
_ g _PU=100

1 P(y=1x)
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which implies

A _ 1
POY=I0 = et o)
_ . _ 1
PO= 00 = et T

Py= 14 = -

1+ exp(yT (x)

Givenadata setD = f(x;;yi)gL; andaclassoffunctionsf 2 H the maximum like-
lihood estimator (MLE) is the function that maximizesthe likelihood of observing
the data setD " "

Y 1

-y 1+ exp(yi f (xi))
As in the caseof Empirical risk minimization the MLE estimatemay overt the data
since there is no smoothnessor regularization term. A classicalway of imposing
smoothnessin this context is by placing a prior on the functions f 2 H

P(f)/ ek ki

Given a prior and a likelihood we can use Bayes rule to compute the posterior
distribution P(fjD)

fuwe = argmax[P(Djf)] = argmax

P(Djf)P(f).

P(D)
If we plug the prior and likelihood into Bayesrule we can compute the maximum
a posteriori (MAP) estimator

P(fiD) =

_ P(Djf )P(f)
fMAP = arggnzaxzw
n 1 ek fkf
- 4 i=1 1+exp (yi f (xi))
argmax P(D)
" #
= argmax X lo 1 kf k2
TR 9 T et ) He

With somesimple algebrathe above MAP estimator can be rewritten in the form
of Tikhonov regularization "
X
fume = argfgLin n ' logl+exp( yif(xi))+ kfki, ;
. i=1
where is the regularization parameter. By the represerter theorem the above
equation has a solution of the form

X
f (x)= GK (X Xi):
i=1
Given the above represenier theorem we can solve for the variables ¢; by the fol-
lowing optimization problem "

X
min n *  log(1+exp( yi (c'K))+ c'Ke ;
c n

i=1
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where (cTK); is the ith elemert of the vector ¢c" K. This optimization problem
is convex and di erentiable so a classical approad for solving for ¢ is using the
Newton-Raphsonmethod.

5.3.1. Newton-Raphson

The Newton-Raphsonmethod was initially usedto solve for roots of polynomials
and the application to optimization problems is fairly starightforward. We rst
describe the Newton-Raphsonmethod for the caseof a scalar, the optimization is
in terms of onevariable. We then describe the multiv ariate form and apply this to
the optimization problem in logistic regression.

Newton's method for nding roots: Newton's method is primarily a method
for nding roots of polynomials. It was proposedby Newton around 1669
and Raphson improved on the method in 1690, therefore the Newton-
Raphsonmethod. Givena polynomial f (x) the Taylor seriesexpansionof
f (x) around the point x = xo + " is given by

f(xo+ ") = f(x0) + T %xo)" + o xo)"? + 1
truncating the expansionafter rst order terms results in
f(xo+") f(xo)+ f%Axo)"

From the above expressionwe can estimate the o set " neededto get
closerto the root (x : f (x) = 0) starting from the intial guessxy. This is
done by setting f (xo + ") = 0 and solving for ".

0 = f(xo+")
0 f (xo) + f Yx0)"
f (Xo) f %(x0)"
. f (Xo) .
f %Axo)

This isthe rst order or linear adjustment to the root's position. This can
be turned into an iterativ e procedureby setting x; = Xg + "9, calculating
anew "; and then iterating until corveregence:
f(xn) .
foxn)’
The Newton-Raphsonmethod as an optimization method for scalars: We
are given a corvex minimization problem

Xn+1 = Xn

Jnin a(x);
whereg(x) is a convex function. The extrema of g(x) will occur at a value
of X, such that g%xm) = 0 and sincethe function is corvex this extrema
will be a minima. If g(x) is a polynomial then g¥x) is also a poynomial
and we can apply Newton's method for root nding to g¥(x). If g(x) is
not a polynomial then we apply the root nding method to a polynomial
approximation of g(x). We now describe the stepsinvolved.
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(1) Taylor expand g(x): A truncated Taylor expansionof g(x) results in
a secondorder polynomial approximation of g(x)

000 9xo) + Pxo)(x  xo)*+ 3¢ x0)°6"xo):

(2) Set derivative to zero: Take the derivative of the Taylor expansion
and setit equal to zero
d
o= 100 = g%xo) + gWo)(x  X0) = O
This leavesus with with aroot nding problem, nd the root of f (x)

for which we we use Newton's method for nding roots.
(3) Update rule: The update rule reducesto

f (Xn) = x g%xn) .
f qxn) " g%{xn)

A key point in the above procedureis the corvexity of g(x). To be sure
that the procedurecorvergesthe secondderivative g°{x) must be positive
in the domain of optimization, the interval [a; b]. Convexity of g(x) ensures
this.

The Newton-Raphsonmethod asan optimization method for vectors: We
are given a corvex minimization problem

Xn+1 = Xp

min g(x);

where X IR" is cornvex and g(x) is a convex function. We follow the

logic of the scalar caseexcept using vector calculus.

(1) Taylor expandg(x): A truncated Taylor expansionof g(x) resultsin
a secondorder polynomial approximation of g(x)

600 gxo)+ (X Xo)T 1 glxo)+ 5 xo)T H() (X xo)

where x is a column vector of length n, r g(xp) is the gradient of g
evaluated at X and is alsoa column vector of length n, H(Xo) is the
Hessianmatrix evaluated at Xg

@g(x) .

@i@j Xoy

(2) Set derivative to zero: Take the derivative of the Taylor expansion
and setit equal to zero

Hij (Xo) = )= Lo

909 = 1 9o+ (X)) (X xo)* 5S¢ x9)T H(x0)= O

the Hessianmatrix is symmetric and twice di eren tiable (due to con-
vexity) sowe can reducethe above to

rg(x) = r g(xo) + H(xo) (X xo)=0:
This implies that at a minima x , the gradiert is zero

0= H(xo) (X Xo)+r g(Xo):
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(3) Update rule: Solving the above linear system of equations for x
leadsto the following update rule

Xn+1 = Xn  H l(Xn) r g(Xn);

where H 1(x,) r g(xn) is called the Newton direction.
For the above procedureto convergeto a minima the Newton direction
must be a direction of descen

r 9" (xn) (Xn+1 Xn) < O

If the Hessianmatrix is positive de nite then the Newton direction will

be a direction of descem, this is the matrix analog of a positive second
derivative. Convexity of g(x) in the domain X ensuresthat the Hessian
is positvie de nite. If the function g(x) is quadratic the procedure will

corvergein one iteration.

The Newton-Raphsonmethod for regularized logistic regression: The op-

timization problem for regularized logistic regressionis
" #

X
fuae = argfrerirl n ' log(l+exp( yif(xi))+ kfiki,
i=1

by the represener theorem

X
f (x)= GK (x;Xi) + b;
i=1
kf k. is aseminormthat doesnot penalizeconstarts, like the SVM case.

The optimization problem can be rewritten as
. ”

X
Llc;Bl=n *  log(L+ exp( yi ((cTK)i+ b)) + c'Ke ;

min
c2IR";b2 IR -1

where (cTK); is the ith elemern of the vector c" K .

5.4. Spline models

One can alsoderive spline modelsfrom Tikhonov regularization and often one nds
this derivation in the sameformulation asthat for SVMs or Kernel-ridge regression.
This is somewhatmisleading in that the two derivations are very similar in spirit
there are signi cant technical di erences in the regularization functional usedand
the mathematical tools.

In general,for spline modelsthe domain of the RKHS is unbounded and there-
fore a countable basis may not exist. In addition the regularization function is
de ned asthe integral of a di erential operator. For example for one-dimensional
linear splinesthe regularization functional is

@ (x) 2
@&

and the kernel function is a piecewiselinear function

kf k% := dx;

KX y)=cjx Vi
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where c; is an arbitrary constart and

X
f(x)= cjx Xj+ di
i=1
Wewill show that the regularization functional corresponding to the di eren tial
operators can be written as an integral operator with a kernel function and relate
the kernelto the di erential operator via Fourier analysis.
We assumethe kernel is symmetric but de ned over an unbounded domain.
The eigervaluesof the equation

' K(s;t) (s)ds= (t)

are not necessarilycountable and Mercer's theorem doesnot apply. Let us assume
that the kernel is translation invariant, or
K(s;t) = K(s t):
We will seethis implies that we will have to considerFourier hypothesesspaces
and all these spaceswill be de ned via Fourier transforms.

De nition.  The Fourier transform of a real valued function f 2 L is the complex

valued function f{! ) de ned as
Z .,

1) = ) f(x) e ' Xdx:

Prop osition. The original function f can be obtained throughthe inverse Fourier
transform
1 z +1

f(x):2— ) 1) &' *d!:

Commen t. Periodic functions can be exmndel in a Fourier series
X

) = n (I nlo):
n
This can be shownfrom the periodicity condition
f(x+T)=f(x) for T = '2—:
‘0

Taking the Fourier transform of hoth side yields

f)el'T=1(1):
This is g)ssibleif f{!) 6 0only when! = n! 4. This implies for nontrivial f that
f!')=", n (! nlo), whichis a Fourier series.

Prop osition. The eigenfunctionsfor translation invariant kernelsare the Fourier
basesand the eigenvaluesare the Fourier transform of the kernel.
If K(s;t) = K(jjs tjj) the%the solutions of

K(sit) (s)d (s)= (1)

have the form
| (S): e ihs;! i.
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and 1
= —K(();
. ),

where K (! ) is the Fourier transform of K (jjs  tjj).

The following theorem relates the Fourier transform of a kernel to it being
positive de nite.

Theorem (Bochner). A function K (s t) is positive de nite if and only if it is
the Fourier transform of a symmetric, positive function K (! ) decreasing to 0 at
in nity.

We now de ne the RKHS norm for shift invariant kernelsand we will seethat
this norm will apply to regularizersthat are di erential operators.

De nition.  For a positive de nite function function K (s t) wede ne the RKHS
norm using the following inner product:

Z
17 e .

TS0 = 3~

where g (! ) is the complex conjugate of the Fourier transform of g(s).

Give the above de nition of the RKHS inner product a direct result is that we
can de ne the RKHS as a subspaceof L»(IR") with x 2 IR".

Prop osition. Given a RKHS norm de ned by the alove salar product

z
el \i2
kg, =~ I,
2 K()
The subspce of L»(IR") for which the atoveintegral is de ned ( nite) is the RKHS
Hgk .

We now verify the reproducing property

Z _
. 17 KO ()e it
K t); f = — —— 2" d =f(t):
(s DI (ine = 5 <0 (t)
We now relate the RKHS norm to regularizersthat are di erential operators
sometimescalled smoothnessfunctionals.

Example. The following di er ential operators
Z ., Z
1[f1= if WojPdx =
1
z +1
2[f 1= jf jPdx =
1

L2 )jPd!
Z
LAE)j2d!

are an RKHS norm of the form

jifig = iz it )jzd!;
© 2 K()
wher
K() = 1=12for q;
K() = 1=1*for ,:
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Notice, that K (! ) is a positive symmetric function decreasingto zero at in nity.
Given the Fourier domain representation of the kernel taking the inverse Fourier
transform givesus the reproducing kernel
Kx)=jxi=2 () K()=12%
K(x)= j xj®=12 () K()=1=1%
For both kernels, the singularity of the Fourier transform for | = 0 is due to the
seminorm property and the fact that the kernelis only conditionally positive de nite.

The fact that both functionals
Z ., Z
1[f] = jf Ax)j%dx
1
z +1
2[f ] = jf X1x)j%dx
1

LA )it
Z

1
2
L 40

2

are seminorms is obvioussince f (x) = ¢ will resultin a zero norm for both func-
tionals.

Examples. Other possiblekernel functions and their Fourier transforms are
Key=e=" () k()=e' "
1 1
= — I1X] 1y= —— -
Ke)=Ze M () K= 553
sin( x)

K(x) = () Ko=ut+) Ut ):
Example. The Gaussian kernel K (x) = e x*=2 ? correspnds to the following
di er ential operator

Ze1 R gy

oy dx:

[f]=1+
1 n=1
We now state the represener theorem for shift invariant kernelson unbounded

domains. Note we cannot usethe previous proof of the represener theorem since
thesekernelsare not Mercer kernels.

