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Stat293 class notes

Statistical Learning: Algorithms and
Theory

Sayan Mukherjee

LECTURE 1
Course preliminaries and overview

� Coursesummary

The problem of supervisedlearning will bedevelopedin the framework
of statistical learning theory. Two classesof machine learning algorithms
that havebeenusedsuccessfullyin a variety of applications will be studied
in depth: regularization algorithms and voting algorithms. Support vector
machines (SVMs) are an example of a popular regularization algorithm
and AdaBoost is an example of a popular voting algorithm. The course
will
(1) intro duce thesetwo classesof algorithms
(2) illustrate practical usesof the algorithms via problems in computa-

tional biology and computer graphics
(3) state theoretical resultson the generalizationand consistencyof these

algorithms.

� Grading

Three problem sets for 50% of the grade. A �nal project for 50% of
the grade. Possible�nal projects are
(1) application of a learning algorithm to data

1 Institute of Statistics and Decision Sciences(ISDS) and Institute for Genome Sciencesand Policy
(IGSP), Duk e Univ ersity, Durham, 27708.
E-mail address : sayan@stat.duke.edu .

November 18, 2004

These lecture notes borrow heavily from the following courses at M.I.T. 9.520 and 18.465.

c
 1993 American Mathematical Societ y
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2 S. MUKHERJEE, STATISTICAL LEARNING

(2) critical review of topics in the classor related topics
(3) theoretical analysis of an algorithm

The student can pick a topic or select from prede�ned topics.

� Courseoutline
(1) The supervised learning problem

The problem of supervised learning will be intro duced as function
approximation given sparsedata.

(2) Regularization algorithms
(a) Reproducing Kernel Hilb ert Spaces

A function classwith somevery nice properties.
(b) Regularization methods
(c) Algorithms derived from Tikhonov regularization

(i) Kernel ridge-regression
(ii) Support vector machines (SVMs)
(iii) Regularized logistics regression
(iv) Splines

(d) Optimization
Lagrangemultipliers and primal/dual problems.

(3) Voting algorithms
(a) Examples of voting algorithms
(b) Probably approximately correct (PAC) framework

A theoretical framework intro duced by Leslie Valiant usedex-
tensively in Learning theory.

(c) Strong and Weak learnersand the Boosting hypothesis
Do there exist two kinds of algorithms: strong and weak algo-
rithms, or are they equivalent in and that one can one boost
weak algorithms into strong ones.

(d) Boosting by majorit y and Adaptiv e boosting (AdaBoost).
(4) Applications

(a) Computational biology
(i) Classifying tumors using SVMs

Expressiondata from human tumors will be analyzedus-
ing SVMs. Both binary and multiclass problems will be
addressed.The challengehere is high dimensionality and
lack of samples.

(ii) Predicting genetic regulatory responseusing boosting
A boosting algorithm is used to predict gene regulatory
responseusing expressionand motif data from yeast.

(b) Computer graphics
Trainable videorealistic speech animation system is described
that usesTikhonov regularization to createan animation mod-
ule. Given video of a pre-determined speech corpus from a
human subject the algorithm is capableof synthesizing the hu-
man subject's mouth uttering entirely novel utterances that
were not recordedin the original video.

(5) Theory
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(a) Generalization and consistency
How accurate a function learnt from a �nite dataset will be on
future data and as the number of data goto in�nit y will the
optimal function in the classselected.

(b) Technical tools
(i) One-dimensionalconcentration inequalities
(A) Polynomial inequalities
(B) Exponential inequalities
(C) Martingale inequalities

(ii) Vapnik- �Cervonenkis (VC) theory
(A) Covering numbers and VC dimension
(B) Growth functions and metric entropy
(C) Uniform law of large numbers
(D) Kolmogorov chaining and Dudley's entropy integral
(E) Rademacher averages

(c) Generalization bounds
(i) Bounds for Tikhonov regularization usingalgorithmic sta-

bilit y
(ii) Bounds for empirical risk minimization algorithms using

VC theory
(iii) Generalization bounds for boosting





LECTURE 2
The learning problem

In this lecture the (supervised) learning problem is presented as the problem of
function approximation from sparsedata. The key ideasof lossfunctions, empirical
error and expected error are intro duced. The Empirical Risk Minimization (ERM)
algorithm is intro ducedand three key requirements on this algorithm are described:
generalization,consistency, and well-posedness.Wethen mention the regularization
principle which ensuresthat the above condition are satis�ed. We closewith a brief
intro duction to voting algorithms.

2.1. Key de�nitions in learning

Our dataset consistsof two sets of random variables X � IRd and Y � Rk . Our
general assumption will be that X is a compact Euclidean spaceand Y is closed
subset. For most of this class k = 1. Given a dataset we would like to learn a
function f : X ! Y .

For example the spaceX can be measurements for a given country:

x = (gdp, poilt y, infant mortalit y, population density, estimatesof WMD, oil export );

we will focus on two typesof spacesY in these lectures.

(1) Pattern recognition: the spaceY = f 0; 1g correspondsto a binary variable
indicating whether the country is bombed,

(2) Regression:the spaceY � IR corresponds to a real-valued variable indi-
cating how much the country is bombed (we assumethere exists negative
bombing here).

The dataset S is often called the \training set" and consists of n samples,
(x; y) pairs, drawn i.i.d. from a probabilit y distribution � (z), a distribution on the
product spaceof X and Y (Z = X � Y)

S = f z1 = (x1; y1); :::; zn = (xn ; yn )g:

An important concept is the conditional probabilit y of y given x p(yjx)

� (z) = p(yjx) � p(x):

In the learning problem we assume� (z) is �xed but unknown.

5



6 S. MUKHERJEE, STATISTICAL LEARNING

2.1.1. Algorithms, hyp othesis spaces, and loss functions

Prop osition. A learning algorithm A is a map from a data set S to a function
f S :

A : S ! f S :

Prop osition. A hypothesisspace H is the space of functions that a learning algo-
rithm A \searches" over.

The basic goal of supervised learning is to use the training set S to \learn" a
function f S that givena value xnew not in the training set will predict the associated
value ypred :

ypred = f S (xnew );

not only for one value xnew but for a set of thesevalues.
A loss function can be usedto decidehow well a function \�ts" a training set

or how well it predicts new observations.

De�nition. A loss function wil l be de�ned as a nonnegative function of two vari-
ablesV (f ; z) := V (f (x); y):

V : IR � IR ! IR+ :

The lossfunctions we will encounter will be nondecreasingin either

jf (x) � yj or � yf (x):

Examples. The following are loss functions used in general for regression prob-
lems.

(1) Square loss: the most common lossfunction goesback to Gauss,sometimes
called L 2 loss

V (f (x); y) = (f (x) � y)2;

(2) Absoluteloss: this lossfunction is lesssensitiveto outliers than the square
loss, sometimescalled L 1 loss

V (f (x); y) = jf (x) � yj;

(3) Huber loss: is lesssensitive to outliers like the L 1 loss but is everywhere
di�er entiable unlike the L 1 loss

V (f (x); y) =

(
1
4� (f (x) � y)2 if jf (x) � yj � 2�;

jf (x) � yj � � o.w.

(4) Vapnik loss: is lesssensitive to outliers like the L 1 loss and in particular
algorithms can lead to sparse solutions

V(f (x); y) =

(
0 if jf (x) � yj � �;

jf (x) � yj � � o.w.

Examples. The following are loss functions used in general for classi�cation prob-
lems.

(1) Indicator loss: the most intuitive loss for binary classi�cation

V(f (x); y) = �( � f (x)y) :=

(
1 if � yf (x) � 0;

0 o.w.
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Figure 1. Four loss functions for regression: square loss, absolute loss, Hu-
ber's loss function, and Vapnik's loss function.

(2) Hinge loss: unlike the Indicator lossthis lossfunction is convexand there-
fore leads to practical algorithms that may havesparse solutions

V (f (x); y) = (1 � f (x)y)+ :=

(
0 if yf (x) � 1;

1 � f (x)y o.w.

(3) Quadratic hinge loss: similar to the hinge lossbut the deviation is squared

V (f (x); y) = [(1 � f (x)y)+ ]2 :=

(
0 if yf (x) � 1;
(1 � f (x)y)2 o.w.

(4) Logistic loss: this is also a convex loss function with the advantagethat a
probabilistic model can be associated with it

V (f (x); y) = ln
�

1 + e� y f (x )
�

:
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Figure 2. Four loss functions for classi�cation: indicator loss, hinge loss,
square hinge loss, and logistic loss.
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2.1.2. Empirical error, exp ected error, and generalization

Two key concepts in learning theory are the empirical error of a function and
expected error of a function.

De�nition. The empirical error of a function f given a loss function V and a
training set S of n points is

I S [f ] = n� 1
nX

i =1

V (f ; zi ):

De�nition. The expected error of a function f given a loss function V and a
distribution � is

I [f ] = IEz V (f ; z) :=
Z

V (f ; zi )d� (z):

Note that the expected error can almost never be computed since we almost
never know � (z). However, we often are given S (n points drawn from � (z)) so
we can compute the empirical error. This observation motivates the principal of
generalization which is fundamental to learning theory.

Prop osition. An algorithm generalizes, A gen, if its empirical error is closeto its
expected error:

Agen= fA : jI [f S ] � I S [f S ]j is smallg:

The advantage of algorithms that generalizeis that if the empirical error is
small then we have faith that the algorithm will be accurateon future observations.
However, an algorithm that generalizesbut hasa largeempirical error is not of much
use.

2.1.3. Empirical Risk Minimization

A very common algorithm is the empirical risk minimization (ERM) algorithm.

De�nition. Given a hypothesis space H a function f S is a minimizer of the em-
pirical risk if

f S 2 arg min
f 2H

I S [f ] := arg min
f 2H

"

n� 1
nX

i =1

V (f ; zi )

#

:

If there exists no minimizer of empirical risk then a variation of the algorithm:
almost ERM is used.

De�nition. Given a hypothesis space H a function f S is an � -minimizer of the
empirical risk if for any � > 0

I S [f S ] � inf
f 2H

I S [f ] + �:

2.1.4. Desired prop erties of ERM

A natural property for an algorithm such as ERM to have is that as the number of
observations increasethe algorithm should �nd the best function in the hypothesis
space.This property is de�ned as consistency.
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De�nition. ERM is universally consistent if

8" > 0 lim
n !1

sup
�

IPS

�
I [f S ] > inf

f 2H
I [f ] + "

�
= 0:

One can observe (homework problem) that for ERM universal consistencyand
distribution independent generalization are equivalent.

De�nition. ERM has distribution independent generalization if

8" > 0 lim
n !1

sup
�

IPS fj I S [f S ] � I [f S ]j > "g = 0:

Another set of desirable properties for ERM is that the mapping de�ned by
ERM (A : S ! f S) be well-posed. The notion of well-posednessgoes back to
Hadamard who de�ned this idea for operators.

De�nition. A map is well-posed if its solution
(1) exists
(2) is unique
(3) is stable(the function output varies smoothly with respect to perturbations

of the input, the training set S).

The key requirement for ERM is stabilit y since existence is ensured by the
de�nition of ERM or almost ERM.and uniquenessis de�ned modulo empirical error,
all functions that have the sameempirical error are equivalent.

We will seethat the requirements of stabilit y and consistencyare complimen-
tary and indeed equivalent for ERM.

The following two examplesillustrate these issues.
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Example. This example examines the stability of ERM when di�er ent function
classesare used. The key point here is that ERM with a less complex or simpler
function class is more stable.

The dataset is composed of 10 points and we �t the smoothest interpolating
polynomial to this data. We then perturb the data slightly and re�t the polynomial
and note how much the function changes. Repeating this procedure with a second
degree polynomial results in a much smaller changein the function.
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Figur e 3. The �rst �gure consists of 10 points sampled from a function. In
the second �gure we �t the smoothest interp olating polynomial. The third
�gure displays the original data and the perturb ed data. The fourth �gure
plots the smoothest interp olating polynomial for the two datasets. The �fth
�gure plots the original dataset with a 2nd order polynomial �t. The sixth
�gure plots both datasets with �t with 2nd order polynomials.
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Example. This exampleis an il lustration of how well-posednessand generalization
are related. The key point here is that when ERM is well-posed the expected error
wil l be smaller and in the limit this implies consistency.

Ten points are sampled from a sinusoid. We wil l use two algorithms to �t the
data

(1) A 1: ERM using a 7th order polynomial
(2) A 2: ERM using a 15th order polynomial.

A 1 is well-posed and A 2 is not. Note that the expected error of A 1 is much smaller
than the expected error of A 2.
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Figur e 4. The �rst �gure consists of 10 points sampled from a function. The
second �gure is the underlying function, a sinusoid. The third and fourth
�gures are a 7th and 15th order polynomial �t to the data.

2.2. Imp osing well-p osedness

The previousexamplesillustrated that ERM by itself is not well-posed. A standard
approach to imposingwell-posedto a procedureis via the principle of regularization.

The principle of regularization involvesconstraining the hypothesisspace.Two
basic of the three basic methods of imposing constraints are

(1) Ivanov regularization: directly constrain the hypothesisspace

min
f 2H

"

n� 1
nX

i =1

V (f ; zi )

#

subject to 
( f ) � �
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(2) Tikhonov regularization: indirectly constrain the hypothesis space by
adding a penalty term.

min
f 2H

"

n� 1
nX

i =1

V (f ; zi ) + � 
( f )

#

:

The function 
( f ) is called the regularization or smoothness functional and is
typically a Hilb ert space norm, see lecture 3, and the parameters � and � are
the regularization parameters that control the trade-o� between �tting the data
and constraining the hypothesisspace.

2.3. Voting algorithms

An alternativ e to imposing well-posednessusing constraints is to use algorithms
that by construction are well-posed. Voting algorithms implement this approach,
seelecture ??.

The idea behind voting algorithms is that we use a weighted combination of
very simple functions called weak learners to build a more complicated function

f (x) =
pX

i =1

� i ci (x) subject to
pX

i =1

� i = 1 and � i � 0;

the functions ci (x) are the weakclassi�ers and the weights � i can be predetermined
or set basedupon the observed data.