Theorem. Let K(!) be the Fourier transform of a kernel function K (x). The
function minimizing the functional

Z
1 X i)
=y )i+ d!
- 2 K()
hasthe form
xo
f(x)= oKX x):
i=1
Proof.
We rewrite the functional in terms of the Fourier transform f~and obtain
Z 2 Z
X 1 _— 17 f{ D
= yi =— f()e xid o+ — ort) )d!:

n._, 2 2 K(!)
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Taking the functional derivative w.r.t f{ ) gives

1 X ‘ ZDf‘(!)-!Xi 2 Zf‘(!)Df‘(!)
”_i=1 i f(xi) ) )e' di+ - X orO) )d!
4 4
_ 1 !X 1t .
= N . (yvi T(5) (! e xidr + = W (! )dt:
From the de nition of we have
IR e xi, 1 U,
n . (vi f(xi))e + K() .

Setting the derivative to zero and changing the sign of

yi  f(xi)

X .
FO=K() T—He

i=1
De ning the coe cien ts
Y (),
C| n 1
taking the inverseFourier transform, we obtain

X
f(x)= oKX x):
i=1
We noted that someof the smaoothnessfunctionals were seminormsand there-
fore led to conditionally positive de nite functions. We now formalize and explore
this issue.

De nition.  Let r = kxk with x 2 IR". A ocontinuous function K = K(r) is
conditionally positive de nite of order m on IR", if and nly if for any distinct
points tq;t,;:::;t- 2 IR" and salars ci; c,; ;¢ suchthat iz1 Gip(tj) = O for all
p2 m 1(IR"), the quadmtic form is nonnegative

X X

cGK(kti tjk) O

i=1 j=1
In the case of a strict inequality the function is strictly conditionally positive de -
nite.

Example. The following class of functionals are conditionally positive de nite of

order m
ijZm 1

2m(2m 1)
Prop osition. If K is a conditionally positive de nite function of order m, then
S

2 1 K()

is a seminorm whosenull space is the set of polynomials of degree m 1.
If K is strictly positive de nite, then is a norm.

K (x) = K@) = 1=12m:
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For a positive de nite kernel, we have shown that
X
f(x)= G K (X;xp);

i=1
where the coe cien ts ¢; can be found by solving the linear system

(K+nl)c=y:
For a conditionally positive de nite kernel of order m, it can be showvn that
X X 1
f(x)= cK(xx)+ de k(x);
i=1 k=1

wherethe coe cien ts ¢ and d = (dq;:::;dm) are found by solving the linear system
(K+nl)c+ >d=y

c=0:
with & = «(xi).

Examples. We state a few regularizational functionals and their appropriate so-
lutions.

1) 1-D Linear Splines. The si)lution is the smoegf piecewiselinear polynomials:

[f]=kfkZ = jfqx)j%dx = Zi 1 21 )j2d!
1
KX y)/ jx vyj
X] . -
f(x)= cjx xj+ du

i=1

2) 1-D Cubic Spline. The S%Iution is the space %f piecewise cubic polynomials.
[f]=kikZ = jfOx)j2dx = Zi (IR

()=

Kx )/ jx y?
X
f(x)=  cjx xj°+ dox + dy:

i=1

3) 2-D Thin Plate Splines.

Z7 ) 2 i
A @t @t
f1= kfkd = - +2 — + —— dxqdx
[f] K i @2 @ @ @3 e
- 1 gk K4 (1)j2

(2 )?
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1

k! k4

K (x) / kxk?Inkxk

K()=

X
f(x)= okx xk®Inkx xjk+ hd;xi + dy:
i=1

4) Gaussian Radial Basis Functions,

[ f]=kfki == Zi ek ' K? 2:2“,,(! 2!
K-(l ) = ek 1kj? 2=2
K (x)/ ek xk=27

X k ik?=2 2
f(x)=  cge®* <~

i=1
5.5. Convex Optimization

Conceptsfrom convex optimization such asKarush-Kuhn-T ucker (KKT) conditions
were usedin the previous sectionsof this lecture. In this section we give a brief
introduction and derivation of these conditions.

De nition. A setX 2 IR" is convex if
8x1;x22 X; 8 2[0;1], x1+ (1 )X2 2 X:

A setis convex if, given any two points in the set, the line segmem connecting
them lies ertirely inside the set.

De nition. A function f : IR" ! IR is convexif:
(1) For any x; and xz in the domain of f, for any 2 [0; 1],

f(x1+ (@ Ixz) f (x))+ (@ )f(x2):

(2) The line segment connecting two points f (x1) and f (x,) lies entirely on
or alove the function f .
(3) The setof points lying on or alove the function f is convex.

A function is strictly corvex if we replace \on or above" with \above", or
replace\ " with <.

De nition. A point x is called a local minimum of f if there exists" > 0 such
that f(x )< f(x) forallkx x k "

Denition. A point x is called a glokal minimum of f if f(x ) < f(x) for all
feasible x.

Unconstrained corvex functions (convex functions where the domain is all of
IR") are easyto minimize. Convex functions are di eren tiable almost everywhere.
Directional derivativesalways exist. If we cannot improve our solution by moving
locally, we are at the optimum. If we cannot nd a direction that improves our
solution, we are at the optimum.

Convex functions over corvex sets(a corvex domain) are alsoeasyto minimize.
If the setand the functions are both convex, if we cannot nd a direction which we
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Convex Sets Non-Convex Sets

Figure 4. Examples of convex and nonconvex sets in IR?.

are able to move in which decreaseghe function, we are done. Local optima are
global optima.

Example. Linear programming is alwaysa convex problem
mcin he; xi
subjectto: Ax =Db
Cx d:

Example. Quadratic programming is a convexproblemi the matrix Q is positive
semide nite
min  x%Qx + hc;xi
subject to : Ax =b
Cx d:

De nition.  The following constrained optimization problem P will be called the
primal problem

min f (x)
subjectto: g(x) 0 i=1:::;m
hi(x)=0 i=1:::;n

x2 X:

Here, f is our objective function, the g; are inequality constraints, the h; are equality
constraints, and X is someset.
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3 2 1 o 1 2 3 3 2 1 [ 1 2 3

Figure 5. The top two gures are convex functions. The rst function is
strictly convex. Bottom gures are nonconvex functions.

f(x,y) =-x+-y

Local Optimum

Global Oiimi/

Figure 6. Optimizing a convex function of convex and nonconvex sets. In
the example on the left the set is convex and the function is convex so a local
minima corresponds to a global minima. In the example on the right the setis
nonconvex and the function is convex one can nd local minima that are not
global minima.

De nition.  We de ne a Lagrangian dual problemD:
max ( u;v)
subjectto: u O

49
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H n Pm Pn 0
where ( u;v) = inf f(x) iz1 Uigi(x) i=1 vihj(x) :x 2 X

Theorem (Weak Duality). Supmse x is a feasible solution of P. Then x 2
X;gi(x) 08i;h(x) = 08i. Supmseu;v are a feasible solution of D. Then
forallu O

f(x) (u;v):
Proof.

8 9
< =

xn X
(u;v) = inf f(y) uigi(y) vihi(y) 1y 2 X,
’ i=1 j=1 !

xn X
f (x) uig (x) v; i (x)

i=1 i=1
f(x):

Weak duality says that every feasiblesolution to P is at least as expensive as
every feasible solution to D. It is a very general property of duality, and we did
not rely on any convexity assumptionsto show it.

De nition.  Strong duality holdswhenthe optima of the primal and dual problems
are equivalent Opt(P) = Opt(D).

If strong duality, doesnot hold, we have the possibility of a duality gap. Strong
duality is very useful, becauseit usually meansthat we may solve whichewver of the
dual or primal is more conveniert computationally, and we can usually obtain the
solution of one from the solution of the other.

Prop osition. If the objective function f is convex,and the feasibleregion is convex,
under mild technical we have strong duality.

We now look at a what are called saddlepoints of the Lagrangian function. We
de ned the Lagrangian function asthe dual problem

X X
LGuiv)=f(0)  wgix)  vihj(x):
i=1 j=1
A set (x ;u ;v ) of feasible solutions to P and D is called a saddle point of the
Lagrangian if
L(x ;u;v) L(x;u;v) L(x;u ;v )8x2X; 8u O
X minimizesL if u andv are xed atu andv ,andu andv maximizeL if x
is xed at x .
De nition.  The points (x ;u ;v ) satisfy the Karush Kuhn Tucker (KKT) con-
ditions or are KKT points if they are feasibleto P and D and
rf(x) rgx)u rhx)% = 0
u g(x) 0:
In a corvex, dierentiable problem, with some minor technical conditions,

points that satisfy the KKT conditions are equivalert to saddle points of the La-
grangian.



LECTURE 6
Voting algorithms

Voting algorithms or algorithms wherethe nal classi cation or regressionfunc-
tion is a weighted combination of \simpler" or \w eaker" classi ers have beenused
extensively in a variety of applications.

We will study two examplesof voting algorithms in greater depth: Bootstrap
AGGregatING (BAGGING) and boosting.

6.1. Boosting

Boosting algorithms especially AdaBoost (adaptiv e boosting) have had a signi cant
impact on a variety of practical algorithms and also have beenthe focus of theo-
retical investigation for a variety of elds. The formal term boosting and the rst
boosting algorithm cameout of the eld of computational complexity in theoretical
Computer Science. In particular, learning as formulated by boosting came from
the concept of Probably Approximatley Correct (PAC) learning.

6.2. PAC learning

The idea of Probably Approximatley Correct (PAC) learning was formulated in
1984 by Leslie Valiant as an attempt to characterize what is learnable. Let X
be a set. This set contains encadings of all objects of interest in the learning
problem. The goal of the learning algorithm is to infer some unknown subset
of X, called a concept, from a known class of concepts, C. Unlike the previous
statistical formulations of the learning problem, the issue of represeration arises
in this formulation due to computational issues.

Concept classesA represeration classover X is a pair ( ;C), where C
f0;1g and :C! 2X. Forc2 C, (c) is a concept over X and the
image space (C) is the concept classrepreseried by ( ;C). Forc2 C
the positive examplesare pos(c) = (c) and the negative examplesare
negc) = X (c). The notations ¢(x) = 1 is equivalent to x 2 pos(C)
and c(x) = 0is equivalert to x 2 neg(c). We assumethat domain points
X 2 X and represenations ¢ 2 C are e cien tly encaled with by codings
of length jxj and j¢j respectively.

51
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Parameterizedrepreseration We will study represenation classegparam-
eterized by an index n resulting in the domain X = [, X, and repre-
senation classC = [, 1G,. The index n serwes as a measure of the
complexity of conceptsin C. For example, X may be the setf0;1g" and
Cthe set of all Booleanformulae over n variables.

E cien t evaluation of represenations If Cis a represenation classover X,
then Cis polynomially evaluatable if there is a (probabilistic) polynomial-
time evaluation algorithm A that givenarepresenation ¢ 2 Cand domain
point x 2 X outputs c(x).

SamplesA labeled example from a domain X is a pair < x; b > where
Xx2 X and b2 f0;1g. A sampleS = (< x1;bp >; &< Xm;bn >) is a
nite sequenceof labeled examples. A labeled example of ¢ 2 C hasthe
form < x;c(x) >. A represenation h and an example< x; b > agreeif
h(x) = b. A represenation h and a sample S are consistent if h agrees
with eath examplein S.

Distributions on examplesAlearning algorithm for arepresenation classC
will receive examplesfrom a single represeration ¢ 2 Cwhichw e call the
target represenation. Examplesof the target represenation are generated
probabilistically: D isa xed but arbitrary distribution over pos(c) and
neg(). This is the target distributions. The learning algorithm will be
give accesgo an oracle EX which returns in unit time an example of the
target represenation drawn accordingto the target distribution D..
Measure of error Given a target represenation ¢ 2 C and a target distri-
bution D the error of a represertation h 2 H is

e.(h) = D(h(x) 6 ¢(x)):

In the above formulation C is the target class. In the above formulation H is
the hypothesisclass. The algorithm A is a learning algorithm for C and the output
ha 2 H is the hypothesisof A.

We can now de ne learnability:

De nition  (Strong learning). Let C and H be representation classesover X that
are polynomially evaluatable. Then C is polynomially learnable by H if there is a
(promabilistic) algorithm A with accessto EX, taking inputs "; with the property
that for any target representationc 2 C, for any target distribution D, and for any
input values0 < "; < 1, algorithm A halts in time polynomial in ;%:jcj;n and
outputs a representation ha 2 H that with prokability greater than 1 satsi es
e:(h) < ".

The parameter " is the accuracy parameter and the parameter is the con -
denceparameter. Thesetwo parameters characterize the name Probably ( ) Ap-
proximatley (") Correct (ec;(h)). The above de nition is sometimescalled distribu-
tion freelearning sincethe property holds ofver an target represenationand target
distribution.

Considerable researt in PAC learning has focused on which represenation
classesC are polynomially learnable.

So far we have de ned learning as approximating aribirarily closethe target
concept. Another model of learning called weak learning considersthe casewhere
the learning algorithm is required to perform slightly better than chance.
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De nition  (Weaklearning). Let Cand H be representation classesover X that are
polynomially evaluatable.Then Cis polynomially weak learnable by H if there is a
(prokabilistic) algorithm A with accessto EX, taking inputs "; with the property
that for any target representationc 2 C, for any target distribution D, and for any

input values0 < "; < 1, algorithm A halts in time polynomial in £;2;jcj;n and
outputs a representation ha 2 H that with prokability greater than 1 satsi es
ec(h) < 3 ﬁ where p is a polynomial.

De nition  (Sample complexity). Given a learning algorithm A for a representa-
tion classC. The number of calls sp ("; ) to the oracle EX madeby A on inputs
" for the worst-case measure over all target representationsc 2 C and target
distributions D is the sample complexity of the algorithm A.

We now state someBoolean classeswhoselearnability we will state as positive
or negative examplesof learnability.

The classM, consistof monomials over the Boolean variables Xx;; :::; Xy, .
For a constart k, the classkCN F, (conjunctive normal forms) consistsof
Booleanformulae of the form C; * AN Cy whereead C; is a disjunction
of at most k monomials over the Boolean variables x;; :::; Xp, .

For a constart k, the classkD N F,, (disjunctiv e normal forms) consistsof
Booleanformulae of the form T; _ _ T, whereead T; is a conjunction
of at most k monomials over the Boolean variables x;; :::; X .

Boolean threshold functions | ( i”:1 wiX; > t) wherew; 2 f0;1gand | is
the indicator function.

De nition  (Empirical risk minimization, ERM). A consistent algorithm A is one
that outputs hypothesesh that are consistent with the sampleS and the range over
possiblehypothesesfor A ish 2 C.

The above algorithm is ERM in the caseof zero error with the target concept
in the hypothesisspace.

Theorem. If the hypothesis classis nite then C is learnable by the consistent
algorithm A.

Theorem. Boolean thresholdfunctions are not learnable.
Theorem. ff _g:f 2kCNF;g2 kDN Fgis learnable.
Theorem. ff "~ g:f 2kDNF;g2 kCNFgis learnable.

Theorem. Let C be a concept classwith nite VC dimension VC(C) = d < 1.
Then Cis learnable by the consistent algorithm A.

6.3. The hypothesis boosting problem

An important question both theoretically and practically in the late 1980's was
whether strong learnablity and weak learnability were equivalent. This was the
hypothesis boosting problem:

Conjecture. A concept class C is weakly learnable if and only if it is strongly
learnable.

The above conjecture was proven true in 1990by Robert Schapire.
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Theorem. A concept classC is weakly learnable if and only if it is strongly learn-
able.

The proof of the above theorem was basedupon a particular algorithm. The
following algorithm takesasinput a weaklearner,an error paramter ", a con dence
parameter , an oracle EX, and outputs a strong learner. At ead iteration of
the algorithm a weaklearnerwith error rate " gets boosted so that its error rate
decreasedo 3" 2"3.

Algorithm  1: Learn("; ;EX)
input : error parameter ", con dence parameter , examplesoracle E X

return : h that is" closeto the target conceptc with probability 1

if * 1=2 1=p(n;s) then return WeakLearn ;EX);
g (") : whereg(x) = 3x2 2x5;

EX, EX;
hy Learn(; =5EXq);
1 "=3

let 4; be an estimate of a; = Pry p[hi(x) 6 c(x)]
choosea samplesu cien tly large that
jaa  &gj 1 with probabilty 1 =5

if 45 " 1 then return hyq;

defun EX ()
f ip coin
if heads then return rst x:hy(x) = ¢(x);
else tails return rst x : hi(x) 6 c(x)g

h, Learn(; =5,EX3);

2 (1 2)"=9;

let & be an estimate of e= Pry p[ha(X) 6 ¢(X)]
choosea samplesu cien tly large that
je & 2 with probability 1 =5

if & " > then return hy;

defun EX3()
freturn rst x:hy(x) 6 ha(x) g;
hs Learn(; =5EXa3);

defun h(x)
flbh  hi(xX); b ha(x)
if bp = b, then return b,
else return hs(x)g

return h

The above algorithm can be summarized as follows:
(1) Learn an initial classier h; onthe rst N training points



LECTURE 6. VOTING ALGORITHMS 55

(2) Learn h, on a new sampleof N points, half of which are misclassi ef by
h1

(3) Learn hs on N points for which h; and h, disagree

(4) The boostedclassi er h = Majority vote(h; hy; hs).

The basic result is that if the individual classiers hy;h,; and hz have error "
the boosted classi er haserror 2" 3"3,

To prove the theorem one needsto shaw that the algorithm is correct in the
sensefollowing sense.

Theorem. For0< "< 1=2andfor 0< < 1, the hypothesisreturned by calling
Learn("; ;EX) is" closeto the target concept with prokability at least 1

We rst de ne a few quantities

= Prx plhi(x) = c(x)]

= Prx p[hi(x) 6 ha(x)]

Prx p[h2(x) 8 hi(x) = c(x)]
= Prx p[hi(x) = ha(x) = c(x)]
= Prx p[hi(x) & ha(x) = c(x)]
= Prx p[hi(x) & ha(x) 6 c(X)]:

N< < £ 5%
I

Given the above quartities

(6.1) R
(6.2) y+z

Pr« p[hi(X) = c(X)] =1 a
Pry p[hi(x) 6 c(x)] = a;:

We can explicitly expressthe chancethat EX; returns an instance x in terms
of the above variable:

Di(x) = D(x)
(6.3) Do(x) = D(ZX) p1;1x)+ 11 pgl()
Do) = g0

From equation (6.3) we have

L& = D2(x)(1  P2(x))
X2X n X
1
= . D(X)p1(x)1  p2(x)) + mxzx n D)1 pi(X)L  pa(x))
y z

Z + - -
2a; 2(1 al)

Combining the above equation with equations (6.1) and (6.2) we can solve for w
and z in terms of y; az; a.

w = (2a2 1)(1 a1)

z=a; VY

+ y(1 aj)
ap
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We now cortrol the quantity
Prx p[h(x) 6 c(x)] Prx pl(hi(x) = ha(x)) _ (h1(x) 8 ha(x) * hs(x) & c(x))]
= z+ D (x)a(x)ps(x)
X2X n

= 7+ (w + y)D3(x)p3(x)
X2X n
= z+ ag(W+ y)

z+ (Wty)

= (az DA a)ta+ y(aial)
1
(2az D@ &)+
@ pa )+ =32 2°%=7
the inequalities follow from the fact that a; <1=2andy aj:
One also needsto show that the algorithm runs in polynomial time. The
following lemma implies this. The proof of the lemma is beyond the scope of the
lecture notes.

Lemma. On a gaod run the expected execution time of Learn("; =2;EX) is poly-
nomial in m; 1= ;1= .

0.5
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Figure 1. A plot of the boosted error rate as a function of the initial error
for dieren t numbers of boosting rounds.

6.4. AD Aptiv e BOOSTing (AdaBo ost)

We will call the above formulation of boosting the boost-by-majority algorithm.
The formulation of boosting by majority by Schapire involved boosting by Itering
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since one weak learner sered as a lter for the other. Another formulation of
boost by majority was developed by Yoav Fruend also basedupon ltering. Both
of these algorithms were later adjusted so that sampling weights could be instead
of Itering. However, all of these algorithms had the problem that the strength
1=2 of the weak learner had to be known a priori.

Freund and Sdapire developed the following adaptive boosting algorithm, Ad-
aBoost, to addresstheseissues.

Algorithm  2: AdaBoost
input : samplesS = (xi;yi)N, , weak learner, number of iterations T

P |
return : h(x) = sign iTzl ihi (x)

for i=1 to N do w? = 1=N;

for t=1 to T do
h; F;:all WeakLearnwith weights wt;
woo_ N

t=  j=1 Witlfyj'ém(xj)g;

t = log((1  "¢)="1);
for j=1 Nto N dow™ = wiexp( wyjhe(x));
Zi= LWt
for j=1 to N do wi** = w™=Z;

For the above algorithm we can prove that the training error will decrease
over boosting iterations. The advantage of the above algorithm is we don't need
a uniform  over all rounds. All we needis for ead boosting round there exists a

t > 0.

Theorem. SupmseWeakLearn whencalled by AdaBoost geneates hypotheseswith
errors "1;::;"1. Assumeeach " 1=2 and let ; = 1=2 "; then the following
upper bound holds on the hypothesish

i - . oY 9 X
ii -h(xlil)ﬁyu 1 42 ep 2 2
i=1 i=1
Proof.
If yi 6 h(x;) then yih(x;) Oande Yi"X) 1 Therefore
iche) ey 1X
N N _ ’
i=1
X\l T+1 W
= W, Zy = Zt
i=1 t=1 t=1
In addition, since { = log((1 "{)="{)and1+ x ¢

p__ 9
Z;=2 "1 ")= 1 4% e?u
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6.5. A statistical interpretation of Adab oost

In this section we will reinterpret boosting as a greedy algorithm to t an addi-
tive model. We rst de ne our weak learners as a paramterized classof functions
h (x) = h(x; ) where 2 . If wethink of eadh weak learner as a basis function
then the boosted hypothesis h(x) can be thought of as a linear combination the
weak learners

X
h(x) = ih (x);

i=1

where the h | (x) is the ith weak learner parameterized by ;. One approac to
setting the parameters ; and weights ; is called forward stagewisemodelling. In
this approach we sequettially add new basis functions or weak learners without
adjusting the paramters and coe cien ts of the current solution. The following
agorithm implements forward stagewiseadditive modeling.

Algorithm  3: Forward stagewiseadditive modeling

input : samplesS = (xi;yi)N, , weak learner, number of iterations T, loss
function L

P i
return th(x)= |, ih (X

ho(x) = 0,

for i=1 to T do p

L( 61T argmin e, g Liihe 1(6) + h (x));
he(x) = hy 1(X)+ h (x);

We will now show that the above algorithm with exponertial loss
L(y;f(x) = e '

is equivalent to AdaBoost.
At ead iteration the following minimization is performed

X
(¢;¢) = arg min exp[ yi(he 1(xi)+ h (X))
2IR*; 2 i=1
(t;¢) = arg min exp[ yihe 1(xi)lexp[ yi h (X)];
2IR*; 2 i=1
(6.4) (¢;¢) = arg min whexp[ vih (X)];

+ .
2IR*; 2 i=1



LECTURE 6. VOTING ALGORITHMS 59

wherew! = exp[ yih; 1(x;)] doesnot e ect the optimization functional. For any
> 0 the objective function in equation (6.4) can be rewritten as
2

3
_ X X
¢ = argmin‘e wi+ e wis;
2
yi=h (xi) yi&h (xi)
" "
H )(\l t )(\I t
¢ = argmin (e e€) Wliyenh (x)gt € W
i=1 i=1

. X t
argmin - Wiltyen (xi)g’
i=1

—

Thereforethe weaklearnerthat minimizes equation (6.4) will minimize the weighted
error rate which if we plug bad into equation (6.4) we can solve for ; which is

1"

t

—}Io
tT 5 g

where
X\I t
t=  Wiltyenx)gl
i=1
The last thing to shaw is the updating of the linear model

he(x) = he 1(x) + the(x);

is equivalent to the reweighting used in AdaBoost. Due to the exponertial loss
function and the additiv e updating at ead iteration the above sum can be rewritten
as

Wit+l = Wlte y iht(xi):

So AdaBoost can be interpreted as an algorithm that minimizes the exponertial
losscriterion via forward stagewiseadditive modeling.