LECTURE 3
Repro ducing Kernel Hilb ert Spaces (rkhs)

Reproducing Kernel Hilb ert Spaces(rkhs) are hypothesisspaceswith somevery
nice properties. The main property of these spacesis the reproducing property
which relates norms in the Hilb ert spaceto linear algebra. This classof functions
also has a nice interpretation in the context of Gaussianprocesses.Thus, they are
important for computational, statistical, and functional reasons.

3.1. Hilb ert Spaces

A function spaceis a spaceof functions where each function can be thought of as
a point.

Examples. The following are three examplesof function spacesde�ned on a subset
of the real line. In theseexamplesthe subsetof the real line we consider is x 2 [a; b]
where for examplea = 0 and b = 10.

(1) C[a; b] is the set of all real-valued continuous functions on x 2 [a; b].
y = x3 is in C[a; b] while y = dxe is not in C[a; b].

(2) L 2[a; b] is the set of all square integrable functions on x 2 [a; b]. If
(
Rb

a jf (x)j2 dx)1=2 < 1 then f 2 L 2[a; b].
y = x3 is in L 2[a; b] and so is y = x3 + � (x � c) where a < c < b, however
the second function is not de�ned at x = c.

(3) L 1[a; b] is the set of all functions whoseabsolute value is integrable on
x 2 [a; b].
y = x3 is in L 1[a; b] and so is y = x3 + � (x � c) where a < c < b, however
the second function is not de�ned at x = c.

De�nition. A normed vector space is a space F in which a norm is de�ned. A
function k � k is a norm i� for all f ; g 2 F

(1) kf k � 0 and kf k = 0 i� f = 0
(2) kf + gk � kf k + kgk
(3) k�f k = j� j kf k.

Note, if all conditions are satis�ed except kf k = 0 i� f = 0 then the space has a
seminorm instead of a norm.

15
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De�nition. An inner product space is a linear vector space E in which an inner
product is de�ned. A real valued function h�; �i is an inner product i� 8f ; g; h 2 E
and � 2 IR

(1) hf ; gi = hg; f i
(2) hf + g; hi = hf ; hi + hg; hi and h�f ; gi = � hf ; gi
(3) hf ; f i � 0 and hf ; f i = 0 i� f = 0.

Given an inner product space the norm is de�ned as kf k =
p

hf ; f i and an angle
between vectors can be de�ned.

De�nition. For a normed space A a subspace B � A is densein A i� A = �B.
Where �B is the closure of the set B.

De�nition. A normed space F is separable i� F has a countable densesubset.

Example. The set of all rational points is densein the real line and therefore the
real line is separable. Note, the set of rational points is countable.

Coun terexample. The space of right continuous functions on [0; 1] with the sup
norm is not separable. For example,the step function

f (x) = U(x � a) 8a 2 [0; 1]

cannot be approximated by a countable family of functions in the sup norm since
the jump must occur at a and the set of all a is uncountable.

De�nition. A sequence f xn g in a normed space F is called a Cauchy sequence if
limn !1 supm � n kxn � xm k = 0.

De�nition. A normed space F is called complete i� every Cauchy sequence in it
converges.

De�nition. A Hilbert space, H is an inner product space that is complete, separa-
ble, and generally in�nite dimensional.
A Hilbert space has a countable basis.

Examples. The following are examplesof Hilbert spaces.

(1) IRn is the textbook exampleof a Hilbert space. Each point in the space
x 2 IRn can be represented as a vector x = f x1; :::; xn g and the metric
in this space is kxk =

p P n
i =1 jx i j2. The space has a very natural basis

composed of the n basis functions e1 = f 1; 0; :::; 0g, e2 = f 0; 1; :::; 0g,...,
en = f 0; 0; :::; 1g. The inner product between a vector x and a basis vector
ei is simply the projection of x onto the i th coordinate x i = hx; ei i .
Note, this is not an in�nite dimensional Hilbert space.

(2) L 2 is also a Hilbert space. This Hilbert space is in�nite dimensional.

3.2. Repro ducing Kernel Hilb ert Spaces (rkhs)

We will use two formulations to describe rkhs. The �rst is more general,abstract,
and elegant. Of courseit is lessintuitiv e. The secondis lessgeneraland construc-
tiv e. Of courseit is more intuitiv e.

For the remainder of this lecture we constrain the Hilb ert spacesto a compact
domain X .



LECTURE 3. REPR ODUCING KERNEL HILBER T SPACES (RKHS) 17

3.2.1. Abstract form ulation

Prop osition. A linear evaluation function L t evaluateseach function in a Hilbert
space f 2 H at a point t. It associates f 2 H to a number f (t) 2 IR, L t [f ] = f (t).

(1) L t [f + g] = f (t) + g(t)
(2) L t [af ] = af (t).

Example. The delta function � (x � t) is a linear evaluation function for C[a; b]

f (t) =
Z b

a
f (x)� (x � t)dx:

Prop osition. A linear evaluation function is bounded if there exists an M such
that for all functions in the Hilbert space f 2 H

jL t [f ]j = jf (t)j � M kf k;

where kf k is the Hilbert space norm.

Example. For the Hilbert space C[a; b] with the sup norm there exists a bounded
linear evaluation function since jf (x)j � M for all functions in C[a; b]. This is due
to continuity and compactnessof the domain. The evaluation function is simply
L t [f ] : t ! f (t) and M = 1.

Coun terexample. For the Hibert space L 2[a; b] there exists no bounded linear
evaluation function. The following function is in L 2[a; b]

y = x3 + � (x � c) where a < c < b:

At the point x = c there is no M such that jf (c)j � M since the function is
evaluated as \ 1 ". This is an exampleof a function in the space that is not even
de�ned pointwise.

De�nition. If a Hilbert space has a bounded linear evaluation function, L t , then
it is a Reproducing Kernel Hilbert Space (rkhs), H K .

The following property of a rkhs is very important and is a result of the Riesz
representation theorem.

Prop osition. If H K is a rkhs then there exists an element in the space K t with
the property such that for all f 2 H K

L t [f ] = hK t ; f i = f (t):

The inner product is in the rkhs norm and the elementK t is called the representer
of evaluation of t.

Remark. The above property is somewhat amazing in that it says if a Hilb ert
spacehas a bounded linear evaluation function then there is an element in this
spacethat evaluates all functions in the spaceby an inner product.
In the spaceL 2[a; b] we say that the delta function evaluatesall functions in L 2[a; b]

L t [f ] =
Z b

a
f (x)� (x � t)dx:

However, the delta function is not in L 2[a; b].
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De�nition. The reproducing kernel (rk) is a symmetric real valued function of two
variabless; t 2 X

K (s; t) : X � X ! IR:

In addition R(s; t) must be positive de�nite, that is for all real a1; :::; an and t1; :::; tn 2
X

nX

i;j =1

ai aj K (t i ; t j ) � 0:

If the above inequality is strict then K (s; t) is strictly positive de�nite.

Remark. Instead of characterizing quadratic forms of the function K (s; t) onecan
characterize the matrix K where K ij = K (t i ; t j ) and use the notions of positive
and positive-semide�nite matrices. The terminologies betweenanalogousconcepts
for functions versusmatrices is unfortunately very confusing.

There is a deep relation between a rkhs and its reproducing kernel. This is
characterized by the following theorem.

Theorem. For everyReproducing Kernel Hilbert Space (rkhs) there existsa unique
reproducing kernel and converselygiven a positive de�nite function K on X � X we
can construct a unique rkhs of real valued functions on X with K as its reproducing
kernel (rk).

Proof.
If H K is a rkhs then there exists an element in the rkhs that is the representer

evaluation by the Reisz representer theorem. We de�ne the rk

K (s; t) := hK s; K t i

where K s and K t are the representers of evaluation at s and t. The following hold
by the properties of Hilb ert spacesand the representer property














X

j

aj K t j














2

� 0














X

j

aj K t j














2

=
X

i;j

ai aj hK t i ; K t j i

X

i;j

ai aj K (t i ; t j ) =
X

i;j

ai aj hK t i ; K t j i :

Therefore K (s; t) is positive de�nite.

We now prove the converse. Given a rk K (�; �) we construct H K . For each
t 2 X we de�ne the real valued function

K t (�) = K (t; �):

We can show that the rkhs is simply the completion of the space of functions
spannedby the the set K t i

H = f f j f =
X

i

ai K t i where ai 2 IR; t i 2 X ; and i 2 INg
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with the following inner product
*

X

i

ai K t i ;
X

i

ai K t i

+

=
X

i;j

ai aj hK t i ; K t j i =
X

i;j

ai aj K (t i ; t j ):

Since K (�; �) is positive de�nite the above inner product is well de�ned. For any
f 2 H K we can check that

hK t ; f i = f (t)

becausefor any function in the above linear spacenorm convergenceimplies point-
wise convergence

jf n (t) � f (t)j = jhf n � f ; K t ij = � kf n � f kkK t k;

the last step is due to Cauchy-Schwartz. Therefore every Cauchy sequencein this
spaceconvergesand it is complete. �

3.2.2. Constructiv e form ulation

The development of rkhs in this subsectionis seenin most formulations of Support
Vector Machines(SVMs) and Kernel Machines. It is lessgeneralin that it relieson
the reproducing kernel being a Mercer Kernel. It however requires lessknowledge
of functional analysis and is more intuitiv e for most people.

In this formulation we start with a continuous kernel K : X � X ! IR. We
de�ne an integral operator L K : L 2[X ] ! C[X ] by the following integral transform

(3.1) L K f :=
Z

X
K (s; t)f (t)dt = g(t):

If K is positive de�nite then L K is positive de�nite (the converseis also true)
and therefore the eigenvaluesof (3.1) are nonnegative.

Wedenotethe eigenvaluesand eigenvectorsof (3.1) asf � 1; :::; � k g and f � 1; :::; � k g
respectively, where Z

X
K (s; t)� k (t)dt = � k � k (t) 8k:

We now state Mercer's theorem.

Theorem. Given the eigenfunctions and eigenvaluesof the integral equation de-
�ne d by a symmetric positive de�nite kernel K

Z

X
K (s; t)� (s)ds = � � (t):

The kernel has the expansion

K (s; t) =
X

j

� j � j (s)� j (t);

where convergence is in the L 2[X ] norm.

We can de�ne the rkhs as the spaceof functions spannedby the eigenfunctions
of the integral operator de�ned by the kernel

H K = f f jf (s) =
X

k

ck � k (s) and kf kH K < 1g ;
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where the rkhs norm k � kH K is de�ned as follows

kf (s)k2
H K

=

*
X

j

cj � j (s);
X

j

cj � j (s)

+ 2

H K

:=
X

j

c2
j

� j
:

Similarly the inner product is de�ned as follows

hf ; gi =

*
X

j

cj � j (s);
X

j

dj � j (s)

+

H K

:=
X

j

dj cj

� j
:

Part of a homework problem will be to prove the representer property

hf (�; K (�; x)i H k = f (x);

using Mercer's theorem and the above de�nition of the rkhs norm.

3.2.3. Kernels and feature space

The rkhs concept has been utilized in the SVM and kernel machines literature in
what is unfortunately called the kernel tric k.

Points in the domains x 2 X � IRd are mapped into a higher dimensional
spaceby the eigenvaluesand eigenfunctionsof the reproducing kernel (the spaceis
of the dimensionality of the number of nonzeroeigenvaluesof the integral operator
de�ned by the kernel)

x ! �( x) := f
p

� 1� 1(x); :::;
p

� k � k (x)g:

A standard L 2 inner product of two points mapped into the feature spacecan
be evaluated by a kernel due to Mercer's theorem

K (s; t) = h�( s); �( t)i L 2 :

3.3. The rkhs norm, complexit y, and smoothness

We will measurethe complexity of a hypothesisspaceusing the the rkhs norm. We
restrict our function spaceto consist of functions f 2 H K where

kf kH K � A:

The next two examplesillustrate how restricting the rkhs norm corresponds to
enforcing somekind of \simplicit y" or smoothnessof the functions.

Example. Our function space consists of one dimensional lines

f (x) = w x and K (s; t) = s t:

For this kernel
kf k2

H K
= kwk2

so our measure of complexity is the slope of the line.
Our objective is to �nd a function with the smallest slope such that

yf (x) � 1

for all observed (x; y) pairs. This can be thought of as separating the samplesof the
two classesby a margin of 2.

In the three following examplesthe slope of the function that separates the two
classesby a margin of 2 increasesas the points of the opposite classget closer.
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Three datasets and a line to separate the classes. As the class distinctions
become �ner a larger slope is required to separate the classes.
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Figur e 1. Three datasets with the points in the two classes getting nearer.
Note that the slope of the separating functions get steeper as the two classes
approach each other.

Example. Consider any function of one variable that is continuous, symmetric
and periodic with positive Fourier coe�cients over the interval. The rk K (s; t) can
be rewritten as K (s � t) = K (z) and can be expanded in a uniformly convergent
Fourier series (al l normalization factors set to 1)

K (z) =
1X

n =0

� n cos(nz)

K (s � t) = 1 +
1X

p=1

� p sin(ps) sin(pt) +
1X

p=1

� p cos(ps) cos(pt);

showingthat the eigenfunctions of K are

(1; sin(z); cos(z); sin(2z); cos(3z); :::; sin(pz); cos(pz); :::):

So the rkhs norm of a function is

kf k2
H K

=
1X

p=0

hf ; cos(pz)i 2 + hf ; sin(pzi )2

� p
:

For the above rkhs norm to be �nite the magnitude of the Fourier coe�cients
of the functions f 2 H K has decay fast enoughto counteract the decrease in � n .

The picture below is an il lustration of how the smoothnessof a function can be
characterized by the decay of the Fourier coe�cients.

3.4. Gaussian pro cesses and rkhs
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Figur e 2. The �rst function is smoother than the second function and the
decay of the Fourier coe�cien ts of the �rst function is quicker.



LECTURE 4
Three forms of regularization

The three standard approachesto regularization will be described. Setting the
regularization functional to a rkhs norm in all three approachesresults in the solu-
tion having a particular form dueto the representer theorem. Lastly the equivalence
betweenof the three forms of regularization is speci�ed.

4.1. A result of the represen ter theorem

The following are the three standard regularization methods for ERM:
(1) Tikhonov regularization: indirectly constrain the hypothesis space by

adding a penalty term.

min
f 2H

"

n� 1
nX

i =1

V (f ; zi ) + � 
( f )

#

:

(2) Ivanov regularization: directly constrain the hypothesisspace

min
f 2H

"

n� 1
nX

i =1

V (f ; zi )

#

subject to 
( f ) � � :

(3) Phillips regularization: directly constrain the hypothesisspace

min
f 2H


( f ) subject to

"

n� 1
nX

i =1

V (f ; zi )

#

� �:

Throughout this text the rkhs norm will beusedasthe regularization functional


( f ) = kf k2
H K

:

This de�nes the following optimization problems we will consider in this text:

(P1) min
f 2H

"

n� 1
nX

i =1

V (f ; zi ) + � kf k2
H K

#

;

(P2) min
f 2H

"

n� 1
nX

i =1

V (f ; zi )

#

subject to kf k2
H K

� � ;

(P3) min
f 2H

kf k2
H K

subject to

"

n� 1
nX

i =1

V (f ; zi )

#

� �:

23
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All the above optimization problems above are over spacesof functions that
contain an in�nite number of functions. Using the formulation in section 3.2.2 we
can write any function in the rhks as

H K =

(

f jf (x) =
X

k

ck � k (x)

)

;

so the optimization procedure is over the coe�cien ts ck . The number of nonzero
coe�cien ts in the expansionde�nes the dimensionality of the rkhs and this can be
in�nite, for example the Gaussiankernel.

One of the amazing aspects of the above optimization problems is that the
minimizer satis�es the form

f (x) =
nX

i =1

ci K (x; x i ):

So the optimization procedure is over n real variables. This is formalized in the
following \Representer Theorem."

Theorem. Given a set of points f (x i ; yi )gn
i =1 a function of the form

f (x) =
nX

i =1

ci K (x; x i );

is a minimizer of the following optimization procedure

c(( f (x1); y1); :::; (f (xn ); yn )) + �g (kf kH K );

where kf kH K is a rkhs norm, g(�) is monotonically increasing, and c is an arbitrary
cost function.

Procedure(P1) is special caseof the optimization procedurestated in the above
theorem.
Proof. For easeof notation all norms and inner products in the proof are rkhs
norms and inner products.

Assumethat the function f has the following form

f =
nX

i =1

bi � i (x i ) + v;

where
h� i (x i ); vi = 0 8i = 1; ::; n:

The orthogonality condition simple ensuresthat v is not in the spanof f � i (x i )gn
i =1 .

So for any point x j (j = 1; :::; n)

f (x j ) =

*
nX

i =1

bi � (x i ) + v; � (x j )

+

=
nX

i =1

bi h� (x i ); � (x j )i ;

so v has no e�ect on the cost function

c(( f (x1); y1); :::; (f (xn ); yn )) :

We now look at the rkhs norm

g(kf k) = g
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So the extra factor v increasesthe rkhs norm and has e�ect on the cost func-
tional and therefore must be zero and the function has the form

f =
nX

i =1

bi � i (x i );

and by the reproducing property

f (x) =
nX

i =1

ai K (x; x i ): �

Homework: proving a representer theorem for the other two regularization
formulations.

4.2. Equiv alence of the three forms

The three forms of regularization have a certain equivalence. The equivalence is
that given a set of points f (x i ; yi )gn

i =1 the parameters �; � ; and� can be set such
that the samefunction f (x) minimizes (P1), (P2), and (P3). Given this equivalence
and and the representer theoremfor (P1) it is clear that a representer theoremholds
for (P2) and (P3).

Prop osition. Given a convex loss function function the following optimization
procedures are equivalent

(P1) min
f 2H K

"

n� 1
nX

i =1

V (f ; zi ) + � kf k2
H K

#

;

(P2) min
f 2H K

"

n� 1
nX

i =1

V (f ; zi )

#

subject to kf k2
H K

� � ;

(P3) min
f 2H K

kf k2
H K

subject to

"

n� 1
nX

i =1

V (f ; zi )

#

� �:

By equivalent we mean that if f 0(x) is a solution of one of the problemsthen there
exist parameters � ; �; � for which f 0(x) is a of the others.

Proof.
Let f 0 be the solution of (P2) for a �xed � and assumethat the constraint

under the optimization is tight (kf 0k2
H K

= � ). Let
�
n� 1 P n

i =1 V (f 0; zi )
�

= b. By
inspection the solution of (P3) with � = b will be f 0.

Let f 0 be the solution of (P3) for a �xed � and assumethat the constraint
under the optimization is tight ([n � 1 P n

i =1 V (f 0; zi )] = � ). Let kf 0k2
H K

= b. By
inspection the solution of (P2) with � = b will be f 0.

For both (P2) and (P3) the above argument can be adjusted for the casewhere
the constraints are not tight but the solution f 0 is not necessarilyunique.

Let f 0 be the solution of (P2) for a �xed � . Using Lagrangemultipliers we can
rewrite (P2) as

(4.1) min
f 2H K ;�

"

n� 1
nX

i =1

V (f ; zi )

#

+ �
�
kf k2

H K
� �

�
;
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where � � 0 the optimal � = � 0. By the Karush-Kuhn-T ucker (KKT) conditions
(complimentary slackness)at optimalit y

� 0
�
kf 0k2

H K
� �

�
= 0:

If � 0 = 0 then kf k2
H K

< � and we can rewrite equation (4.1) as

min
f 2H K

"

n� 1
nX

i =1

V (f ; zi )

#

;

which corresponds to (P1) with � = 0 and the minima is f 0. If � 0 > 0 then
kf k2

H K
= � and we can rewrite equation (4.1) as the following equivalent optimiza-

tion procedures

(P2) min
f 2H K

"

n� 1
nX

i =1

V (f ; zi )

#

+ � 0
�
kf k2

H K
� �

�
;

(P2) min
f 2H K

"

n� 1
nX

i =1

V (f ; zi )

#

+ � 0kf k2
H K

;

which corresponds to (P1) with � = � 0 and the minima is f 0.
Let f 0 be the solution of (P3) for a �xed � . Using Lagrangemultipliers we can

rewrite (P3) as

(4.2) min
f 2H K ;�

kf k2
H K

+ �

 "

n� 1
nX

i =1

V (f ; zi )

#

� �

!

;

where � � 0 with the optimal � = � 0. By the KKT conditions at optimalit y

� 0

 "

n� 1
nX

i =1

V (f 0; zi )

#

� �

!

= 0:

If � 0 = 0 then
�
n� 1 P n

i =1 V(f 0; zi )
�

< � and we can rewrite equation (4.2) as

min
f 2H K

kf k2
H K

;

which corresponds to (P1) with � = 1 and the minima is f 0. If � 0 > 0 then�
n� 1 P n

i =1 V (f 0; zi )
�

= � and we can rewrite equation (4.2) as the following equiv-
alent optimization procedures

(P3) min
f 2H K

kf k2
H K

+ � 0

 "

n� 1
nX

i =1

V (f ; zi )

#

� �

!

;

(P3) min
f 2H K

kf k2
H K

+ � 0

"

n� 1
nX

i =1

V (f ; zi )

#

;

(P3) min
f 2H K

"

n� 1
nX

i =1

V (f ; zi )

#

+
1

� 0
kf k2

H K
;

which corresponds to (P1) with � = 1=� 0 and the minima is f 0: �



LECTURE 5
Algorithms deriv ed from Tikhono v regularization

From Tikhonov regularization we will derive three popular and extensively used
algorithms: Kernel ridge-regression,Support Vector Machines, and Spline models.
For the �rst two algorithms we will use a RKHS norm as the regularization func-
tional. For the spline modelswe will usea di�eren tial operator asthe regularization
functional and closewith an open-problemregarding the relation betweenthis func-
tional and a RKHS norm.

5.1. Kernel ridge-regression

The Kernel ridge-regression(KRR) algorithm has been invented and reinvented
many times and has been called a variety of names such as Regularization net-
works, Least SquareSupport Vector Machine (LSSVM), RegularizedLeast Square
Classi�cation (RLSC).

We start with Tikhonov regularization

min
f 2H K

"

n� 1
nX

i =1

V (f ; zi ) + � 
( f )

#

and then set the regularization functional to a RKHS norm


( f ) = kf k2
H K

and usethe squarelossfunctional

n� 1
nX

i =1

V (f ; zi ) = n� 1
nX

i =1

(f (x i ) � yi )2:

The resulting optimization problem is

(5.1) min
f 2H K

"

n� 1
nX

i =1

(f (x i ) � yi )2 + � kf k2
H K

#

;

the minimizer of which we know by the Representer theorem has the form

f (x) =
nX

i =1

ci K (x; x i ):

27
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This implies that we only need to solve the optimization problem for the ci . This
turns the problem of optimizing over functions which maybe in�nite-dimensional
into a problem of optimizing over n real numbers.

Using the representer theorem we derive the optimization problem actually
solved for Kernel ridge-regression.

We �rst de�ne somenotation. We will usethe symbol K to refer to either the
kernel function K or the n � n matrix K where

K ij � K (x i ; x j ):

Using this de�nition the function f (x) evaluated at a training point x j can be
written in matrix notation as

f (x j ) =
nX

i =1

K (x i ; x j )ci

= [K c]j ;

where [K c]j ; is the jth element of the vector obtained in multiplying the kernel
matrix K with the vector c. In this notation we can rewrite equation (5.1) as

min
f 2H K

1
n

(K c � y)2 + � kf k2
K ;

wherey is the vector of y values. Also by the representer theorem the RKHS norm
can be evaluated using linear algebra

jj f jj2
K = cT K c;

wherecT is the transposeof the vector c. Substituting the abovenorm into equation
(5.1) results in an optimization problem on the vector c

arg min
c2 IRn

�
g(c) :=

1
`

(K c � y)2 + �c T K c:
�

This is a convex, di�eren tiable function of c, so we can minimize it simply by
taking the derivative with respect to c, then setting this derivative to 0.

@g(c)
@c

=
2
`

K (K c � y) + 2�K c = 0:

We show that the solution of the above equation is the following linear system

c = (K + �`I ) � 1y;

where I is the identit y matrix:

di�eren tiation 0 =
2
`

K (K c � y) + 2�K c

multiplication K (K c) + �`K c = K y

\left multiplication by K � 1" (K + �`I )c = y

inversion c = (K + �`I ) � 1y:

The matrix K + �`I is positive de�nite and will be well-conditioned if � is not too
small.

A few properties of the linear system are:
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(1) The matrix (K + �`I ) is guaranteed to be invertible if � > 0. As � ! 0,
the regularizedleast-squaressolution goesto the standard Gaussianleast-
squaressolution which minimizes the empirical loss. As � ! 1 , the
solution goesto f (x) = 0.

(2) In practice, we don't actually invert (K + �`I ), but instead use an algo-
rithm for solving linear systems.

(3) In order to use this approach, we need to compute and store the entire
kernelmatrix K . This makesit impractical for usewith very large training
sets.

Lastly, there is nothing to stop us for using the above algorithm for classi-
�cation. By doing so, we are essentially treating our classi�cation problem as a
regressionproblem with y valuesof 1 or -1.

5.1.1. Solving for c

The conjugate gradient (CG) algorithm is a popular algorithm for solving positive
de�nite linear systems. For the purposesof this class,we need to know that CG
is an iterativ e algorithm. The major operation in CG is multiplying a vector v by
the matrix A. Note that matrix A neednot always be supplied explicitly , we just
needsomeway to form a product Av.

For ordinary positive semide�nite systems,CG will be competitiv e with direct
methods. CG can be much faster if there is a way to multiply by A quickly.

Example. Supposeour kernel K is linear:

K (x; y) = hx; yi :

Then our solution x can be written as

f (x) =
X

ci hx i ; xi

=
D� X

ci x i

�
; x

E

:= hw; xi ;

and we can apply our function to new examplesin time d rather than time nd.
This is a general property of Tikhonov regularization with a linear kernel, not

related to the use of the square loss.

We canusethe CG algorithm to get a hugesavings for solving regularizedleast-
squaresregressionwith a linear kernel (K (x 1 ; x2 ) = x1 � x2 ). With an arbitrary
kernel, we must form a product K v explicitly | we multiply a vector by K . With
the linear kernel, we note that K = AA T , whereA is a matrix with the data points
as row vectors. Using this:

(K + �nI )v = (AA T + �nI )v

= A(AT v) + �nI v:

Suppose we have n points in d dimensions. Forming the kernel matrix K
explicitly takesn2d time, and multiplying a vector by K takesn2 time.

If we usethe linear representation, we pay nothing to form the kernel matrix,
and multiplying a vector by K takes2dn time.

If d << n, we save approximately a factor of n
2d per iteration. The memory

savings are even more important, as we cannot store the kernel matrix at all for
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large training sets, and if were to recompute the entries of the kernel matrix as
needed,each iteration would cost n2d time.

Also note that if the training data are sparse(they consist of a large number
of dimensions,but the majorit y of dimensionsfor each point are zero), the cost of
multiplying a vector by K can be written as 2 �dn, where �d is the averagenumber of
nonzeroentries per data point.

This is often the casefor applications relating to text, where the dimensions
will correspond to the words in a \dictionary". There may be tens of thousandsof
words, but only a few hundred will appear in any given document.

5.2. Supp ort Vector Mac hines (SVMs) for classi�cation

SVMs havebeenusedin a multitude of applications and areoneof the most popular
machine learning algorithms. We will derive the SVM algorithm from two perspec-
tiv es: Tikhonov regularization, and the more common geometric perspective.