We now give somemotivation for why the exponertial lossis a reasonableloss
function in the classi cation problem. The rst argumert is that like the hinge
lossfor SVM classi cation the exponertial lossservesas an aupper bound on the
missclassi cation loss (see gure 2).

Another simple motivation for using the exponertial lossis the minimizer of
the expected losswith respect to somefunction classH
Yf(x)I _ 1 Pr(Y = 1jx)

log

h
f (x)= argmin Eyjx e 2°9Pr(Y = 1jx)’

estimates one-half the log-odds ratio

Pr(Y = 1jx) = m:

6.6. A margin interpretation of Adab oost

We deweloped a geometric formulation of support vector machines in the seper-
able casevia maximizing the margin. We will formulate AdaBoost as a margin
maximization problem.
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Figure 2. A comparison of loss functions for classi cation.

Recall that for the linear seperable SVM with points in IR? given a dataset S
the following optimization problem characterizesthe maximal margin classi er

W = arg max min M
w2IRY Xi2S  JjWjjL,

In the caseof AdaBoost we can construct a coordinate spacewith as many
dimensionsasweakclassi ers, T, u 2 IR", wherethe elemerts of fuy; :::; uT g corre-
spond to the outputs of the weak classi ers fu; = f1(x);::;;ur = f+(x)g. We can
show that AdaBoost is an iterativ e way to solve the following mini-max problem

W = arg max min M
w2IRT Ui2S  JJWJJL,

whereu; = ff1(x;);::;fr(x;)g and the nal classier hasthe form

X
hr(x) = W fi(x):

i=1
This follows immediately from the forward additiv e stagewisemodeling interpreta-
tion sinceunder seperabality the addition at ead iteration of aweakclassi er to the
linear expansionwill result in a boosted hypothesish; that asa function of t will be
nondecreasingin y;h¢(x;) 8i with the L; norm on w! constrained, jjwjj_, = 1, fol-
lowing from the fact that the weights at ead iteration must satisfy the distribution
requirement.

An interesting geometry arisesfrom the two di erent norms on the weights w
in the two di erent optimization problems. The main ideais that we want to relate
the norm on w to properties of norms on points in either IRY in the SVM caseor
IRT in the boosting case. By Helder's inequality for the dual norms JiXjjL, and
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jiwjjL, with %+ % = 1and p;q2 [1;1 ] the following holds

G wij X liwgje, -
The above inequality implies that minimizing the L, norm on w is equivalent to
maximizing the L, distance betweenthe hyperplane and the data. Similarly, min-

imizing the L; norm on w is equivalent to maximizing the L1 norm betweenthe
hyperplane and the data.






LECTURE 7
One dimensional concentration inequalities

7.1. Law of Large Num bers

In this lecture, we will look at concertration inequalities or law of large numbersfor
a xed function. Let ( ;L; ) bea probability space.Let x1;:::; X, bereal random
variableson . A sequenceof random variables y, cornvergesalmost surely to a
randomvariableY i IP(yn ! Y) = 1. A sequenceofrandom variablesy, converges
in probability to a randgm variable Y i for every > 0, limnn  IP(yn  Yj >
)y=10. Let », :=n ! inzl Xn. The sequencexi;::; X, satis es the strong law
of large numbers if for some constart ¢, *, corvergesto ¢ almost surely. The
sequencexs;::;; Xn satis es the weak law of large numbersi for someconstart c,
A, corvergesto c in probability. In generalthe constart ¢ will be the expectation
of the random variable IEx.

A given function f (x) of rangom variables x concerrates if the deviation be-
tweenits empirical average,n ! in:l f (i) and expectation, IEf (x), goesto zero
asn goesto innit y. That is f (x) satis es the law of large numbers.

7.2. Polynomial inequalities
Theorem (Jensen) If is a convexfunction then (IEx) IE (x).

Theorem (Bienayme-Chelyshev). For any random variable x, > 0

. IEx?
IP(jxj ) —

Proof.
Ex> EX?lgjy ¢)  2IP(xj> ):
Theorem (Markov). For any random variable x, > 0

IEeX
e

PGxj )
and
P(jixj ) infoe Ee* :

63
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Proof.
[Ee*

P(x> )=IP(e* >¢e )

7.3. Exp onential inequalities

For the sums or averagesof independert random variables the above bounds can
be improved from polynomial in 1= to exponertial in

Theorem (Bennet). Let x3;:::; X, be independent random variables with IEx = 0,
IEx?= 2 andjxj M. For >0
X 0?2
P j xj> 2ewz (7);

where
(2)= @A+ 2)log(1+ z) z:

Proof. We will prove a bound on one-sideo'f the above theorem

IEe* = IE =
k=0 k! k=0 k!
R 2,k 2 R k 2 2
=1+ FIEX X 1+ FM
k=2 k=2
2 R kM K 2 "
B Ve e VEA G L

The last line holds sincel+ x €*.

Therefore, |
X0 ' 2
(7.1) P X > e ewze" M D.

i=1
We now optimize with respectto by taking the derivative with respect to

n 2
0 = tyzMe" M),

I
|
o
Q
o
+
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The theorem is proven by substituting  into equation (7.1).
The problem with Bennet's inequality is that it is hard to get a simple expres-
sion for asa function of the probability of the sum exceeding .

Theorem (Bernstein). LetXq;:::; X, beindependentrandomvariableswith IEx = 0,
Ex?= 2, andjxjj M. For >0 '
X ' 2

P J Xij> 2e 2n 2+3—2M .
i=1
Proof.
Take the proof of Bennet's inequality and notice
22
@ 7 2z’

Remark. With Bernstein's inequality a simple expressionfor as a function of
the probability of the sum exceeding can be computed

X 2 P——
Xi =uM + 2n 2u:
: 3
i=1
Outline.
I
X ' 2
P Xj > 2e 2n 2+ 5™ :eu;
i=1
where
2
" onzrzwm

we now solve for

and r
2\ 2
= §uM + 4 'S\;I + 2n 2u:
Sincepa+ b Pa+ pB
2 p—
= = + 2y:
3uM 2n 2u

Sowith large probability
p_—
Xi guM + 2n 2u: 4

If we want to bound 0
jin t o f(xi)  IEf(x)]
i=1
we consider
if (i) IEf(x)] 2M:
Therefore
X 4 p_—
(f (xi) IEf (X)) éuM + 2n 2u
1
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and 0 r
2
N1 fx) Ef() JuM 2%
i=1 n n
Similarly, r
X 4uM 2 2y
l . - + .
Ef (X) n . f(xp) 3 -
In the above bound r
2 2u  4uM
n n
which implies u QWZZ and therefore
X ' 2
int f(x) IEf(x)]. foru. n 2

i=1
which corresponds to the tail probability for a Gaussianrandom variable and is
predicted by the Certral Limit Theorem (CLT) Condition that lim,; n 2! 1.
If imas n 2= C,whereC isa xed constart, then

X C
in' f(x) IEf(X)j. o
i=1
which correspondsto the tail probability for a Poissonrandom variable.
We now look at an even simpler exponertial inequality where we do not need
information on the variance.

Theorem (Hoe ding) . Letxy;::;;x, beindependentrandom variableswith IEx = 0

and jxjj M;. For >0 |

X 22
P j  xj> 2¢ T M7
i=1
Proof.
!
X "
P Xij > e [Ee =X =¢e iy IEeX i

i=1
It can be shovn (Homework problem)

2y 2

E(e*') e ® :
The bound is proven by optimizing the following with respect to

2y 2
n
e e

Applying Hoe ding's inequality to
X
nl f(x) IEf(x)
i=1
we can state that with probability 1 e Y

x
nt fx) IEf(x) —ZMn ;
i=1
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which is a sub-Gaussianas in the CLT but without the variance information we
can never achieve the % rate we achieved when the random variable has a Poisson
tail distribution.

We will usethe following version of Hoe ding's inequality in later lectures on
Kolmogorov chaining and the Dudley's entropy integral.

Theorem (Hoe ding) . Let x1;:::; Xy be independentrandom variableswith IP(x; =
Mi) = 1=2and IP(x; = M;)=1=2. For >0
|

X ' 2

P j Xij > 2e M
i=1
Proof.
!
X P,
P Xj > e I[Ee =X=¢ L EeX i
i=1
E(e*’) = ZeMi+ I m
2 2 ’
X . )2k 2\ 2
}eMi+}eMi = 7(M')I ez
2 2 ‘o (2k)!
Optimize the following with respect to
2y 2

n —
e ez

7.4. Martingale inequalities

In the previous section we stated someconcenration inequalities for sumsof inde-
penden random variables. We now look at more complicated functions of indepen-
dent random variables and introduce a particular Martingale inequality to prove
conceriration.

Let ( ;L; ) beaprobability space.Let x3;:::; X, be real random variables on

Let the function Z(Xq1;::5;%Xn) : " ! IR be a map from the random variables
to a real number.

The function Z concertrates if the deviation betweenZ (x1; :::; Xn) and [Ey, ..x , Z(X1;
goesto zeroasn goesto in nit y.

Theorem (McDiarmid) . Letxy;:::; X, beindependentrandomvariableslet Z (xy;:::; Xn) :

"1 IR suchthat
BX1; i Xn XY Xy JZ (X1t Xn)  Z(X4; X 15X Xis s Xn)] s
then
P(Z [EZ> ) e ? fae:

Proof.

PZ IEZ> )=IPe? B2 >e ) e [EeZ E2);

2 Xn)
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We will usethe following very useful decomposition
Z(X1:5%Xn)  Exorix 0 Z (X35 15 X7) [Z(x1;55%n)  ExoZ (X3 X2: 55 Xn )]

[ExoZ (X X2; 15 %n)  ExoxaZ (X3 X35 X35 1555 Xn )]

+ + o+

o .

..........

We denote the random variable

Zi(Xi; 15 Xn) = Exoiax 0 Z(XD XY 13Xi5 0 Xn) B0 0Z (X5 11 XD Xied 5 125 X))
and

Z(X1;5Xn)  Ex0ux 0 Z(XT; 5 X0) = 2o+ i+ Zgo
The following inequality is true (seethe following Lemma for a proof)

[Exe?' e %928 2IR:

Ee (Z EZ) - |Ee (z1t:ui+1z))
|E|Exle (za+25+20) = [Ee (z2+ :::;+zn)|EXlez 1
[Ee (22*:+2n)gC 122,
by induction b
2 n 2_
IEe (¢ EZ) @ i= G =2.

To derive the bound we optimize with respect to

P
e * 2y Ci2:2:

Lemma. Forall 2IR
Ex e’ e o2
Proof.
For any t 2 [ 1;1] the function e! is convex with respect to
e (5 (5
1+t 1t
e

et =

e =2+ tsh( ):
Sett = Z- and notice that g- 2 [ 1;1] so,

. S Zi 2.2 Zj
eZlizefis e GT24 a'sh(ci);

and .
IE,, e?’ e &7
Example. We can use McDiarmid's inequality to prove the concentration of the
empirical minima. Given a datasetfvy = (X1;Y1);::5Vn = (Xn;Yn)g the empirical
minima is
X
Z(vi;isve) = minn b V(X))
f2H g -

[Exoiio ,Z(X3:X9: XY 15Xn)  Exorux 0 Z (X35 15 X7

0

)I:
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If the lossfunction is bounded one can showthat for all (vi;::;vn;V;
. .k
J1Z (Ve V) Z(va; v 1;Vio;131Vn)J ﬁi
Therefore with prokability 1 e ¢

iz Ezj 2
n

So the empirical minima concentrates.