5.2.1. SVMs from Tikhono v regularization

We start with Tikhonov regularization

min
f 2H

"

n� 1
nX

i =1

V(f ; zi ) + � 
( f )

#

and then set the regularization functional to a RKHS norm


( f ) = kf k2
H K

and usethe hinge loss functional

n� 1
nX

i =1

V(f ; zi ) := n� 1
nX

i =1

(1 � yi f (x i ))+ ;

where (k)+ := max(k; 0).
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Figure 1. Hinge loss.

The resulting optimization problem is

(5.2) min
f 2H K

"

n� 1
nX

i =1

(1 � yi f (x i ))+ + � kf k2
H K

#

;
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which is non-di�eren tiable at (1 � yi f (x i )) = 0 so we intro duce slack variables and
write the following constrained optimization problem:

min
f 2H K

n� 1 P n
i =1 � i + � jj f jj2

K

subject to : yi f (x i ) � 1 � � i i = 1; : : : ; n

� i � 0 i = 1; : : : ; n:

By the Representer theorem we can rewrite the above constrained optimization
problem as a constrained quadratic programming problem

min
c2 IRn

n� 1 P n
i =1 � i + �c T K c

subject to : yi
P n

j =1 cj K (x i ; x j ) � 1 � � i i = 1; : : : ; n

� i � 0 i = 1; : : : ; n:

The SVM contains an unregularized bias term b so the Representer theorem
results in a function

f (x) =
nX

i =1

ci K (x; x i ) + b:

Plugging this form into the above constrained quadratic problem results in the
\primal" SVM

min
c2 IRn ;� 2 IRn

n� 1 P n
i =1 � i + � cT K c

subject to : yi

� P `
j =1 cj K (x i ; x j ) + b

�
� 1 � � i i = 1; : : : ; n

� i � 0 i = 1; : : : ; n:

We now derive the Wolfe dual quadratic program using Lagrange multiplier
techniques:

L (c; � ; b;�; � ) = n� 1
nX

i =1

� i + � cT K c

�
nX

i =1

� i

0

@yi

8
<

:

nX

j =1

cj K (x i ; x j ) + b

9
=

;
� 1 + � i

1

A

�
nX

i =1

� i � i :

Wewant to minimize L with respect to c, b, and � , and maximize L with respect
to � and � , subject to the constraints of the primal problem and nonnegativity
constraints on � and � . We �rst eliminate b and � by taking partial derivatives:

@L
@b

= 0 =)
nX

i =1

� i yi = 0

@L
@� i

= 0 =)
1
n

� � i � � i = 0 =) 0 � � i �
1
n

:
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The above two conditions will be constraints that will have to be satis�ed at opti-
malit y. This results in a reducedLagrangian:

L R (c; � ) = � cT K c �
nX

i =1

� i

0

@yi

nX

j =1

cj K (x i ; x j ) � 1

1

A :

We now eliminate c

@L R

@c
= 0 =) 2�K c � K Y � = 0 =) ci =

� i yi

2�
;

where Y is a diagonal matrix whose i 'th diagonal element is yi ; Y � is a vector
whoseith element is � i yi . Substituting in our expressionfor c, we are left with the
following \dual" program:

max
� 2 IRn

P n
i =1 � i � 1

4� � T Q�

subject to :
P n

i =1 yi � i = 0

0 � � i � 1
n i = 1; : : : ; n;

where Q is the matrix de�ned by

Q = yK yT ( ) Qij = yi yj K (x i ; x j ):

In most of the SVM literature, instead of the regularization parameter � , reg-
ularization is controlled via a parameter C, de�ned using the relationship

C =
1

2�n
:

Using this de�nition (after multiplying our objective function by the constant 1
2n ,

the basic regularization problem becomes

min
f 2H K

C
nX

i =1

V (yi ; f (x i )) +
1
2

jj f jj2
K :

Like �; the parameter C also controls the trade-o� betweenclassi�cation accuracy
and the norm of the function. The primal and dual problems becomerespectively:

min
c2 IRn ;� 2 IRn

C
P n

i =1 � i + 1
2 cT K c

subject to : yi

� P n
j =1 cj K (x i ; x j ) + b

�
� 1 � � i i = 1; : : : ; n

� i � 0 i = 1; : : : ; n

max
� 2 IRn

P n
i =1 � i � 1

2 � T Q�

subject to :
P n

i =1 yi � i = 0

0 � � i � C i = 1; : : : ; n:

5.2.2. SVMs from a geometric persp ectiv e

The \traditional" approach to developing the mathematics of SVM is to start with
the conceptsof separatinghyperplanesand margin. The theory is usually developed
in a linear space, beginning with the idea of a perceptron, a linear hyperplane
that separatesthe positive and the negative examples. De�ning the margin as the
distance from the hyperplane to the nearestexample, the basic observation is that
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intuitiv ely, we expect a hyperplanewith larger margin to generalizebetter than one
with smaller margin.

(a) (b)

Figure 2. Tw o hyperplanes (a) and (b) perfectly separate the data. However,
hyperplane (b) has a larger margin and intuitiv ely would be expected to be
more accurate on new observations.

We denote our hyperplane by w, and we will classify a new point x via the
function

(5.3) f (x) = sign[hw; xi ] :

Given a separating hyperplane w we let x be a datapoint closestto w, and we let
xw be the unique point on w that is closestto x. Obviously, �nding a maximum
margin w is equivalent to maximizing jjx � xw jj . So for somek (assumek > 0 for
convenience),

hw; xi = k

hw; xw i = 0

hw; (x � xw )i = k:

Noting that the vector x � xw is parallel to the normal vector w,

hw; (x � xw )i =
�

w;
�

jjx � xw jj
jjw jj

w
��

= jjw jj2 jj x � xw jj
jjw jj

= jjw jj jjx � xw jj

k = jjw jj jj (x � xw )jj
k

jjw jj
= jjx � xw jj :

k is a \n uisanceparameter" and without any lossof generality, we �x k to 1, and
seethat maximizing jjx � xw jj is equivalent to maximizing 1

jj w jj , which in turn
is equivalent to minimizing jjwjj or jjwjj 2. We can now de�ne the margin as the
distance betweenthe hyperplaneshw; xi = 0 and hw; xi = 1.
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So if the data is linear separablecaseand the hyperplanes run through the
origin the maximum margin hyperplane is the one for which

min
w 2 IRn

jjw jj2

subject to : yi hw; x i i � 1 i = 1; : : : ; n:

The SVM intro ducedby Vapnik includes an unregularized bias term b, leading
to classi�cation via a function of the form:

f (x) = sign[hw; xi + b]:

In addition, we need to work with datasets that are not linearly separable,so we
intro duce slack variables � i , just as before. We can still de�ne the margin as the
distance between the hyperplanes hw; xi = 0 and hw; xi = 1; but the geometric
intuition is no longer as clear or compelling.

With the bias term and slack variables the primal SVM problem becomes

min
w 2 IRn ;b2 IR

C
P n

i =1 � i + 1
2 jjw jj2

subject to : yi (hw; xi + b) � 1 � � i i = 1; : : : ; n

� i � 0 i = 1; : : : ; n:

Using Lagrangemultipliers wecanderivethe samedual from in the previoussection.
Historically, most developments begin with the geometric form, derived a dual

program which was identical to the dual we derived above, and only then observed
that the dual program required only dot products and that thesedot products could
be replacedwith a kernel function. In the linearly separablecase,we can alsoderive
the separating hyperplane as a vector parallel to the vector connecting the closest
two points in the positive and negative classes,passingthrough the perpendicular
bisector of this vector. This was the \Metho d of Portraits", derived by Vapnik in
the 1970's,and recently rediscovered (with non-separableextensions)by Keerthi.

5.2.3. Optimalit y conditions

The primal and the dual are both feasibleconvex quadratic programs. Therefore,
they both have optimal solutions, and optimal solutions to the primal and the dual
have the sameobjective value.

We derived the dual from the primal using the (now reparameterized) La-
grangian:

L (c; � ; b;�; � ) = C
nX

i =1

� i + cT K c

�
nX

i =1

� i

0

@yi

8
<

:

nX

j =1

cj K (x i ; x j ) + b

9
=

;
� 1 + � i

1

A

�
nX

i =1

� i � i :
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We now consider the dual variables associated with the primal constraints:

� i =) yi

8
<

:

nX

j =1

cj K (x i ; x j ) + b

9
=

;
� 1 + � i

� i =) � i � 0:

Complementary slacknesstells us that at optimalit y, either the primal inequality is
satis�ed at equality or the dual variable is zero. In other words, if c, � , b, � and �
are optimal solutions to the primal and dual, then

� i

0

@yi

8
<

:

nX

j =1

cj K (x i ; x j ) + b

9
=

;
� 1 + � i

1

A = 0

� i � i = 0

All optimal solutions must satisfy:
nX

j =1

cj K (x i ; x j ) �
nX

j =1

yi � j K (x i ; x j ) = 0 i = 1; : : : ; n

nX

i =1

� i yi = 0

C � � i � � i = 0 i = 1; : : : ; n

yi

0

@
nX

j =1

yj � j K (x i ; x j ) + b

1

A � 1 + � i � 0 i = 1; : : : ; n

� i

2

4yi

0

@
nX

j =1

yj � j K (x i ; x j ) + b

1

A � 1 + � i

3

5 = 0 i = 1; : : : ; n

� i � i = 0 i = 1; : : : ; n

� i ; � i ; � i � 0 i = 1; : : : ; n

The aboveoptimalit y conditions are both necessaryand su�cien t. If we havec,
� , b, � and � satisfying the above conditions, we know that they represent optimal
solutions to the primal and dual problems. These optimalit y conditions are also
known as the Karush-Kuhn-T ucker (KKT) conditions.

Suppose we have the optimal � i 's. Also suppose (this \alw ays" happens in
practice") that there exists an i satisfying 0 < � i < C. Then

� i < C =) � i > 0

=) � i = 0

=) yi

0

@
nX

j =1

yj � j K (x i ; x j ) + b

1

A � 1 = 0

=) b = yi �
nX

j =1

yj � j K (x i ; x j )

So if we know the optimal � 's, we can determine b.
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De�ning our classi�cation function f (x) as

f (x) =
X̀

i =1

yi � i K (x; x i ) + b;

we can derive \reduced" optimalit y conditions. For example, consider an i such
that yi f (x i ) < 1:

yi f (x i ) < 1 =) � i > 0

=) � i = 0

=) � i = C:

Conversely, suppose� i = C:

� i = C =) yi f (x i ) � 1 + � i = 0

=) yi f (x i ) � 1:

Figure 3. A geometric interpretation of the reduced optimalit y conditions.
The open squares and circles correspond to cases where � i = 0. The dark
circles and squares correspond to caseswhere yi f (x i ) = 1 and � i � C, these
are samples at the margin. The grey circles and squares correspond to cases
where yi f (x i ) < 1 and � i = C.

5.2.4. Solving the SVM optimization problem

Our plan will be to solve the dual problem to �nd the � 's, and use that to �nd b
and our function f . The dual problem is easierto solve the primal problem. It has
simple box constraints and a single inequality constraint, even better, we will see
that the problem can be decomposedinto a sequenceof smaller problems.
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We can solve QPs using standard software. Many codes are available. Main
problem | the Q matrix is dense,and is n� n, sowecannot write it down. Standard
QP software requires the Q matrix, so is not suitable for large problems.

To get around this memory issuewe partition the dataset into a working set
W and the remaining points R. We can rewrite the dual problem as:

max
� W 2 IR j W j ; � R 2 IR j R j

P n
i =1

i 2 W
� i +

P
i =1
i 2 R

� i

� 1
2 [� W � R ]

�
QW W QW R

QRW QRR

� �
� W

� R

�

subject to :
P

i 2 W yi � i +
P

i 2 R yi � i = 0

0 � � i � C; 8i:

Supposewe have a feasiblesolution � . We can get a better solution by treating the
� W as variable and the � R as constant. We can solve the reduceddual problem:

max
� W 2 IR j W j

(1 � QW R � R )� W � 1
2 � W QW W � W

subject to:
P

i 2 W yi � i = �
P

i 2 R yi � i

0 � � i � C; 8i 2 W:

The reduced problems are �xed size, and can be solved using a standard QP
code. Convergenceproofs are di�cult, but this approach seemsto always converge
to an optimal solution in practice.

An important issuein the decomposition is selectingthe working set. There are
many di�eren t approaches. The basic idea is to examinepoints not in the working
set, �nd points which violate the reducedoptimalit y conditions, and add them to
the working set. Remove points which are in the working set but are far from
violating the optimalit y conditions.

5.3. Regularized logistics regression

One drawback with the SVM is that the method doesnot explicitly output a prob-
abilit y or likelihood of the labels, instead the output is a real value the magnitude
of which should be monotonic with respect to the probabilit y

P(y = � 1jx) / y f (x):

This issue can be addressedby using a loss function based upon logistic or
binary regression.The main idea behind logistic regressionis that we are trying to
model the log likelihood ratio by the function f (x)

f (x) = log
�

P(y = 1jx)
P(y = � 1jx)

�
:

SinceP(y = 1jx) is a Bernoulli random variable we can rewrite the above equation
as

f (x) = log
�

P(y = 1jx)
P(y = � 1jx)

�

= log
�

P(y = 1jx)
1 � P(y = 1jx)

�
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which implies

P(y = 1jx) =
1

1 + exp(f (x))

P(y = � 1jx) =
1

1 + exp(� f (x))

P(y = � 1jx) =
1

1 + exp(y f (x))
:

Givena data setD = f (x i ; yi )gn
i =1 and a classof functions f 2 H the maximum like-

lihood estimator (MLE) is the function that maximizes the likelihood of observing
the data set D

f �
MLE := argmax

f 2H
[P(D jf )] = argmax

f 2H

"
nY

i =1

1
1 + exp(yi f (x i ))

#

:

As in the caseof Empirical risk minimization the MLE estimatemay over�t the data
since there is no smoothnessor regularization term. A classicalway of imposing
smoothnessin this context is by placing a prior on the functions f 2 H

P(f ) / e�k f k2
H K :

Given a prior and a likelihood we can use Bayes rule to compute the posterior
distribution P(f jD )

P(f jD ) =
P(D jf ) P(f )

P(D)
:

If we plug the prior and likelihood into Bayesrule we can compute the maximum
a posteriori (MAP) estimator

f �
MAP := argmax

f 2H

�
P(D jf )P(f )

P(D)

�

= argmax
f 2H

2

4

Q n
i =1

1
1+exp (y i f (x i )) e�k f k2

H K

P(D)

3

5

= argmax
f 2H

"
nX

i =1

log
�

1
1 + exp(yi f (x i ))

�
� kf k2

H K

#

:

With somesimple algebra the above MAP estimator can be rewritten in the form
of Tikhonov regularization

f �
MAP = arg min

f 2H K

"

n� 1
nX

i =1

log(1 + exp(� yi f (x i ))) + � kf k2
H K

#

;

where � is the regularization parameter. By the representer theorem the above
equation has a solution of the form

f � (x) =
nX

i =1

ci K (x; x i ):

Given the above representer theorem we can solve for the variables ci by the fol-
lowing optimization problem

min
c2 IRn

"

n� 1
nX

i =1

log(1 + exp(� yi (cT K ) i )) + � cT Kc

#

;
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where (cT K ) i is the ith element of the vector cT K . This optimization problem
is convex and di�eren tiable so a classical approach for solving for c is using the
Newton-Raphsonmethod.

5.3.1. Newton-Raphson

The Newton-Raphsonmethod was initially used to solve for roots of polynomials
and the application to optimization problems is fairly starightforward. We �rst
describe the Newton-Raphsonmethod for the caseof a scalar, the optimization is
in terms of one variable. We then describe the multiv ariate form and apply this to
the optimization problem in logistic regression.

� Newton's method for �nding roots: Newton's method is primarily a method
for �nding roots of polynomials. It wasproposedby Newton around 1669
and Raphson improved on the method in 1690, therefore the Newton-
Raphsonmethod. Given a polynomial f (x) the Taylor seriesexpansionof
f (x) around the point x = x0 + " is given by

f (x0 + ") = f (x0) + f 0(x0)" +
1
2

f 00(x0)"2 + :::

truncating the expansionafter �rst order terms results in

f (x0 + ") � f (x0) + f 0(x0)":

From the above expressionwe can estimate the o�set " neededto get
closerto the root (x : f (x) = 0) starting from the intial guessx0. This is
done by setting f (x0 + ") = 0 and solving for " .

0 = f (x0 + ")

0 � f (x0) + f 0(x0)"

� f (x0) � f 0(x0)"

� 0 � �
f (x0)
f 0(x0)

:

This is the �rst order or linear adjustment to the root's position. This can
be turned into an iterativ e procedureby setting x1 = x0 + "0, calculating
a new " 1 and then iterating until converegence:

xn +1 = xn �
f (xn )
f 0(xn )

:

� The Newton-Raphsonmethod asan optimization method for scalars: We
are given a convex minimization problem

min
x 2 [a;b]

g(x);

whereg(x) is a convex function. The extrema of g(x) will occur at a value
of xm such that g0(xm ) = 0 and sincethe function is convex this extrema
will be a minima. If g(x) is a polynomial then g0(x) is also a poynomial
and we can apply Newton's method for root �nding to g0(x). If g(x) is
not a polynomial then we apply the root �nding method to a polynomial
approximation of g(x). We now describe the steps involved.
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(1) Taylor expand g(x): A truncated Taylor expansionof g(x) results in
a secondorder polynomial approximation of g(x)

g(x) � g(x0) + g0(x0)(x � x0) +
1
2

(x � x0)2g00(x0):

(2) Set derivative to zero: Take the derivative of the Taylor expansion
and set it equal to zero

dg
dx

= f (x) = g0(x0) + g00(x0)(x � x0) = 0:

This leavesus with with a root �nding problem, �nd the root of f (x)
for which we we useNewton's method for �nding roots.

(3) Update rule: The update rule reducesto

xn +1 = xn �
f (xn )
f 0(xn )

= xn �
g0(xn )
g00(xn )

:

A key point in the above procedure is the convexity of g(x). To be sure
that the procedureconvergesthe secondderivative g00(x) must be positive
in the domain of optimization, the interval [a; b]. Convexity of g(x) ensures
this.

� The Newton-Raphsonmethod asan optimization method for vectors: We
are given a convex minimization problem

min
x 2X

g(x);

where X � IRn is convex and g(x) is a convex function. We follow the
logic of the scalar caseexcept using vector calculus.
(1) Taylor expand g(x): A truncated Taylor expansionof g(x) results in

a secondorder polynomial approximation of g(x)

g(x) � g(x0) + (x � x0)T � r g(x0) +
1
2

(x � x0)T � H (x0) � (x � x0);

where x is a column vector of length n, r g(x 0) is the gradient of g
evaluated at x0 and is also a column vector of length n, H (x0) is the
Hessianmatrix evaluated at x0

H i;j (x0) =
@2g(x)
@x i @x j

�
�
�
x 0

; i; j = 1; :::; n:

(2) Set derivative to zero: Take the derivative of the Taylor expansion
and set it equal to zero

r g(x) = r g(x0) +
1
2

H (x0) � (x � x0) +
1
2

(x � x0)T � H (x0) = 0;

the Hessianmatrix is symmetric and twice di�eren tiable (due to con-
vexity) so we can reducethe above to

r g(x) = r g(x0) + H (x0) � (x � x0) = 0:

This implies that at a minima x � , the gradient is zero

0 = H (x0) � (x � � x0) + r g(x0):
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(3) Update rule: Solving the above linear system of equations for x �

leadsto the following update rule

xn +1 = xn � H � 1(xn ) � r g(xn );

where � H � 1(xn ) � r g(xn ) is called the Newton direction.
For the above procedure to converge to a minima the Newton direction
must be a direction of descent

r gT (xn ) � (xn +1 � xn ) < 0:

If the Hessianmatrix is positive de�nite then the Newton direction will
be a direction of descent, this is the matrix analog of a positive second
derivative. Convexity of g(x) in the domain X ensuresthat the Hessian
is positvie de�nite. If the function g(x) is quadratic the procedure will
convergein one iteration.

� The Newton-Raphsonmethod for regularized logistic regression:The op-
timization problem for regularized logistic regressionis

f �
MAP = arg min

f 2H K

"

n� 1
nX

i =1

log(1 + exp(� yi f (x i ))) + � kf k2
H K

#

;

by the representer theorem

f � (x) =
nX

i =1

ci K (x; x i ) + b;

kf kH K is a seminormthat doesnot penalizeconstants, like the SVM case.
The optimization problem can be rewritten as

min
c2 IR n ;b2 IR

"

L [c; b] = n� 1
nX

i =1

log(1 + exp(� yi ((cT K ) i + b))) + � cT Kc

#

;

where (cT K ) i is the ith element of the vector cT K .

5.4. Spline mo dels

One can alsoderive spline models from Tikhonov regularization and often one�nds
this derivation in the sameformulation asthat for SVMs or Kernel-ridge regression.
This is somewhat misleading in that the two derivations are very similar in spirit
there are signi�can t technical di�erences in the regularization functional usedand
the mathematical tools.

In general,for spline models the domain of the RKHS is unboundedand there-
fore a countable basis may not exist. In addition the regularization function is
de�ned as the integral of a di�eren tial operator. For example for one-dimensional
linear splines the regularization functional is

kf k2
K :=

Z �
�
�
�
@f (x)

@x

�
�
�
�

2

dx;

and the kernel function is a piecewiselinear function

K (x � y) = c1jx � yj;
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where c1 is an arbitrary constant and

f (x) =
nX

i =1

ci jx � x i j + d1:

We will show that the regularization functional corresponding to the di�eren tial
operators can be written as an integral operator with a kernel function and relate
the kernel to the di�eren tial operator via Fourier analysis.

We assumethe kernel is symmetric but de�ned over an unbounded domain.
The eigenvaluesof the equation

Z 1

�1
K (s; t)� (s)ds = �� (t)

are not necessarilycountable and Mercer's theorem doesnot apply. Let us assume
that the kernel is translation invariant, or

K (s; t) = K (s � t):

We will seethis implies that we will have to considerFourier hypothesesspaces
and all thesespaceswill be de�ned via Fourier transforms.

De�nition. The Fourier transform of a real valued function f 2 L 1 is the complex
valued function ~f (! ) de�ned as

~f (! ) =
Z + 1

�1
f (x) e� j ! x dx:

Prop osition. The original function f can be obtained throughthe inverse Fourier
transform

f (x) =
1

2�

Z + 1

�1

~f (! ) ej ! x d! :

Commen t. Periodic functions can be expanded in a Fourier series

~f (! ) =
X

n

� n � (! � n! 0):

This can be shownfrom the periodicity condition

f (x + T) = f (x) for T =
2�
! 0

:

Taking the Fourier transform of both side yields

~f (! ) e� j ! T = ~f (! ):

This is possibleif ~f (! ) 6= 0 only when ! = n! 0. This implies for nontrivial f that
~f (! ) =

P
n � n � (! � n! 0), which is a Fourier series.

Prop osition. The eigenfunctionsfor translation invariant kernelsare the Fourier
basesand the eigenvaluesare the Fourier transform of the kernel.
If K (s; t) = K (jjs � t jj ) then the solutions of

Z
K (s; t)� (s)d� (s) = �� (t)

have the form
� ! (s) = e� i hs;! i ;



LECTURE 5. ALGORITHMS DERIVED FROM TIKHONO V REGULARIZA TION 43

and

� ! =
1

2�
~K (! );

where ~K (! ) is the Fourier transform of K (jjs � t jj ).

The following theorem relates the Fourier transform of a kernel to it being
positive de�nite.

Theorem (Bochner). A function K (s � t) is positive de�nite if and only if it is
the Fourier transform of a symmetric, positive function ~K (! ) decreasing to 0 at
in�nity.

We now de�ne the RKHS norm for shift invariant kernelsand we will seethat
this norm will apply to regularizers that are di�eren tial operators.

De�nition. For a positive de�nite function function K (s � t) we de�ne the RKHS
norm using the following inner product:

hf (s); g(s)i H K :=
1

2�

Z ~f (! )~g� (! )
~K (! )

d! ;

where ~g� (! ) is the complex conjugate of the Fourier transform of g(s).

Give the above de�nition of the RKHS inner product a direct result is that we
can de�ne the RKHS as a subspaceof L 2(IRn ) with x 2 IRn .

Prop osition. Given a RKHS norm de�ned by the above scalar product

kf k2
H K

=
1

2�

Z
j ~f (! )j2

~K (! )
d! :

The subspace of L 2(IRn ) for which the above integral is de�ned (�nite) is the RKHS
H K .

We now verify the reproducing property

hK (s � t); f (s)i H K :=
1

2�

Z ~K (! ) ~f � (! )e� j ! t

~K (! )
d! = f (t):

We now relate the RKHS norm to regularizers that are di�eren tial operators
sometimescalled smoothnessfunctionals.

Example. The following di�er ential operators

� 1[f ] =
Z + 1

�1
jf 0(x)j2dx =

1
2�

Z
! 2j ~f (! )j2d! ;

� 2[f ] =
Z + 1

�1
jf 00(x)j2dx =

1
2�

Z
! 4j ~f (! )j2d!

are an RKHS norm of the form

jf j2H K
=

1
2�

Z
j ~f (! )j2

~K (! )
d! ;

where
~K (! ) = 1=! 2 for � 1;
~K (! ) = 1=! 4 for � 2:
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Notice, that K (! ) is a positive symmetric function decreasing to zero at in�nity.
Given the Fourier domain representation of the kernel taking the inverse Fourier
transform givesus the reproducing kernel

K (x) = �j xj=2 ( ) ~K (! ) = 1=! 2;

K (x) = �j xj3=12 ( ) ~K (! ) = 1=! 4:

For both kernels, the singularity of the Fourier transform for ! = 0 is due to the
seminorm property and the fact that the kernel is only conditional ly positive de�nite.

The fact that both functionals

� 1[f ] =
Z + 1

�1
jf 0(x)j2dx =

1
2�

Z
! 2j ~f (! )j2d! ;

� 2[f ] =
Z + 1

�1
jf 00(x)j2dx =

1
2�

Z
! 4j ~f (! )j2d!

are seminorms is obvious since f (x) = c wil l result in a zero norm for both func-
tionals.

Examples. Other possiblekernel functions and their Fourier transforms are

K (x) = e� x 2 =2� 2
( ) ~K (! ) = e� ! 2 � 2 =2;

K (x) =
1
2

e� 
 j x j ( ) ~K (! ) =
1

1 + ! 2 ;

K (x) =
sin(
 x)

� x
( ) ~K (! ) = U(! + 
) � U(! � 
) :

Example. The Gaussian kernel K (x) = e� x 2 =2� 2
corresponds to the following

di�er ential operator

�[ f ] = 1 +
Z + 1

�1

1X

n =1

jf 0(x)j2n

2n!
dx:

We now state the representer theorem for shift invariant kernelson unbounded
domains. Note we cannot use the previous proof of the representer theorem since
thesekernelsare not Mercer kernels.

Theorem. Let ~K (! ) be the Fourier transform of a kernel function K (x). The
function minimizing the functional

1
n

nX

i =1

(yi � f (x i ))2 +
�
2�

Z
j ~f (! )j2

~K (! )
d!

has the form

f (x) =
nX

i =1

ci K (x � x i ):

Proof.
We rewrite the functional in terms of the Fourier transform ~f and obtain

1
n

nX

i =1

�
yi �

1
2�

Z
~f (! )ej ! x i d!

� 2

+ �
1

2�

Z ~f (� ! ) ~f (! )
~K (! )

d! :
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Taking the functional derivative w.r.t ~f (� ) gives

�
1

n�

nX

i =1

(yi � f (x i ))
Z

D ~f (! )

D ~f (� )
ej ! x i d! +

2
2�

�
Z ~f (� ! )

~K (! )

D ~f (! )

D ~f (� )
d!