LECTURE 8
Vapnik- Cerv onenkis theory

8.1. Uniform law of large numbers

In the previous lecture we consideredlaw of large numbers for a single or xed
function. We termed this as one dimensional conceriration inequalities. We now
look at uniform law of large numbers, that is a law of large numbers that holds
uniformly over a classof functions.

The point of these uniform limit theoremsis that if the law of large numbers
holdsfor all functions in a hypothesisspacethen it holdsfor the empirical minimizer.

The reasonthis chapter is called Vapnik-Cervonenkistheory is that they pro-
vided someof the basictools to study these classes.

8.2. Generalization bound for one function

Beforelooking at uniform results we prove generalizationresults when the hypoth-
esisspaceH consistsof one function, f .
In this casethe empirical risk minimizer is f 1 "
fi="Ffg:= argfn;hn n B V(f;z)
Theorem. Given0 V(f1;z) M for all zand S = fzg., drawni.id. then

with prokability at leastl e ! (t > Q)
r

X M 2t
E,V(fi;z2) nt V(@#yz)+ —
i=1
Proof.
By Hoe ding's inequality |
X1 . n2_pp2
P IE,V(fi;z) nt V(@fyz)>" e MM
i=1
S0 I
><] n2_pp2
P IE,V(fi;2) nt V(@ygz) " >1 e ™M

i=1
Sett = n"22M 2 and the result follows.

71
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8.3. Generalization bound for a nite number of functions

We now look at the caseof ERM on a hypothesis spaceH with a nite number
of functions, k = jHj. In this case,the empirical minimizer will be one of the k
functions.

Theorem. Given0 V(fj;z) M forallf; 2H;zandS = fzg., drawni.i.d.
then with prokability at least1 e ' (t > 0) for the empirical minimizer, fs,
r

MZ2(logK + t)

X
E,V(fs;z)<n 1 V(fs;z)+ -

i=1
Proof.
The follow implication of everts holds)

xX x
max E,V(fi;z) n' V(@j;z)<" ) IEV(fs;z) nt V(fs;z)<"
i

i=1 i=1
|
0 !
P max E,V(fi;z) nt  V(;z) "
! i=1
0 : ( ) 1
= P@ E,V(f;z) n' V(f;z) " A
f 2H i=1 |
X !
P IE,V(fj;2) nt  V(fj;z) "
fj2H i=1
ke MZ=MZ.

the last step comesfrom our single function result. Sete t = ke ™°™?” and the
result follows.

8.4. Generalization bound for compact hyp othesis spaces

We now prove a su cien t condition for the generalization of hypothesisspaceswith
an in nite  number of functions and then give someexamplesof such spaces.

We rst assumethat our hypothesisspaceis a subsetof the spaceof cortinuous
functions, H C(X).

De nition. A metric space is compact if and only if it is totally bounded and
complete.

De nition.  Let R be a metric space and any positive number. Then asetA R
is said to be an -net for a setM R if for everyx 2 M, there is at least one
point a2 A suchthat (x;a) < . Here (; ) is anorm.

De nition.  Given a metric space R and a subsetM R supmpseM hasa nite
-net for every > 0. Then M is said to be totally bounded.

Prop osition. A compact space hasa nite -net for all > 0.
For the remainder of this sectionwe will usethe supnorm,
(a;b) = supja(x)  b(x)j:
x2X
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De nition.  Given a hypothesis sppce H and the supnorm, the covering number
N (H; ) is the minimal number * 2 IN suchthat for everyf 2 H there exists
functions fgg,-; suchthat

supjf (x)  gi(X)j for somei.
x2X
We now state a generalization bound for this case. In the bound we assume
V(f;z) = (f(x) y)? but the result can be easily extendedfor any Lipschitz loss
V(f1iz) V(f2;2)]  Cjifa(x)  fa(x)iis 8z

Theorem. Let H be a compact subsetof C(X). Given0 jf(x) yj M for all
f 2H;zand S = fzg., drawni.i.d. then with probability at least1 e ' (t> 0)
for the empirical minimizer, fg,

r M2(logN (H;"=8M) + t)

X
Exy (fs(X) y)?<n b (fs(x) y)>+ n

i=1
We rst prove two useful lemmas. De ne
2 1)<1 2
D(f;S) = Exy (f(x) y)* n (F(xi) v
i=1
Lemma. If jfj(x) yj M forj = 1;2then
jD(f1;S) D(f2;S)j  4Mjjf1  fajj1 :
Proof. Note that
(F1(0) ? (F200 2= (F100)  F200)(F(x) + F2(x)  2y)

so
Z
JExy (F1(x)  ¥)? [Exy(f2(x) y)?j = (fa(x)  F200)(Fa(x) + f2(x)  2y)d (x;y)
Z
ife foia jfa(x)  y+ fa(x)  yjdu(x;y)
2Mjif1 fojix
and

X0 x0
in b [FL) w2 (Faxi) YDA = ont o (Falxi)  fa(a))(Fa(xi) + fa(xi)  2yi)
i=1 i=1
) o1 X .
jifa fZJJlﬁ ifaxi) v+ fa(xi) i
i=1
2Mjif 1 fojja :
The result follows from the above inequalities.

S S
Lemma. LetH =B; :: B-and" > 0. Then
! X !
P supD(f;S) P supD(f;S)
f 2H j=1 f2Bj
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Proof.
The result follows from the following equivalenceand the union bound

supD(f;S) "() 95 st supD(f;S) ™
f 2H f2B;

We now prove Theorem 8.4.

Let "= N H;zy andthe functions fg g}zl have the property that the disks
Bj certered at f; with radius ;- cover H. By the rst lemmafor all f 2 B;

iD(f;S) D(f};S)i  AMjif  fijin  aM =
this implies that for all f 2 B;

supiD(f;S)j 2") jD(f;;S)j ™
f2Bj
So |
P supjD(f;S)j 2 IP(D(f;;S)j ") 2e "M%
f2Bj

This combined with the secondlemma implies
!

P supD(f;S N H:—— e ™M
szp (1) 8M
Sincethe following implication of events holds
X ( X )
sup IE;V(fj;z) n*t V(fj;z)<" ) EV(fsiz) n' V(fs;z)<”
f 2H i=1 i=1

the result is obtained by settinge '= N H; g € M
A result of the above theorem is the following su cien t condition for uniform
convergenceand consistencyof ERM.

Corollary . For a Lipschitz lossfunction ERM is consistentif for all " > 0
jim 0ON (H:D _
n'l n

Proof.
This follows directly from the statemert
!

. . "Zn=M 2.
P fszquD(f,S) N H’8M e :

We now compute covering numbers for a few typesof hypothesis spaces.
We also needthe de nition of padking numbers.

De nition.  Given a hypothesisspace H and the supnorm, ™ functions fgig;-,; are
-seqrated if

supjg (x) g(x)j> 8i6 ]
x2X
The packing number P(H; ) is the maximum cardinality of -seprated sets.

The following relationship betweenpacking and covering numbersis very useful.
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Lemma. Given a metric space (A; ). Then for all > 0 and for everyW A,
the covering numbers and packing numbers satisfy

PW;2; ) N(MW;,; ) PW; )

Proof.

For the secondinequality supposeP is an -packing of maximal cardinality,
P(W; ; d). Then for any w 2 W there must beau 2 P with (u;w) < , otherwise
w is not an elemen of P and P[ wisan -packing. This contradicts the assumption
that P is a maximal -packing. Soany maximal padking is an -cover.

For the rst inequality supposeC is an -cover for W and and that P isa 2 -
padking of W with maximum cardinality P(W; ; d). We will show that jPj |Cj.
Assumethat jCj > jPj. Then for two points wy;w, 2 P and one point u 2 C the
following will hold

(wyq;u) and (wo;u) =) (wywp)  2:

This cortradicts the fact that the points in P are 2 -separated.

In generalwe will compute padking humbers for hypothesis spacesand usethe
above lemmato obtain the covering number.

The following proposition will be useful.

Prop osition. Given x 2 IRY, the restriction the space to the unit ball B = fx :
jiXjj Mg, and the standard Euclidean metric (x;y) = jjx yijj, then for M

Q.

Proof.
The * points wy;::;;w- form an optimal -packing so

Vol M+ - = + =
[0} 5 Cqd M 5
Vol C ‘
%2 T M3
‘[C ‘ Cq M ’
—_ = + —
[d2] d 5
oM + ¢
d
— for all M:

Example. Covering numbers for a nite dimensional RKHS.
For a nite dimensional bounded RKHS

( o )
He= Fi00= 6 p(®)

p=1

with ki k2~ M.
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By the reproducing property and Cauchy-Schwartzinequality, the supnorm can
be bound by the RKHS norm:

it ()iia

JihK (x5 ) F ik dia
JIK O )ik it ik
R (x; ) K ()i ik
K (x; x)iif jix
iifiix
This means that if we can cover with the RKHS norm we can cover with the

supnorm.
Each function in our cover, fgig;.; can be written as

xn
gi(x) = dip p(x)
p=1

m
p=1

|n
s lon

Soif we nd ~ vectors d; for which for all c:
that

M there existsa d; such

X (Cp dip)2< 2.

p=1 P
we havea cover at sale . The aloveis simply a weightal Euclidean norm and can
ke reduced to the problemof covering a ball of radius M in IR™ using the Euclidean
metric. Using proposition 8.4 we can bound the packing number with the RKHS
norm and the supnorm
- <V
P(H: i Jimg) —
- <V
P(H; i dix) —
Using lemma 8.4 we can get a bound on the covering number

m

A M
N(H; ;0 dia) —

We have shawvn that for H  C(X) that is compactwith respectto the supnorm
we have uniform cornvergence.This requiremert is to strict to determine necessary
conditions. A large class of functions that these conditions do not apply to are
indicator functions f (x) 2 f0;1g.

8.5. Generalization bound for hyp othesis spaces of indicator func-
tions

In this sectionwe derive necessaryand su cien t conditions for uniform convergence
of indicator functions and as a result generalization bounds for indicator functions,
f(x) 2 f0; 1g.

As in the caseof compact functions we will take a classof indicator functions
H and reducethis to some nite set of functions. In the caseof indicator functions
this is donevia the notion of a growth function which we now de ne.
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De nition. Given a set of n points fx;g; and a class of indicator functions H
we say that a function f 2 H picks out a certain subsetof fx; gL, if this setcan be
formed by the operation f \ fx;gL; . The cardinality of the number of subsetsthat
can be picked out is called the growth function:

4 n(H;fxigy, )= #ff\ fxigL, :f 2 Hg:

We will now state a lemma which will look very much like the generalization
results for the compact or nite dimensional case.

Lemma. LetH be a classof indicator functions and S = fz;g.; drawni.i.d. then
with probability at least1 e %8 (t > 0) for the empirical minimizer, fs,
r
X (8log84 n(H;S) + 1)

1
Exy lt1s(x)6yg < N ltis(x)6yig t N
i=1

wher 4 ,(H;S) is the growth function given S observations.

Note: the above result dependsupon a particular draw of 2n samplesthrough
the growth function. We will remove this dependencesoon.
We rst prove two useful lemmas. De ne
L X
D(f;S) == Exylirx)eyg N It (xi)6yig*
i=1
The rst lemma is basedupon the idea of symmetrization and replacesthe
deviation betweenthe empirical and expected error to the di erence betweentwo
empirical errors.

Lemma. Given two independent copies of the data S = fzigl, and S = fz%,
then for any xedf 2 Hif n 2=2

P(D(f;S)j> ) 2P(D(f;S) D(f:S9> =2);
where

X0 X0
iD(f;S) D(F:S%i=n ' Tirpysyg N Y ey
i=1 i=1

Proof. We rst assumethat

IP(iD(f;S% =2jS) 1=2;
where we have conditioned on S. SinceS and S° are independert we can integrate
out

1=2IP(iD(f;S%j > ) IP(D(f;S%) =2jD(f;S%> ):
By the triangle inequality jD(f;S)j> and|D(f;S%9] =2 implies
jD(f;S) D(f;S9h =2
S0
P(D(f;S% =2jD(f;S% > ) IP(D(f;S) D(f;S% =2):
To completethe proof we needto shaw our initial assumptionholds. SinceH is

a classof indicator functions the elemerts in the sum are binomial random variables
and the variance of n of them will be at most 1=4n. Soby the Bienayme-Chelyshev
inequality

IP(iD(f;SYj > =2) 1=4n 2
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which implies the initial assumptionwhen n
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2=2,

By symmetrizing we now have a term that depends only on samples. The
problem is that it dependson the sampleswe have but also an independert compy.

This nuisanceis removed by a secondstep of symmetrization.

Lemma. Let ; be a Rademacherrandom variable (IP( ; =

IP(D(f:S)

Proof.

IP(D(f;S)

D(f;8%i > =2)

D(f;8%i > =2)

2P n !t
X

P nt?
i=1

P nt?
i=1

P nt
i=1
X

2P n !

i=1

X
iltt(x)eyig > =4
i=1

iltf(x)6yig

n 1

X

|71

iltt(x)eyig > =4 +

iltt (x0eypg > =4

iltr(x)eyig > =4

1) = 1=2) then

iltr (x0syog > =2

The secondsymmetrization step allows is to bound the deviation betweenthe
empirical and expectederrors basedupon a quantit y computed just on the empirical

data.

We now prove Lemma 8.5.

By the symmetrization lemmasfor n 8= ?

IP(D(f;S)j> )

1 -
n it a)eyig > =4

i=1

By the Rademadier version of Hoe dings inequality

iltf (x)8yig >

Combining the above for a single function

IP(jD(f;S)j> )

2 2

2_
8e 78

2

Given data S the growth function characterizesthe cardinality of subsetsthat
can be \pic ked out" which is a bound on the number of possible labellings or

realizable functions, °

=L,

= 4 ,(H;S). We index the possiblelabelings by f; where
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We now proceedasin the caseof a nite number of functions
I 0 1
[
P supjD(f:S)j = P@ jD(f;s)] A
f2H £ 2H

P@OD(f;;S)j )
i=1
84 ,(H:S)e " “=8.
Setting e ¥8 = 84 ,(H:S)e " “=8 completesthe proof.

This bound is not uniform sincethe growth function dependsonthe data S. We
can make the bound uniform by de ning a uniform notion of the growth function.

De nition.  The uniform growth function is

4 ,(H) = ,.max 4 ,(H;fxigL,):

Corollary . Let H be a class of indicator functions and S = fz;g'; drawn i.i.d.
then with probability at least1 e %8 (t > 0) for the empirical minimizer, fs,

r

X (log84 (H) + t)

Exylttsoosyg <N 1 lirsxsyig * nn ;
i=1

where 4 ,(H) is the uniform growth function.

Corollary . For a classof indicator functions ERM is consistent if and only if for
all">0

jim 81094 n(H) _ o,
n!l n

We now characterize conditions under which the uniform growth function grows
polynomially. To do this we needa few de nitions.

De nition. A hypothesis space, H, shatters a set fxy;:::;;xng if each of its 2"
subsetscan be \picked out" by H. The Vapnik-Cervonenkis(V C) dimension, v(H),
of a hypothesisspace is the largestn for which all setsof sizen are shattered by H

v(H) = supfn:4 ,(H) = 2"g;
if the exists no suchn then the VC dimension is in nite.

De nition. A hypothesis space of indicator functions H is a VC classif and only
if it has nite VC dimension.

Examples.
The VC dimension controls the growth function via the following lemma.
Lemma. For a hypothesisspace H with VC dimensiond and n > d
X

4nr)

i=1
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Proof.
The proof will be by induction onn+ d. Wedene " :=0ifi<Oori>n.
In addition one can chedk
n n 1 n 1
.= + . :
i i1 i
When d= 0jHj = 1 sinceno points can be shattered sofor all n
n
4,(H)=1= 0 = o(n):

When n = 0 there is only oneway to label 0 examplesso

X9
4oH)=1= " = 4O
i=1
Assumethe lemmato hold for n® d° such that n°+ d°< n + d.
GivenS = fxy;:iXpgand S, = fXg;::5Xn 19. Wenow de ne three hypothesis
spacesHo, H1, and Hy:

Ho = ffi:i=1:54,(H;S)g
Hiy = ffi:i=1:54, 1(H;Sh)g
H2 = HO Hl;

where eadh f; in set Hg is a possiblelabeling of S by H, each f; in setH; is a
possiblelabeling of S, by H.

For the setH; over S,: ny = n 1sincethereis onefewer sampleandv(H;) d
sincereducing the number of hypothesescannot increasethe VC dimension.

For the set H, over S,: n; = n 1 since there is one fewer sample and
v(H,) d 1. If S° S, is shattered by H, then all labellings of S° must
occur both in H; and H, but with dierent labelson x,. SoS°[ fx,g which has
cardinality jSY + 1 is shattered by H and so0jSY cannot be morethan d 1.

By induction 4 , 1(H1;Sn) d¢(m 1) and4, 1(H2;Sn) d 1(m 1)

By construction

4,(H;S)

Hij+jH2j =441 1(H1;Sh) + 40 1(H2;Sn)
an )+ 4 1(n 1)
xd n 1 X1 n 1

= +
i=0 : i=0 :
n 1 n 1
= . +
i=0 ! i=0 ! 1
n 1 n 1
= + A
=0 i 1
_ n
izo !
Lemma. Forn d 1
xd n < en d
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Proof.
ForO i dandn d

(m=d)(d=m)’ 1

SO
X X, _
(n=d)¢ i (d=n)’ (n=d)?( + d=n)" < (ne=d)%:
i=1 i=1
This now lets state the generalizationbound in terms of VC dimension.
Theorem. LetH be a classof indicator functions with VC dimensiond and S =

fzig, drawni.i.d. thenwith protability atleastl e %8 (t > 0) for the empirical
minimizer, fg,

r
X 8dlog(8en=d) + t

|EX§y|ffS(x)§yg <n 1 lffs(xi)éyig"' 2 ( 9( - G) ):
i=1

Proof. From the proof of lemma we have
!

IP supjD(f:S)j 84 n(H;S)e " =8
f2H

therefore since4 ,(H;S) & d ; we have
!

P supjD(f;S)] 8 +5 ;
f2H
and settinge =8=8 de 1 *=8 givesus
r
X 8dlog(8en=d) + t + 8log8
Exy ltts(syg < N ! lts(x)6yigt ( A 02] J ):

i=1

forn> 2and d> 1 8log8< 8dlog(en=d) so

r r
(8dlog(8en=d) + t + 8log8) <9 (8dlog(8en=0) + t)
n n '

which provesthe theorem.

Theorem. For a classof indicator functions ERM the following are equivalent
(1) ERM is consistent
(2) forall">0
im 8log4 n(H) _
nll n
(3) the VC dimension v(H) is nite.

0:

8.6. Kolmogoro v chaining

In this section we intro duce Kolmogorov chaining which is a much more e cien t
way of constructing a cover. In the processwe derive Dudley's entropy integral.
We rst de ne an empirical norm.
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De nition. Given S = fXy;::;; Xng the empirical “, norm is
I
P 1=2
X
;= n ' (Fx) g(x))?
s(l;g i g(Xi
i=1
We can de ne a cover given the empirical norm
De nition.  Given a hypothesisspace H and the akove norm, the covering number
N (H; ;

s) is\the minimal number © 2 IN suchthat for everyf 2 H there exists
functions f g g;-; suchthat

s(f;g) for somei.

The proof of the following theorem is identical to the proof of lemma 8.5.
Theorem. Given the squae lossand H be a functions suchthat 1 f(x) 1,
y2 [ L1]and S = fzg", drawniid. then with probability at least1 e 8
(t > 0) for the empirical minimizer, fg,

X
Exy (fs(x) y)2<n ' (fs(x) yi)?+
i=1

r
(8logN (H;"=8M; s) + 1)
where N (H;"=8M; s) is the empirical cover.

n

The key idea in the proof of both lemma 8.5 and the above Itheorem is that

X
IP(D(f;S)j> ) 4P n! if (xi) > =4

i=1

where

X
D(f;S) = Exy (f(x) ¥)* n*t  (f(x)

i=1
i is a Rademader random variable.
We now prove the chaining theorem.

vi)%
and

Theorem. Given a hypothesissppce H where for all f 2 H 1 f(x) 1if we
de ne

X
R(f)=n1* if (xi);
then

i=1

[

o9=2 £ doit) "o

P 8f 2H; R(f) P log'™ P(H;"; s)d"+ 2"72d(0;f)
0

Slcf

1 e u.
where P(H;"; s) is the empirical packing number and

d(;f)
log*™2P(H;"; s)d"

0
is Dudley's entropy interal.

Proof.
Without loss of generality we will assumethat the zero function fOg is in H.
We will construct a nestedsets of functions

fOg= Ho H: Hx: H; H:
Thesesubsetswill have the following properties
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(1) 8f;92 H; s(f;g)> 2! ,

(2 8f 2H 9 f 2 H; suchthat s(f;g) 27,

Given a setH; we can construct H;.; via the following procedure:
(1) Hj+1 = H;

(2) Find all f 2 H sud that for all g2 Hj.+; s(f;g)> 2 0*D
(3) Add the abovef to Hj+1 .

We now de ne a projection operation ; :H ! H; wheregivenf 2 H
i(f) = gwhereg2 H; sudthat s(g;f) 2 ':
For all f 2 H the following chaining holds
f of )+ (a(f)  o(f))+ (2(f) a(f)) +:

b
Ci(f) )

=1

and
s 1(f); j(F)) (j af)if)+ sCj(f)f)
200 D4oi=321 2 i*2.
R(f) is a linear function, so
b3
R(f)= ()  1(fF):
j=1
The set of links in the chain betweentwo levels are de ned as follows
Lj 15 :=ff g:f2H;;92H; 1and s(f;g) 21"2¢g
Fora xed link "2 L; g5

X
R()=nt i (Xi);

i=1
andj(xi)j 2 1*? soby Hoeding's inequality
IP(R() 1) e =2 T 1L P00

e nt2=(2 2 2j+4):

The cardinality of the set of links is

iLi i My HG 4 (Hj DA

So
P@ 2L 15 RC) B 1 (Hjj)?e ™",
setting
r r
2 +5 2j +5 2j +5
t= 2 ——(4logjH;j + u) 2 ——4logjH | + 270,
givesus |
. r_:
27722 110g" 2 H{j | .5ep | U 1
> . Lt ~ n + = J — -

u.
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If Hj 1= H; then
j 1(f)= j(f)andLj 1;j =ngZ

P
Soover all levels and links with probability at least 1 j1:1 ﬁe u
_ r_
7=29 ] 1=2 14 )
8i 1,8 2L 1;; R() 272 ,r';oﬁg Hil , p5=25 | %;
and % %
2
%e“ 1 %e“: E1e“ 1 el:
j=1 J JJ j=1 I
For somelevel k
2 kD go;f) 2
and
0= off)= 1(f)= = «(f):
So
R
R(f) = R(C(F) 5 a(f))
j=k+1
X 12y | )
2—p§—|oglzszjj+ 52 1 U
= ke n n
% 7=29 | , m
2_93_|091:2p(|-|;2 P
= ket n n
Since2 K < 2d(f; 0) we get the secondterm in the theorem
r_
7=2 400 u,
272d(0; f) -
For the rst term
X 729 | . 9=2 % . .
2—p%—loglzZP(H;Z 9) -Zpﬁ 2 0D Jog™2P(H;2 T; §)
j=k+1 j=k+1
29:2 Z 2 (k+1) ~
P log™? P (H;"; s)d"
go=2 £ aoi)
P= . log™“P(H;"; s)d"

the above quartit y is Dudley's entropy integral.