= �
1

n�

nX

i =1

(yi � f (x i ))
Z

� (! � � )ej ! x i d! +
1
�

�
Z ~f (� ! )

~K (! )
� (! � � )d! :

From the de�nition of � we have

�
1

n�

nX

i =1

(yi � f (x i ))ej � x i +
1
�

�
~f (� � )
~K (� )

:

Setting the derivative to zero and changing the sign of �

~f � (� ) = ~K (� )
nX

i =1

yi � f (x i )
n�

e� j � x i :

De�ning the coe�cien ts

ci =
yi � f (x i )

n�
;

taking the inverseFourier transform, we obtain

f (x) =
nX

i =1

ci K (x � x i ): �

We noted that someof the smoothnessfunctionals were seminormsand there-
fore led to conditionally positive de�nite functions. We now formalize and explore
this issue.

De�nition. Let r = kxk with x 2 IRn . A continuous function K = K (r ) is
conditional ly positive de�nite of order m on IRn , if and only if for any distinct
points t1; t2; :::; t ` 2 IRn and scalars c1; c2; :::; c` such that

P `
i =1 ci p(t i ) = 0 for all

p 2 � m � 1(IRn ), the quadratic form is nonnegative

X̀

i =1

X̀

j =1

ci cj K (kt i � t j k) � 0:

In the case of a strict inequality the function is strictly conditional ly positive de�-
nite.

Example. The following class of functionals are conditional ly positive de�nite of
order m

K (x) = �
jxj2m � 1

2m(2m � 1)
! ~K (! ) = 1=! 2m :

Prop osition. If K is a conditional ly positive de�nite function of order m, then

�[ f ] =
1

2�

Z + 1

�1

j ~f (! )j2

~K (! )

is a seminorm whosenull space is the set of polynomials of degree m � 1.
If K is strictly positive de�nite, then � is a norm.
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For a positive de�nite kernel, we have shown that

f (x) =
nX

i =1

ci K (x; x i );

where the coe�cien ts ci can be found by solving the linear system

(K + n�I )c = y:

For a conditionally positive de�nite kernel of order m, it can be shown that

f (x) =
nX

i =1

ci K (x; x i ) +
m � 1X

k=1

dk 
 k (x);

where the coe�cien ts c and d = (d1; :::; dm ) are found by solving the linear system

(K + n�I )c + � > d = y

� c = 0:

with � ik = 
 k (x i ).

Examples. We state a few regularizational functionals and their appropriate so-
lutions.

1) 1-D Linear Splines. The solution is the space of piecewiselinear polynomials:

�[ f ] = kf k2
K =

Z
jf 0(x)j2dx =

1
2�

Z
! 2j ~f (! )j2d!

~K (! ) =
1

! 2

K (x � y) / jx � yj

f (x) =
nX

i =1

ci jx � x i j + d1:

2) 1-D Cubic Spline. The solution is the space of piecewisecubic polynomials.

�[ f ] = kf k2
K =

Z
jf 00(x)j2dx =

1
2�

Z
! 4j ~f (! )j2d!

~K (! ) =
1

! 4

K (x � y) / jx � yj3

f (x) =
nX

i =1

ci jx � x i j3 + d2x + d1:

3) 2-D Thin Plate Splines.

�[ f ] = kf k2
K =

Z Z " �
@2f
@x2

1

� 2

+ 2
�

@2f
@x1@x2

� 2

+
�

@2f
@x2

2

� 2
#

dx1dx2

=
1

(2� )2

Z
d! k! k4j ~f (! )j2
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~K (! ) =
1

k! k4

K (x) / kxk2 ln kxk

f (x) =
nX

i =1

ci kx � x i k2 ln kx � x i k + hd2; xi + d1:

4) Gaussian Radial Basis Functions.

�[ f ] = kf k2
K ==

1
2�

Z
e�k ! kj 2 � 2 =2 j ~f (! )j2d!

~K (! ) = e�k ! kj 2 � 2 =2

K (x) / e�k x k2 =2� 2

f (x) =
nX

i =1

ci e�k x � x i k2 =2� 2

5.5. Con vex Optimization

Conceptsfrom convex optimization such asKarush-Kuhn-T ucker (KKT) conditions
were used in the previous sectionsof this lecture. In this section we give a brief
intro duction and derivation of theseconditions.

De�nition. A set X 2 IRn is convex if

8x1; x2 2 X ; 8� 2 [0; 1]; �x 1 + (1 � � )x2 2 X :

A set is convex if, given any two points in the set, the line segment connecting
them lies entirely inside the set.

De�nition. A function f : IRn ! IR is convex if:
(1) For any x1 and x2 in the domain of f , for any � 2 [0; 1],

f (�x 1 + (1 � � )x2) � �f (x1) + (1 � � )f (x2):

(2) The line segment connecting two points f (x1) and f (x2) lies entirely on
or above the function f .

(3) The set of points lying on or above the function f is convex.

A function is strictly convex if we replace \on or above" with \ab ove", or
replace\ � " with < .

De�nition. A point x � is called a local minimum of f if there exists " > 0 such
that f (x � ) < f (x) for all kx � x � k � ":

De�nition. A point x � is called a global minimum of f if f (x � ) < f (x) for all
feasible x.

Unconstrained convex functions (convex functions where the domain is all of
IRn ) are easyto minimize. Convex functions are di�eren tiable almost everywhere.
Directional derivativesalways exist. If we cannot improve our solution by moving
locally, we are at the optimum. If we cannot �nd a direction that improves our
solution, we are at the optimum.

Convex functions over convex sets(a convex domain) are alsoeasyto minimize.
If the set and the functions are both convex, if we cannot �nd a direction which we
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Convex Sets Non-Convex Sets

Figure 4. Examples of convex and nonconvex sets in IR2 .

are able to move in which decreasesthe function, we are done. Local optima are
global optima.

Example. Linear programming is alwaysa convex problem

min
c

hc;xi

subject to : Ax = b

Cx � d:

Example. Quadratic programming is a convexproblemi� the matrix Q is positive
semide�nite

min x0Qx + hc;xi

subject to : Ax = b

Cx � d:

De�nition. The following constrained optimization problem P wil l be called the
primal problem

min f (x)

subject to : gi (x) � 0 i = 1; : : : ; m

hi (x) = 0 i = 1; : : : ; n

x 2 X :

Here, f is our objective function, the gi are inequality constraints, the hi are equality
constraints, and X is someset.
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Figure 5. The top two �gures are convex functions. The �rst function is
strictly convex. Bottom �gures are nonconvex functions.

f(x,y) = -x + -y

Global Optima

Local Optimum

Figure 6. Optimizing a convex function of convex and nonconvex sets. In
the example on the left the set is convex and the function is convex so a local
minima corresponds to a global minima. In the example on the righ t the set is
nonconvex and the function is convex one can �nd local minima that are not
global minima.

De�nition. We de�ne a Lagrangian dual problemD:

max �( u; v)

subject to : u � 0
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where �( u; v) := inf
n

f (x) �
P m

i =1 ui gi (x) �
P n

j =1 vi hi (x) : x 2 X
o

.

Theorem (Weak Dualit y). Suppose x is a feasible solution of P. Then x 2
X ; gi (x) � 0 8i; h(x) = 0 8i . Suppose u; v are a feasible solution of D . Then
for all u � 0

f (x) � �( u; v):

Proof.

�( u; v) = inf

8
<

:
f (y ) �

mX

i =1

ui gi (y ) �
nX

j =1

vi hi (y ) : y 2 X

9
=

;

� f (x) �
mX

i =1

ui gi (x) �
nX

i =1

vi hi (x)

� f (x):

Weak dualit y says that every feasiblesolution to P is at least as expensive as
every feasible solution to D . It is a very general property of dualit y, and we did
not rely on any convexity assumptionsto show it.

De�nition. Strong duality holdswhen the optima of the primal and dual problems
are equivalent Opt(P) = Opt(D ).

If strong dualit y, doesnot hold, we have the possibility of a dualit y gap. Strong
dualit y is very useful, becauseit usually meansthat we may solve whichever of the
dual or primal is more convenient computationally, and we can usually obtain the
solution of one from the solution of the other.

Prop osition. If the objective function f is convex,and the feasibleregion is convex,
under mild technical we havestrong duality.

We now look at a what are called saddlepoints of the Lagrangian function. We
de�ned the Lagrangian function as the dual problem

L(x; u; v) = f (x) �
mX

i =1

u i gi (x) �
nX

j =1

v j h j (x):

A set (x � ; u � ; v � ) of feasible solutions to P and D is called a saddle point of the
Lagrangian if

L (x � ; u; v ) � L (x; u; v) � L (x; u � ; v � ) 8x 2 X ; 8u � 0

x � minimizes L if u and v are �xed at u � and v � , and u � and v � maximize L if x
is �xed at x � .

De�nition. The points (x � ; u � ; v � ) satisfy the Karush Kuhn Tucker (KKT) con-
ditions or are KKT points if they are feasible to P and D and

r f (x � ) � r g(x � )0u � � r h(x � )0v = 0

u � g(x � ) = 0:

In a convex, di�eren tiable problem, with some minor technical conditions,
points that satisfy the KKT conditions are equivalent to saddle points of the La-
grangian.



LECTURE 6
Voting algorithms

Voting algorithms or algorithms wherethe �nal classi�cation or regressionfunc-
tion is a weighted combination of \simpler" or \w eaker" classi�ers have beenused
extensively in a variety of applications.

We will study two examplesof voting algorithms in greater depth: Bootstrap
AGGregatING (BA GGING) and boosting.

6.1. Bo osting

Boosting algorithms especially AdaBoost (adaptive boosting) havehad a signi�can t
impact on a variety of practical algorithms and also have been the focus of theo-
retical investigation for a variety of �elds. The formal term boosting and the �rst
boosting algorithm cameout of the �eld of computational complexity in theoretical
Computer Science. In particular, learning as formulated by boosting came from
the concept of Probably Approximatley Correct (PAC) learning.

6.2. PA C learning

The idea of Probably Approximatley Correct (PAC) learning was formulated in
1984 by Leslie Valiant as an attempt to characterize what is learnable. Let X
be a set. This set contains encodings of all objects of interest in the learning
problem. The goal of the learning algorithm is to infer some unknown subset
of X , called a concept, from a known class of concepts, C. Unlike the previous
statistical formulations of the learning problem, the issueof representation arises
in this formulation due to computational issues.

� Concept classesA representation classover X is a pair (� ; C), where C �
f 0; 1g� and � : C ! 2X . For c 2 C, � (c) is a concept over X and the
image space� (C) is the concept class represented by (� ; C). For c 2 C
the positive examplesare pos(c) = � (c) and the negative examplesare
neg(c) = X � � (c). The notations c(x) = 1 is equivalent to x 2 pos(c)
and c(x) = 0 is equivalent to x 2 neg(c). We assumethat domain points
x 2 X and representations c 2 C are e�cien tly encoded with by codings
of length jxj and jcj respectively.

51
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� Parameterizedrepresentation We will study representation classesparam-
eterized by an index n resulting in the domain X = [ n � 1Xn and repre-
sentation class C = [ n � 1Cn . The index n serves as a measure of the
complexity of conceptsin C. For example, X may be the set f 0; 1gn and
C the set of all Boolean formulae over n variables.

� E�cien t evaluation of representations If C is a representation classover X ,
then C is polynomially evaluatable if there is a (probabilistic) polynomial-
time evaluation algorithm A that givena representation c 2 Cand domain
point x 2 X outputs c(x).

� SamplesA labeled example from a domain X is a pair < x; b > where
x 2 X and b 2 f 0; 1g. A sample S = (< x1; b1 >; :::; < xm ; bm > ) is a
�nite sequenceof labeled examples. A labeled example of c 2 C has the
form < x; c(x) > . A representation h and an example < x; b > agree if
h(x) = b. A representation h and a sample S are consistent if h agrees
with each example in S.

� Distributions on examplesAlearning algorithm for a representation classC
will receive examplesfrom a single representation c 2 C whichw e call the
target representation. Examplesof the target representation aregenerated
probabilistically: D c is a �xed but arbitrary distribution over pos(c) and
neg(c). This is the target distributions. The learning algorithm will be
give accessto an oracle EX which returns in unit time an exampleof the
target representation drawn according to the target distribution D c.

� Measureof error Given a target representation c 2 C and a target distri-
bution D the error of a representation h 2 H is

ec(h) = D(h(x) 6= c(x)) :

In the above formulation C is the target class. In the above formulation H is
the hypothesisclass. The algorithm A is a learning algorithm for C and the output
hA 2 H is the hypothesisof A .

We can now de�ne learnabilit y:

De�nition (Strong learning). Let C and H be representation classesover X that
are polynomially evaluatable. Then C is polynomially learnable by H if there is a
(probabilistic) algorithm A with accessto EX , taking inputs "; � with the property
that for any target representation c 2 C, for any target distribution D , and for any
input values 0 < "; � < 1, algorithm A halts in time polynomial in 1

" ; 1
� ; jcj; n and

outputs a representation hA 2 H that with probability greater than 1 � � satsi�es
ec(h) < " .

The parameter " is the accuracy parameter and the parameter � is the con�-
denceparameter. These two parameters characterize the name Probably (� ) Ap-
proximatley (" ) Correct (ec(h)). The above de�nition is sometimescalled distribu-
tion free learning sincethe property holds ofver an target represenationand target
distribution.

Considerable research in PAC learning has focused on which representation
classesC are polynomially learnable.

So far we have de�ned learning as approximating aribirarily close the target
concept. Another model of learning called weak learning considersthe casewhere
the learning algorithm is required to perform slightly better than chance.
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De�nition (Weak learning). Let C and H be representationclassesover X that are
polynomially evaluatable.Then C is polynomially weak learnable by H if there is a
(probabilistic) algorithm A with accessto EX , taking inputs "; � with the property
that for any target representation c 2 C, for any target distribution D , and for any
input values 0 < "; � < 1, algorithm A halts in time polynomial in 1

" ; 1
� ; jcj; n and

outputs a representation hA 2 H that with probability greater than 1 � � satsi�es
ec(h) < 1

2 � 1
p( jcj ) , where p is a polynomial.