8.7. Covering numbers and VC dimension

In this section we will shov how to bound covering numbers via VC dimension.
Covering numbers as we have introduced them have beenin generalfor real-valued

functions and not indicator functions.
The notion of VC-dimension and VC classescan be extended to real-valued

functions in a variety of mappings. The most standard extension is the notion of
VC subgraph classes.
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De nition. A sulgraph of function f (x) where f : X | IR is the set
Fr=f(x;)2X IR:0 t f(x)orf(x) t Og:
De nition.  The sulgraph of a classof funtions H are the sets
F=fF¢:f 2Hg:

Denition. If F is a VC classof setsthen H is a VC sulgraph classof functions
and v(H) = v(F):

We now show that we can upper-bound the covering number with the empirical
"1 norm with a function of then VC dimension for a hypothesis spaceswith nite
VC dimension.

Theorem. Given a VC sulgraph c,J,assH whee 1 f(x) 18 2H andx2 X
with v(H) = dand s(f;g)=n 1 [ jf(x) g(x)jthen
d

PH" o) Llog!

The bound in the above theorem can be improved to

d
K
P(H;" s) +

however, the proof is more complicated so we prove the weaker statemert.
Proof.

Setm = P(H;"; s)soffy;::;fngare"-separatedand eact function fy hasits
respective subgraph Fs, .

Sample uniformly from fxs;:::; X, k elemens fz;;:::z¢g and uniformly on
[ 1;1] k elemernts fty;:::;tkg.

We now bound the probability that the subgraphsof two "-separatedfunctions
pick out dierent subsetsof f(z1;t1); 5 (z«; tk)g

IP (F¢, and F;, pick out dierent subsetsof f (z1;t1);::; (z«; tk)0)
IP (at least one (z;;t;) is picked out by either F;, or F¢, but not the other)
1 IP(all (z;t;) are picked out by both or none) :

The probability that (z;;t;) is either picked out by either both F¢, ; F¢, or by neither

8.8. Symmetrization and Rademac her complexities

In the previous lectures we have consideredvarious complexity measures,such as
covering numbers. But what is the right notion of complexity for the learning
problem we posed? Consider the covering numbers for a momert. Take a small
function classand take its corvex hull. The resulting classcan be extremely large.
Nevertheless,the suprenum of the di erence of expected and empirical errors will
be attained at the vertices, i.e. at the baseclass. In somesense,the \inside" of
the classdoesnot matter. The covering numberstake into accourt the whole class,
and therefore becomevery large for the convex hull, even though the essetial
complexity is that of the base class. This suggeststhat the covering numbers
are not the ideal complexity measure. In this lecture we intro duce another notion
(Rademader averages) which canbe claimedto bethe \correct" one. In particular,
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the Rademader averagesof a convex hull will be equalto those of the baseclass.
This notion of complexity will be shonn to have other nice properties.

Instead of jumping right to the de nition of Rademader Averages,we will
take a longer route and shaov how these averagesarise. Results on this topic can
be found in the Theory of Empirical Processesand sowe will give somede nitions
from it.

Let F be a classof functions. Then (Z;)i2 is a random processindexed by F
if Zj(f) is a random variable for any i.

As before, is a probability measureon , and data xi;:::; X, . Then ,
is the empirical measuresupported on x1;:::; Xn:
1 X
n= ﬁ -_ Xi:

i=1
Dene Zi() = ( x )(), i.e.
Zi(f)="1() IE (f):

Then Z;;:::;Z, is an i.i.d. processwith 0 mean.
In the previous lectures we looked at the quartity

1 X
(8.1) sup — f(xi) IEf ;
for N._,
which can be written asn sups 5 j i”:1 Zi(f)j.
Recall that the dicult y with (8.1) is that we do not know and therefore
cannot calculate IEf . The classical approach of covering F and using the union
bound is too loose.

Prop osjtion. Symmetrization: Jf %P . f(xi) is closeto IEf for data xq;:::; Xn,
then 2" L, f(x;)iscloseto ., f(x?), the empirical averageon x{;:::;x (an
independent copy of Xj;:::;X,). Therefore, if the two empirical averaragesare far
from each other, then empirical error is far from expected error.

Now x one function f. Let 1;::; , beii.d. Rademader random variables
(taking on valuesO or 1 witg probability 1/2). Then

X0 X0 #
IP fx) fx9)) t = P HCORRACY) I
i=1 w o i=1 # " #
X0 X0
P if(xi) t=2 +IP if(x9) =2
wi=1 # i=1
X0
= 2P if (i) t=2

i=1

P
Togetherwith symmetrrgation, this suggestghat controlling IP (] ?:1 if (xj)j t=2)

is enoughto cortrol IP 2" L f(x;) IEf t . Of course,this is a very simple

example. Can we do the samewith quantities that are uniform over the class?

De nition.  Suprema of an Empirical process: "

1 X
Z(X1;:5%Xn) = sup IEf = f(Xi)
f2oF n._,
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De nition.  Suprema of a RademacherProcess:
) #

1 X
R(X1;:Xns 1505 ) = sup — i (i)
for N,
Prop osition. The expectation of the Rademacherprocess bounds the expectation
of the empirical process:
IEZ 2ER:

Proof.
" #

1 X

EZ = IExsup EEf = f(x)
f 2F n._,

" | #

X R
= IExsup Exo = f(xP = f(x)
foF Ny Ny

1 X
Exxosup=  (f(x) f(x))
for N,
1 X
= [Exxo sup— i(f (X?) f(xi))
for Ny,
1 1 X
|Ex;x o SuUp — if (XIO) + |Ex;x o SuUp — ( i)f (Xi)
for N i=1 foF N i=1
= 2ER

As we discussedpreviously, we would like to bound the empirical processzZ
sincethis will imply \generalization" for any function in F. We will bound Z by
the Rademadier averagelER which we will seehas somenice properties.

Theorem. If the functions in F are uniformly bounded between [a;b] then with

prokability 1 e Y "

Z 2ER+ w:

Proof. The inequality involvestwo steps
(1) the concerration of Z around its mean I[EZ
(2) applying the bound IEZ  2IER
We will use McDiarmid's inequality for the rst step. We de ne the following
two variables Z = Z(x1;::;%i;:5 %) and Z' = Z(xl;:::;x?;:::;xn). Since a
f(x) bforall xandf 2 F:

. X X
Z' 'z = supjEf n?t' f(x)+ n(x) n D j supjEf n‘?
f2F (=1 f2F .
sup 3if () OO 2= g
f2Fpnl [ i)l n_ G:

IThe quantity IER is called a Rademacher average.
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This bounds the Martingale di erence for the empirical process. Given the di er-
encebound McDiarmid's inequality states
P(Z [EZ>t v nt*
P = R
i=1 n2
Therefore, with probability at least1 e Y,
r

2u(b a).
—

Z IEZ<

Soasthe number of samples,n, grows, Z becomeanore and more concerirated
around IEZ.
Applying symmetrization provesthe theorem. With probability at leastl e Y.
r r

2u(b a) 2u(b a).
n n '

Z |EZ+ 2ER +

McDiamid's inequality doesnot incorporate a notion of variancesoit is possible
to obtain a sharper inequality using seeTalagrand's inequality for the suprema of
empirical processes.

We are now left with bounding the Rademader average. Implicit in the pre-
vious lecture on on Kolmogorov chaining was such a bound. Before we restate
that result and give some exampleswe state some nice and useful properties of
Rademader averages.

Prop erties. Let F, G be classesof real-valued functions. Then for any n,

Q) If F G thenlER(F) I[ER(G)

(2) IER(F) = IER(convF)

(3) 8c2 IR, IER(cF) = jgIER(F)

(4) If :IR! IR is L-Lipschitz and (0) = 0, then II]ZDR( (F)) 2LIER(F)

(5) For RKHS halls, c( =, i)' IER(Fx) C( L, 1)¥2 whee ;'s

are eigenvaluesof the correspnding linear operator in the RKHS.
Theorem. The Rademacheravezrageis bounded by Dudley's entropy integral
D

E R cpl_ﬁ pIogN(;F;Lz( n))d;
0

where N denotesthe covering number.

Example. Let F be a classwith nite VC-dimension V. Then

2 kV
N(; FiLa( n)) -
for somegonstant k. The entropy integral atove is boundead as
1 1 -
0gN (; FiLa( n))d ¥ WiogZ= d
0 0 7
_“~1

kODV P log2=d k
0

Therefore, E Rk g for some constant k.



LECTURE 9
Generalization bounds

9.1. Generalization bounds and stabilit y

a function fs. Here,z = (Xj;Vi).

How do we measurethe performanceof A ? First, we introducea lossfunction
V, sothat V(f (x);y) measuresthe penalty of predicting the value f (x) at point x
while the true value is y. One goal of learning is to minimize the expected error at

a new point:
z

Hf]:= Epay) VEGEYI = VE(X);y)d (x1y)

Unfortunately, we cannot compute the above quantity becausethe measure

is unknown. We therefore try to upper bound it. The natural approadc is to

approximate the expectation by the average(empirical error®) on the given sample
S:

1 X
Isffl=—  V({F(xi)yi):
i=1
Genenalization bounds are probabilistic boundson the dier ence I [f] 1g][f].
But how far is Ig[f] from | [f ]? For a xed function f, the di erence between
thesetwo quartities is small (law of large numbers). What if the algorithm chooses
dierent f ? Then f isitself is a random function, asdenotedby f s, and in general
we cannot cortrol the dierence Is[fs] |[fs].
The classicaluniform generalization bounds use some notion of the \size" of
the function classand hold for all functions in the class:

Psfsupjl[f] Is[fli> g (F;n;):
f 2F

It doesn't matter what the algorithm is doing becausethese bounds give a
guarartee for all of them at the sametime! These types of bounds ignore the
fact that we are dealing with a specic algorithm. The only knowledge about
the algorithm usedin thesetypesof bounds is \functions are chosenfrom a xed

IThe true and empirical risks are denoted in Bousquet & Elissee as R(A;S) and R(A;S), re-
spectively, to emphasize the algorithm that produced fs.

89
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function classF". Once the function classis xed, no matter what algorithm we
are using, uniform bounds would provide the same bound on the generalization
error.

Now, imagine that the algorithm is actually outputing only one function. The
generalization bound then follows, as mertioned above, from the law of large num-
bers, and is tighter than the uniform bound over a large function class. Of course,
this is an extreme example, but the main messageis: to get better bounds on
the performanceof the algorithm, one should usethe knowledgeabout the specic
algorithm.

Sudh knowledge can comein dierent forms. One useful (as we will seenow)
assumptionis \algorithmic stability". It turns out that if the function output by al-
gorithm doesnot changemuch when onetraining point is perturb ed, generalization
bounds follow quite easily.

9.1.1. Uniform stabilit y

In this sectionwe intro duce the notion of Uniform Stability and show how general-
ization boundscan be obtained for uniformly stable algorithms. In the next section
we will show that Tikhonov regularization algorithm exhibits suc stability, and
therefore we get guaranteeson its performance.

We assumethat A is deterministic, and that A doesnot depend on the ordering
of the points in the training set.

Dene D[S] = I[fs] Is[fs], the defect, or generlization error. It measures
the discrepancybetweenthe expectedlossand the empirical estimate. Sincewe can
measurel s[f s], bounds on D[S] can be translated into boundson | [f s]. We would
like to show that with high probability D[S] is small. Then if we can obsene that
Is[fs] is small, it will follow that I [fs] must be small. Note that in this approac
we are not concernedwith \good performance” of all functions, but only the one
produced by our algorithm:

Ps (ils[fs] 1[fsli> )<
Givenatraining setS, we de ne S'? to bethe newtraining set obtained when
point i of S is replaced by the new point z 2 Z. We will overload the notation
by writing the lossfunction asV (f;z) instead of V (f (x);y), wherez = (x;y). To
obtain the results of this section, we also needto assumethat the lossfunction V
is positive and upper-bounded by M.

De nition.  We say that an algorithm A hasuniform stability (is -stable) if
8(S;z) 2 z"*1; 8i; supjV(fs;u) V(fgiz ;u)j
u

An algorithm is -stable if, for any possibletraining set, we can replace an
arbitrary training point with any other possible training point, and the loss at
any point will changeby no morethan . Uniform stability is a strong requiremert
becausdt ignoresthe fact that the points are drawn from a probabilit y distribution.
For uniform stability, the function still hasto changevery little even when a very
unlikely (\bad") training setis drawn.

In general,the stability is a function of n, and should perhapsbe written .

Given that an algorithm A has stability , how can we get bounds on its
performance? The answer is: we will use Concertration Inequalities, introduced in
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the previouslectures. In particular, McDiarmid's Inequality will proveto be useful
for obtaining exponertial bounds on the defect D [S].
Recall McDiarmid's Inequality:

Givenrandom variablesfzi;:::;z,g= S, andafunction F : z" | IR satisfying
sup  jF(z1;::1;z0) F(zi::0:z 1;zi°;zi+1;:::;zn)j G
z1::z0 320

the following statemert holds:
. . 2
P(F(ziiiiizn)  Es(F(zyiiniza))j> ) 2exp P

We will apply McDiarmid's inequality to the function F(z3;:::;z,) = D[S] =
I[fs] Is[fs]. We will show two things: that D[S] is closeto its expectation
IED[S], and that the expectation is small. Both of thesewill follow from uniform

-stabilit y.

EsD[fs] = I[Es[lg[fs] I[fs] 4
xXo

= Ese & V(s V(Es()

i=1 #

xXo
= Ese o V(s (0) V(Ts(y)
i=1

The secondequality follows by exploiting the \symmetry" of expectation: The
expected value of a training set on a training point doesn't change when we \re-
name" the points.

Now we needto show that the requiremerts of McDiarmid's theorem are sat-
is ed:

iDIfs] Dflfs=li = Jjls[fs] Ifs] lsw [fgiz ]+ I[fsiz]]
jIiffs] sz i+ jIs[fs] sz [fsiz ]]

+ SV (i) VT se ()]

1 X .
e IV(fs(x5)sy))  V(fsiz (X))
isi
M
+ —+
n

= 2+M:
n

By McDiarmid's Inequality, for any

2 2
IP(jD[fs] IED[fs]i> ) 2exp P =
, 20 + )2
2 ) n 2
= 2exp 72n( n MT)Z = 2exp 7201 VDY
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Note that
IP(D[fs]> + ) = IP(D[fs] IED[fs]> )
IP(iD[fs] IEDI[fs]li> )
Hence,
n 2
IP(IS[fS] I[fs]> + ) 2€Xp m
If we de ne
. — 2 n 2
= 2exp 20 M2
Solving for in terms of , we nd that
r—
(M) 2In(2:):
n
By varying (and ), we cansay that for any 2 (0;1), with probability 1
r
s slfsl+ + (0 + M) 22D,
Note that if = % for somek, we can restate our bounds as
. .k 2 ]
P jIlfs] Islfs] ﬁ+ 2exp 20+ M2
and with probability 1
r—
Ifs] slfs]+ &+ ke m) Z0ET),

What is the best rate of convergencethat can be achieved with this method?
Obviously, the best possiblestability would be = 0| the function can't change
at all when you changethe training set. An algorithm that always picks the same
function, regardlessof its training set, is maximally stable and has = 0. Using

= 0in the last bound, with probability 1
r

2In(2=
fs] stis+ w22,
The convergenceis still O pl—ﬁ . Soonce = O(%), further increasesin stability

don't changethe rate of corvergence.

With only relatively few papers on stability in Machine Learning, there is a
proliferation of namesand kinds of stabilities, which can causelots of confusion.
Here we mention a few to give a taste of kinds of perturbations consideredin the
literature.

De nition.  An algorithm is ( ; ) error stableif
8 (S;u);8i; jiffs] Ifsw ]
De nition.  An algorithm is  L;-stableat S:
8i,u2Z; IE;[[V(fs;z) V(fsi ;2)j]
De nition.  An algorithm is ( ; ) cross-validation stable:
8 (S;u) 22" ;80 jV(fsiu)  V(fsw ;u)j
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We have used McDiarmid's inequality to prove a generalization bound for a
uniformly -stable algorithm. Note that this bound cannottell usthat the expected
error will be low a priori, it canonly tell usthat with high probability, the expected
error will be closeto the empirical error. We haveto actually obsenea low empirical
error to concludethat we have a low expected error.

Uniform stability of O 1 seemsto be a strong requiremert. In the next
section, we will show that Tikhonov regularization possessethis property.

9.2. Uniform stabilit y of Tikhono v regularization

Recall the de nition of Tikhonov Regularization: “

X
fs=argfrr;ikl|1 nl VE&)y)+ kikd ;
i=1
where H is an RKHS with kernel K.

Prop osition. Under mild conditions Tikhonov regularization is is uniformly stable
with
L2 2

n
whete the constantsL and  will be de ned with respect to the mild conditions.

Given the above stability condition and the results from the previous section,
we have the following bound:

. N 2

Equivalently, with probability 1,
r—
Ifs] Islfsl+ &+ ke my 22D,

We now prove the proposition and state the mild conditions.
Proof.
The rst condition is on the lossfunction:

De nition. A lossfunction (over a possibly bounded domain X) is Lipschitz with
Lipschitz constant L if

8y1;y2Y°2 Y; iV(yy) VY9 Liyi  yai:
Put di erently, if we have two functions f1 and f,, under an L-Lipschitz lossfunc-

tion,

(SUF;jV(fl(X);Y) V(fa(x);y)i Lifs faji:
Xy
Yet another way to write it:

jV(f1; ) V(f2;)in Lifa()  f2()i1:
If a loss function is L-Lipschitz, then closenessof two functions (in L; norm)
implies that they are closein loss. The corverseis false| it is possiblefor the
di erence in lossof two functions to be small, yet the functions to be far apart (in
L, ):

Example. Consider constant lossV = const. The di er ence of lossesof any two
functions is zerm while the functions can be far apart from each other.
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The hinge loss and the -insensitive loss are both L-Lipschitz with L = 1. The
squarelossfunction is L Lipschitz if we canbound the y valuesand the f (x) values
generated. The 0 1 lossfunction is not L-Lipschitz at all | an arbitrarily small
changein the function can changethe lossby 1:

f1=0; fo=; V(f1(x);0) = 0; V(f2(x);0) = 1L
Assuming L -Lipschitz loss,we have transformed the problem of bounding

supjV(fs;u) V(fgiz ;u)j
u2z

into a problem of bounding

]f IS fsi:z j]_ :
As the next step, we bound the L; norm by the norm in the RKHS assosiatedwith
the kernel K. We now imposethe secondcondition: there existsa satisfying

8x 2 X; P K (x;Xx)

Under the above assumption, using the reproducing property and the Cauchy-
Schwartz inequality, we can derive the following:

JhK (x5 ) F )ik

K )ik Jif ik
(6 )3 K (6 )ijif fik
K (x;x)jjf jik

jifiik

8x  jf (x)]

Since above inequality holds for all x, we have jf j; iifiik . Hence,if we can
bound the RKHS norm, we can bound the L; norm. We have now reduced the
problem to bounding jifs fgi jik -

Lemma. For Tikhonov regularization under the alove mild conditions

- . Lifs fsiz ja

iifs  fsw ik %1

This lemma says that when we replacea point in the training set, the changein the
RKHS norm (squared) of the di erence betweenthe two functions cannot be too
large comparedto the changein L, . Using the lemma and the relation between

Lk and Lq,

Ljfs fsi:z j]_
n

L ifs  fsu ik
n

ifs  fsu ik

Dividing through by jifs fgsiz jjk , we derive

.. . L
jifs  fsi ik 71
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Using again the relationship betweenLy and L , and the L Lipschitz condition,

supjV(fs(); ) V(fszi ():)] Lifs fszija
L jifs fszalix
L2 2

n

We now prove lemma 9.2.
Proof. The proof involvescomparing norms of f s and f 5.: and usesthe notion
of divergences.
Supposewe have a convex, di eren tiable function F, and we know F(f ;) for some
f1. We can\guess" F (f,) by consideringa linear approximation to F at f;:

P(fy) = F(f) + o foor F(f)i:

The Bregman divergenceis the error in this linearized approximation:
de (f2;f1) = F(f2) F(f1) M2 fir F(fy)i:

(f, F(E))

We will needthe following key facts about divergences:

de (f2;f1) O
If 1 minimizes F, then the gradient is zero, and dr (f2;f1) = F(f>)
F(f1).

If F = A+ B, where A and B are also convex and di eren tiable, then
de (f2;f1) = da(f2;f1) + dg (f2;f1) (the derivativesadd).
Considerthe Tikhonov functional
1 X o
Ts(f) = 0 V(f(xi)yi) + ifliks
i=1
aswell asthe componert functionals

1 X
V()= =" V(i)

i=1
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and
N(f) = jif jig :
Hence,Ts(f) = Vs(f)+ N (f). If the lossfunction is convex (in the rst variable),

then all three functionals are convex.
Ts'(f)

Ts(f)

fs fs'

This picture illustrates the relation between the various functionals on the
minimizers over the original set S and the perturbed set S*? = S° where (x;;y;)
is replacedby a new point z = (X;y). Let fs be the minimizer of Ts, and let f gi-
be the minimizer of Tsi- . Then

(dn (fsiz ;fs) + dn (Fs;fsiz))
drs (fsie ;fs) + drg, (fsifsiz) =
%(V(fsi:z 02)) V(fs;z)+ V(fs;z) V(fsiz ;2))
2Ljfs  fswj1 :
n
We concludethat

2Lf f i;z.
dn (Fsie ifs) + dn (Fs:fgir ) %

But what is dy (fsiz ;fs)? Let's expressour functions as the sum of orthogonal
eigenfunctionsin the RKHS:

*

fs(x) Ch n(X)

=1

=}

& n(x)

n=1

f Siz (X)
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Once we expressa function in this form, we recall that

X
iifiig = &
n=1 "

Using this notation, we reexpressthe divergencein terms of the ¢; and c:

du(fsie ifs) = difse i ifsiik  Hse fsiri fsiigi

A R E R oy
n=t " n=0 " =1 n
_ X B+ 2
n=1 n
_ R (@ @)?
n=1 n

= jifse  fsiik
We concludethat
d (s ifs) + du(Fsifse ) = 2fse  fsiig
Combining theseresults provesour Lemma:
dn (fsiz ;fs) + du(fs;fsiz )

iifs=  fsiig

2
2Ljfs fsi:z j]_
n
We have showvn that Tikhonov regularization with an L-Lipschitz lossis -
stable with = L; . If we want to actually apply the theorems and get the

generalizationbound, we needto bound the loss(note that this wasa requirement
in the previous section). So, is the lossbounded?

Let Cp be the maximum value of the loss when we predict a value of zero. If
we have boundson X and Y, we can nd Cy. Noting that the \all 0" function O is
always in the RKHS, we seethat

iifsii& T(fs)
T(0)

1 X
= 5 V(O(xi); i)

i=1

Co:

Therefore,

e C
ifsig =2
=) ifsia Jifslik —

Since the lossis L-Lipschitz, a bound on jfsj; implies boundednessof the loss
function.
A few nal notes:
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if wekeep xed asweincreasen, the generalizationbound will tighten as
0] pl—ﬁ . Howewer, keeping xed is equivalert to keepingour hypothesis

space xed. As we get more data, we want to get smaller. If gets
smaller too fast, the bounds becometrivial.
It is worth noting that Ivanov regularization

1 X _
fus = argmin V)
s.t. kf k2
is not uniformly stablewith = O % . This is an important distinction

betweenTikhonov and Ivanov regularization.
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