De�nition (Sample complexity). Given a learning algorithm A for a representa-
tion class C. The number of calls sA ("; � ) to the oracle EX made by A on inputs
"; � for the worst-case measure over all target representations c 2 C and target
distributions D is the samplecomplexity of the algorithm A.

We now state someBoolean classeswhoselearnabilit y we will state as positive
or negative examplesof learnabilit y.

� The classM n consist of monomials over the Boolean variables x i ; :::; xn .
� For a constant k, the classkCN Fn (conjunctive normal forms) consistsof

Boolean formulae of the form C1 ^ � � � ^ Cl where each Ci is a disjunction
of at most k monomials over the Boolean variables x i ; :::; xn .

� For a constant k, the classkDN Fn (disjunctiv e normal forms) consistsof
Boolean formulae of the form T1 _ � � � _ Tl where each Ti is a conjunction
of at most k monomials over the Boolean variables x i ; :::; xn .

� Boolean threshold functions I (
P n

i =1 wi x i > t) where wi 2 f 0; 1g and I is
the indicator function.

De�nition (Empirical risk minimization, ERM) . A consistent algorithm A is one
that outputs hypothesesh that are consistent with the sampleS and the rangeover
possiblehypothesesfor A is h 2 C.

The above algorithm is ERM in the caseof zero error with the target concept
in the hypothesisspace.

Theorem. If the hypothesis class is �nite then C is learnable by the consistent
algorithm A.

Theorem. Boolean thresholdfunctions are not learnable.

Theorem. f f _ g : f 2 kCN F; g 2 kDN F g is learnable.

Theorem. f f ^ g : f 2 kDN F; g 2 kCN F g is learnable.

Theorem. Let C be a concept class with �nite VC dimension V C(C) = d < 1 .
Then C is learnable by the consistent algorithm A.

6.3. The hyp othesis boosting problem

An important question both theoretically and practically in the late 1980's was
whether strong learnablity and weak learnabilit y were equivalent. This was the
hypothesisboosting problem:

Conjecture. A concept class C is weakly learnable if and only if it is strongly
learnable.

The above conjecture was proven true in 1990by Robert Schapire.
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Theorem. A concept classC is weakly learnable if and only if it is strongly learn-
able.

The proof of the above theorem was basedupon a particular algorithm. The
following algorithm takesas input a weaklearner,an error paramter " , a con�dence
parameter � , an oracle EX , and outputs a strong learner. At each iteration of
the algorithm a weaklearner with error rate " gets boosted so that its error rate
decreasesto 3" 2 � 2"3.

Algorithm 1: Learn("; � ; EX )
input : error parameter " , con�dence parameter � , examplesoracle EX

return : h that is " closeto the target concept c with probabilit y � 1 � �

if " � 1=2 � 1=p(n; s) then return WeakLearn(� ; EX );
�  g� 1(" ) : where g(x) = 3x2 � 2x3;

EX 1  EX ;
h1  Learn(�; � =5; EX 1);
� 1  "=3;
let â1 be an estimate of a1 = Prx � D [h1(x) 6= c(x)]

choosea samplesu�cien tly large that
ja1 � â1j � � 1 with probabilit y � 1 � � =5

if â1 � " � � 1 then return h1;

defun EX 2()
f 
ip coin

if heads then return �rst x : h1(x) = c(x);
else tails return �rst x : h1(x) 6= c(x)g

h2  Learn(�; � =5; EX 2);
� 2  (1 � 2� )"=9;
let ê be an estimate of e = Prx � D [h2(x) 6= c(x)]

choosea samplesu�cien tly large that
je � êj � � 2 with probabilit y � 1 � � =5

if ê � " � � 2 then return h2;

defun EX 3()
f return �rst x : h1(x) 6= h2(x) g;

h3  Learn(�; � =5; EX 3);

defun h(x)
f b1  h1(x); b2  h2(x)
if b1 = b2 then return b1

else return h3(x)g
return h

The above algorithm can be summarizedas follows:

(1) Learn an initial classi�er h1 on the �rst N training points
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(2) Learn h2 on a new sampleof N points, half of which are misclassi�ef by
h1

(3) Learn h3 on N points for which h1 and h2 disagree
(4) The boosted classi�er h = Majorit y vote(h1; h2; h3).

The basic result is that if the individual classi�ers h1; h2; and h3 have error "
the boosted classi�er has error 2" 2 � 3"3.

To prove the theorem one needsto show that the algorithm is correct in the
sensefollowing sense.

Theorem. For 0 < " < 1=2 and for 0 < � < � 1, the hypothesisreturned by calling
Lear n("; � ; EX ) is " close to the target concept with probability at least 1 � � .

We �rst de�ne a few quantities

pi = Prx � D [hi (x) = c(x)]

q = Prx � D [h1(x) 6= h2(x)]

w = Prx � D [h2(x) 6= h1(x) = c(x)]

v = Prx � D [h1(x) = h2(x) = c(x)]

y = Prx � D [h1(x) 6= h2(x) = c(x)]

z = Prx � D [h1(x) 6= h2(x) 6= c(x)]:

Given the above quantities

w + v = Prx � D [h1(x) = c(x)] = 1 � a1(6.1)

y + z = Prx � D [h1(x) 6= c(x)] = a1:(6.2)

We can explicitly expressthe chancethat EX i returns an instance x in terms
of the above variable:

D1(x) = D(x)

D2(x) =
D(x)

2

�
p1(x)

a1
+

1 � p( x)
1 � a1

�
(6.3)

D3(x) =
D(x)q(x)

w + y
:

From equation (6.3) we have

1 � a2 =
X

x 2X n

D2(x)(1 � p2(x))

=
1

2a1

X

x 2X n

D(x)p1(x)(1 � p2(x)) +
1

2(1 � a1)

X

x 2X n

D(x)(1 � p1(x))(1 � p2(x))

=
y

2a1
+

z
2(1 � a1)

:

Combining the above equation with equations (6.1) and (6.2) we can solve for w
and z in terms of y; a1; a2.

w = (2a2 � 1)(1 � a1) +
y(1 � a1)

a1
z = a1 � y:
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We now control the quantit y

Prx � D [h(x) 6= c(x)] = Prx � D [(h1(x) = h2(x)) _ (h1(x) 6= h2(x) ^ h3(x) 6= c(x))]

= z +
X

x 2X n

D(x)q(x)p3(x)

= z +
X

x 2X n

(w + y)D3(x)p3(x)

= z + a3(w + y)

� z + � (w + y)

= � (2a2 � 1)(1 � a1) + a1 +
y(� � a1)

a1

� � (2a2 � 1)(1 � a1) + �

� � (2� � 1)(1 � � ) + � = 3� 2 � 2� 3 = ";

the inequalities follow from the fact that ai � � < 1=2 and y � a1: �
One also needs to show that the algorithm runs in polynomial time. The

following lemma implies this. The proof of the lemma is beyond the scope of the
lecture notes.

Lemma. On a good run the expected execution time of Lear n("; � =2; EX ) is poly-
nomial in m; 1=� ; 1=�.
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Figure 1. A plot of the boosted error rate as a function of the initial error
for di�eren t numbers of boosting rounds.

6.4. AD Aptiv e BOOSTing (AdaBo ost)

We will call the above formulation of boosting the boost-by-majorit y algorithm.
The formulation of boosting by majorit y by Schapire involved boosting by �ltering
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since one weak learner served as a �lter for the other. Another formulation of
boost by majorit y was developed by Yoav Fruend also basedupon �ltering. Both
of these algorithms were later adjusted so that sampling weights could be instead
of �ltering. However, all of these algorithms had the problem that the strength
1=2 � 
 of the weak learner had to be known a priori.

Freund and Schapire developed the following adaptive boosting algorithm, Ad-
aBoost, to addresstheseissues.

Algorithm 2: AdaBoost

input : samplesS = (x i ; yi )N
i =1 , weak learner, number of iterations T

return : h(x) = sign
hP T

i =1 � i hi (x)
i

for i=1 to N do w0
i = 1=N ;

for t=1 to T do
ht  Call WeakLearn with weights wt ;
" t =

P N
j =1 wt

j I f y j 6= h t (x j )g;
� t = log((1 � " t )="t );
for j=1 to N do wt +1

j = wt
j exp(� � t yj ht (x j )) ;

Z t =
P N

j =1 wt +1
j ;

for j=1 to N do wt +1
j = wt +1

j =Z t ;

For the above algorithm we can prove that the training error will decrease
over boosting iterations. The advantage of the above algorithm is we don't need
a uniform 
 over all rounds. All we need is for each boosting round there exists a

 t > 0.

Theorem. SupposeWeakLearn whencalled by AdaBoost generateshypotheseswith
errors " 1; :::; "T . Assume each " i � 1=2 and let 
 i = 1=2 � " i then the following
upper bound holds on the hypothesis h

jj : h(x j ) 6= yj j
N

�
TY

i =1

q
1 � 4
 2

i � exp

 

� 2
TX

i =1


 2
i

!

:

Proof.
If yi 6= h(x i ) then yi h(x i ) � 0 and e� y i h(x i ) � 1. Therefore

jj : h(x j ) 6= yj j
N

�
1
N

NX

i =1

e� y i h(x i ) ;

=
NX

i =1

wT +1
i

TY

t =1

Z t =
TY

t =1

Z t :

In addition, since� t = log((1 � " t )="t ) and 1 + x � ex

Z t = 2
p

" t (1 � " t ) =
q

1 � 4
 2
t � e� 2
 t : �
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6.5. A statistical in terpretation of Adab oost

In this section we will reinterpret boosting as a greedy algorithm to �t an addi-
tiv e model. We �rst de�ne our weak learners as a paramterized classof functions
h� (x) = h(x; � ) where � 2 � . If we think of each weak learner as a basis function
then the boosted hypothesis h(x) can be thought of as a linear combination the
weak learners

h(x) =
TX

i =1

� i h� i (x);

where the h� i (x) is the ith weak learner parameterized by � i . One approach to
setting the parameters � i and weights � i is called forward stagewisemodelling. In
this approach we sequentially add new basis functions or weak learners without
adjusting the paramters and coe�cien ts of the current solution. The following
agorithm implements forward stagewiseadditiv e modeling.

Algorithm 3: Forward stagewiseadditiv e modeling

input : samplesS = (x i ; yi )N
i =1 , weak learner, number of iterations T, loss

function L

return : h(x) =
hP T

i =1 � i h� i (x)
i

h0(x) = 0;
for i=1 to T do

(� t ; � t ) = argmin � 2 IR+ ;� 2 �
P N

i =1 L(yi ; ht � 1(x i ) + �h � (x));
ht (x) = ht � 1(x) + � t h� i (x);

We will now show that the above algorithm with exponential loss

L (y; f (x)) = e� y f (x )

is equivalent to AdaBoost.
At each iteration the following minimization is performed

(� t ; � t ) = arg min
� 2 IR+ ;� 2 �

NX

i =1

exp[� yi (ht � 1(x i ) + �h � (x))] ;

(� t ; � t ) = arg min
� 2 IR+ ;� 2 �

NX

i =1

exp[� yi ht � 1(x i )] exp[� yi �h � (x)];

(� t ; � t ) = arg min
� 2 IR+ ;� 2 �

NX

i =1

wt
i exp[� yi �h � (x)];(6.4)
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where wt
i = exp[� yi ht � 1(x i )] doesnot e�ect the optimization functional. For any

� > 0 the objective function in equation (6.4) can be rewritten as

� t = argmin
� 2 �

2

4e� �
X

y i = h � (x i )

wt
i + e�

X

y i 6= h � (x i )

wt
i

3

5 ;

� t = argmin
� 2 �

"

(e� � � e� )
NX

i =1

wt
i I f y i 6= h � (x i )g + e�

NX

i =1

wt
i

#

;

� t = argmin
� 2 �

NX

i =1

wt
i I f y i 6= h � (x i )g:

Thereforethe weaklearner that minimizesequation (6.4) will minimize the weighted
error rate which if we plug back into equation (6.4) we can solve for � t which is

� t =
1
2

log
1 � " t

" t
;

where

" t =
NX

i =1

wt
i I f y i 6= h t (x i )g:

The last thing to show is the updating of the linear model

ht (x) = ht � 1(x) + � t ht (x);

is equivalent to the reweighting used in AdaBoost. Due to the exponential loss
function and the additiv eupdating at each iteration the abovesum can be rewritten
as

wt +1
i = wt

i e
� �y i h t (x i ) :

So AdaBoost can be interpreted as an algorithm that minimizes the exponential
losscriterion via forward stagewiseadditiv e modeling.

We now give somemotivation for why the exponential loss is a reasonableloss
function in the classi�cation problem. The �rst argument is that like the hinge
loss for SVM classi�cation the exponential loss servesas an aupper bound on the
missclassi�cation loss(see�gure 2).

Another simple motivation for using the exponential loss is the minimizer of
the expected losswith respect to somefunction classH

f � (x) = arg min
f 2H

IEY jx

h
e� Y f (x )

i
=

1
2

log
Pr(Y = 1jx)

Pr(Y = � 1jx)
;

estimatesone-half the log-odds ratio

Pr(Y = 1jx) =
1

1 + e� 2f � (x )
:

6.6. A margin in terpretation of Adab oost

We developed a geometric formulation of support vector machines in the seper-
able casevia maximizing the margin. We will formulate AdaBoost as a margin
maximization problem.
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Figure 2. A comparison of loss functions for classi�cation.

Recall that for the linear seperable SVM with points in IRd given a dataset S
the following optimization problem characterizesthe maximal margin classi�er

ŵ = arg max
w2 IRd

min
x i 2 S

yi hw; x i i
jjwjjL 2

:

In the caseof AdaBoost we can construct a coordinate spacewith as many
dimensionsasweakclassi�ers, T, u 2 IRT , where the elements of f u1; :::; uT g corre-
spond to the outputs of the weak classi�ers f u1 = f 1(x); :::; uT = f T (x)g. We can
show that AdaBoost is an iterativ e way to solve the following mini-max problem

ŵ = arg max
w2 IRT

min
u i 2 S

yi hw; ui i
jjwjjL 1

;

where ui = f f 1(x i ); :::; f T (x i )g and the �nal classi�er has the form

hT (x) =
TX

i =1

ŵT
i f i (x):

This follows immediately from the forward additiv e stagewisemodeling interpreta-
tion sinceunder seperabality the addition at each iteration of a weakclassi�er to the
linear expansionwill result in a boostedhypothesisht that asa function of t will be
nondecreasingin yi ht (x i ) 8i with the L 1 norm on wt constrained, jjwjjL 1 = 1, fol-
lowing from the fact that the weights at each iteration must satisfy the distribution
requirement.

An interesting geometry arisesfrom the two di�eren t norms on the weights w
in the two di�eren t optimization problems. The main idea is that we want to relate
the norm on w to properties of norms on points in either IRd in the SVM caseor
IRT in the boosting case. By H•older's inequality for the dual norms jjxjj L q and
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jjwjjL p with 1
p + 1

q = 1 and p;q 2 [1; 1 ] the following holds

jhx; wij � jjxjjL q jjwjjL p :

The above inequality implies that minimizing the L 2 norm on w is equivalent to
maximizing the L 2 distance betweenthe hyperplane and the data. Similarly, min-
imizing the L 1 norm on w is equivalent to maximizing the L 1 norm between the
hyperplane and the data.





LECTURE 7
One dimensional concentration inequalities

7.1. Law of Large Num bers

In this lecture, we will look at concentration inequalities or law of large numbers for
a �xed function. Let (
 ; L ; � ) be a probabilit y space.Let x1; :::; xn be real random
variables on 
. A sequenceof random variables yn convergesalmost surely to a
random variable Y i� IP(yn ! Y ) = 1. A sequenceof random variablesyn converges
in probabilit y to a random variable Y i� for every � > 0, lim n !1 IP(jyn � Y j >
� ) = 0. Let �̂ n := n� 1 P n

i =1 xn . The sequencex1; :::; xn satis�es the strong law
of large numbers if for some constant c, �̂ n converges to c almost surely. The
sequencex1; :::; xn satis�es the weak law of large numbers i� for someconstant c,
�̂ n convergesto c in probabilit y. In general the constant c will be the expectation
of the random variable IEx.

A given function f (x) of random variables x concentrates if the deviation be-
tween its empirical average,n � 1 P n

i =1 f (x i ) and expectation, IEf (x), goes to zero
as n goesto in�nit y. That is f (x) satis�es the law of large numbers.

7.2. Polynomial inequalities

Theorem (Jensen). If � is a convex function then � (IEx) � IE� (x).

Theorem (Bienaym�e-Chebyshev). For any random variable x, � > 0

IP(jxj � � ) �
IEx2

� 2 :

Proof.
IEx2 � E (x2I fj x j� � g) � � 2IP(jxj > � ): �

Theorem (Mark ov). For any random variable x, � > 0

IP(jxj � � ) �
IEe�x

e��

and
IP(jxj � � ) � inf

�< 0
e� �� IEe�x :

63
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Proof.

IP(x > � ) = IP(e�x > e�� ) �
IEe�x

e�� : �

7.3. Exp onential inequalities

For the sums or averagesof independent random variables the above bounds can
be improved from polynomial in 1=� to exponential in � .

Theorem (Bennet). Let x1; :::; xn be independent random variables with IEx = 0,
IEx2 = � 2, and jx i j � M . For � > 0

IP

 

j
nX

i =1

x i j > �

!

� 2e
� n� 2

M 2 � ( �M
n� 2 ) ;

where
� (z) = (1 + z) log(1 + z) � z:

Proof. We will prove a bound on one-sideof the above theorem

IP

 
nX

i =1

x i > �

!

:

IP

 
nX

i =1

x i > �

!

� e� �� IEe�
P

x i = e� �� � n
i =1 IEe�x i

= e� �� (IEe�x )n :

IEe�x = IE
1X

k=0

(�x )k

k!
=

1X

k=0

� k IExk

k!

= 1 +
1X

k=2

� k

k!
IEx2xk � 2 � 1 +

1X

k=2

� k

k!
M k � 2� 2

= 1 +
� 2

M 2

1X

k=2

� k M k

k!
= 1 +

� 2

M 2 (e�M � 1 � �M )

� e
� 2

M 2 (e�M � �M � 1) :

The last line holds since1 + x � ex .
Therefore,

(7.1) IP

 
nX

i =1

x i > �

!

� e� �� e
� 2

M 2 (e�M � �M � 1) :

We now optimize with respect to � by taking the derivative with respect to �

0 = � � +
n� 2

M 2 (M e�M � M );

e�M =
�M
n� 2 + 1;

� =
1

M
log

�
1 +

�M
n� 2

�
:
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The theorem is proven by substituting � into equation (7.1). �
The problem with Bennet's inequality is that it is hard to get a simple expres-

sion for � as a function of the probabilit y of the sum exceeding� .

Theorem (Bernstein). Let x1; :::; xn be independentrandomvariableswith IEx = 0,
IEx2 = � 2, and jx i j � M . For � > 0

IP

 

j
nX

i =1

x i j > �

!

� 2e
� � 2

2n� 2 + 2
3 �M :

Proof.
Take the proof of Bennet's inequality and notice

� (z) �
z2

2 + 2
3 z

: �

Remark. With Bernstein's inequality a simple expressionfor � as a function of
the probabilit y of the sum exceeding� can be computed

nX

i =1

x i �
2
3

uM +
p

2n� 2u:

Outline.

IP

 
nX

i =1

x i > �

!

� 2e
� � 2

2n� 2 + 2
3 �M = e� u ;

where

u =
� 2

2n� 2 + 2
3 �M

:

we now solve for �

� 2 �
2
3

�M � 2n� 2� = 0

and

� =
1
3

uM +

r
u2M 2

9
+ 2n� 2u:

Since
p

a + b �
p

a +
p

b

� =
2
3

uM +
p

2n� 2u:

So with large probabilit y
nX

i =1

x i �
2
3

uM +
p

2n� 2u: 4

If we want to bound

jn� 1
nX

i =1

f (x i ) � IEf (x)j

we consider
jf (x i ) � IEf (x)j � 2M :

Therefore
nX

i =1

(f (x i ) � IEf (x)) �
4
3

uM +
p

2n� 2u
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and

n� 1
nX

i =1

f (x i ) � IEf (x) �
4
3

uM
n

+

r
2� 2u

n
:

Similarly,

IEf (x) � n� 1
nX

i =1

f (x i ) �
4
3

uM
n

+

r
2� 2u

n
:

In the above bound r
2� 2u

n
�

4uM
n

which implies u � n� 2

8M 2 and therefore

jn� 1
nX

i =1

f (x i ) � IEf (x)j .

r
2� 2u

n
for u . n� 2;

which corresponds to the tail probabilit y for a Gaussian random variable and is
predicted by the Central Limit Theorem (CLT) Condition that lim n !1 n� 2 ! 1 .
If limn !1 n� 2 = C, where C is a �xed constant, then

jn� 1
nX

i =1

f (x i ) � IEf (x)j .
C
n

which corresponds to the tail probabilit y for a Poissonrandom variable.
We now look at an even simpler exponential inequality where we do not need

information on the variance.

Theorem (Hoe�ding) . Let x1; :::; xn be independent randomvariableswith IEx = 0
and jx i j � M i . For � > 0

IP

 

j
nX

i =1

x i j > �

!

� 2e
� 2� 2

P n
i =1 M 2

i :

Proof.

IP

 
nX

i =1

x i > �

!

� e� �� IEe�
P n

i =1 x i = e� �� � n
i =1 IEe�x i :

It can be shown (Homework problem)

IE(e�x i ) � e
� 2 M 2

i
8 :

The bound is proven by optimizing the following with respect to �

e� �� � n
i =1 e

� 2 M 2
i

8 : �

Applying Hoe�ding's inequality to

n� 1
nX

i =1

f (x i ) � IEf (x)

we can state that with probabilit y 1 � e� u

n� 1
nX

i =1

f (x i ) � IEf (x) �

r
2M u

n
;
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which is a sub-Gaussianas in the CLT but without the variance information we
can never achieve the 1

n rate we achieved when the random variable has a Poisson
tail distribution.

We will use the following version of Hoe�ding's inequality in later lectures on
Kolmogorov chaining and the Dudley's entropy integral.

Theorem (Hoe�ding) . Let x1; :::; xn be independent random variableswith IP(x i =
M i ) = 1=2 and IP(x i = � M i ) = 1=2. For � > 0

IP

 

j
nX

i =1

x i j > �

!

� 2e
� 2� 2

P n
i =1 M 2

i :

Proof.

IP

 
nX

i =1

x i > �

!

� e� �� IEe�
P n

i =1 x i = e� �� � n
i =1 IEe�x i :

IE(e�x i ) =
1
2

e�M i +
1
2

e� �M i ;

1
2

e�M i +
1
2

e� �M i =
1X

k=0

(M i � )2k

(2k)!
� e

� 2 M 2
i

2 :

Optimize the following with respect to �

e� �� � n
i =1 e

� 2 M 2
i

2 : �

7.4. Martingale inequalities

In the previous section we stated someconcentration inequalities for sumsof inde-
pendent random variables. We now look at more complicated functions of indepen-
dent random variables and intro duce a particular Martingale inequality to prove
concentration.

Let (
 ; L ; � ) be a probabilit y space.Let x1; :::; xn be real random variables on

. Let the function Z (x1; :::; xn ) : 
 n ! IR be a map from the random variables
to a real number.

The function Z concentrates if the deviation betweenZ (x1; :::; xn ) and IEx 1 ;::;x n Z (x1; ::; xn )
goesto zero as n goesto in�nit y.

Theorem (McDiarmid) . Let x1; :::; xn be independentrandomvariableslet Z (x1; :::; xn ) :

 n ! IR such that

8x1; :::; xn ; x0
1; :::; x0

n jZ (x1; ::; xn ) � Z (x1; :::; x i � 1; x0
i ; x i +1 ; xn )j � ci ;

then

IP (Z � IEZ > � ) � e
� � 2

2
P n

i =1 c 2
i :

Proof.

IP(Z � IEZ > � ) = IP(e� (Z � IEZ ) > e�� ) � e� �� IEe� (Z � IEZ ) :
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We will use the following very useful decomposition

Z (x1; :::; xn ) � IEx 0
1 ;::;x 0

n
Z (x0

1; ::; x0
n ) = [Z (x1; :::; xn ) � Ex 0

1
Z (x0

1; x2; :::; xn )]

+ [Ex 0
1
Z (x0

1; x2; :::; xn ) � Ex 0
1 ;x 0

2
Z (x0

1; x0
2; x3; :::; xn )]

+ :::

+ [Ex 0
1 ;:::;x 0

n � 1
Z (x0

1; x0
2; :::x0

n � 1; xn ) � Ex 0
1 ;:::;x 0

n
Z (x0

1; :::; x0
n )]:

We denote the random variable

zi (x i ; :::; xn ) := IEx 0
1 ;:::;x 0

i � 1
Z (x0

1; :::; x0
i � 1; x i ; :::; xn )� IEx 0

1 ;:::;x 0
i
Z (x0

1; :::; x0
i ; x i +1 ; :::; xn );

and
Z (x1; :::; xn ) � IEx 0

1 ;::;x 0
n
Z (x0

1; ::; x0
n ) = z1 + ::: + zn :

The following inequality is true (seethe following Lemma for a proof)

IEx i e
�z i � e� 2 c2

i =2 8� 2 IR:

IEe� (Z � IEZ ) = IEe� (z1 + :::; + zn )

IEIEx 1 e� (z1 + :::; + zn ) = IEe� (z2 + :::; + zn ) IEx 1 e�z 1

� IEe� (z2 + :::; + zn ) e�c 2
1 =2;

by induction
IEe� (Z � IEZ ) � e� 2 P n

i =1 c2
i =2:

To derive the bound we optimize with respect to �

e� �� + � 2 P n
i =1 c2

i =2: �

Lemma. For all � 2 IR
IEx i e

�z i � e� 2 c2
i =2:

Proof.
For any t 2 [� 1; 1] the function e�t is convex with respect to � .

e�t = e� ( 1+ t
2 ) � � ( 1� t

2 )

�
1 + t

2
e� +

1 � t
2

e� �

=
e� + e� �

2
+ t

e� � e� �

2
� e� 2 =2 + t sh(� ):

Set t = z i
ci

and notice that z i
ci

2 [� 1; 1] so,

e�z i = e�c i
z i
c i � e� 2 c2

i =2 +
zi

ci
sh(�c i );

and
IEx i e

�z i � e� 2 c2
i =2: �

Example. We can use McDiarmid's inequality to prove the concentration of the
empirical minima. Given a dataset f v1 = (x1; y1); :::; vn = (xn ; yn )g the empirical
minima is

Z (v1; :::; vn ) = min
f 2H K

n� 1
nX

i =1

V (f (x i ); yi ):
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If the loss function is bounded one can showthat for all (v1; :::; vn ; v0
i )

jZ (v1; :::; vn ) � Z (v1; :::; vi � 1; v0
i ; :::vn )j �

k
n

:

Therefore with probability 1 � e� u

jZ � IEZ j �

r
2ku
n

:

So the empirical minima concentrates.





LECTURE 8
Vapnik- �Cerv onenkis theory

8.1. Uniform law of large num bers

In the previous lecture we considered law of large numbers for a single or �xed
function. We termed this as one dimensional concentration inequalities. We now
look at uniform law of large numbers, that is a law of large numbers that holds
uniformly over a classof functions.

The point of these uniform limit theorems is that if the law of large numbers
holdsfor all functions in a hypothesisspacethen it holds for the empirical minimizer.

The reasonthis chapter is called Vapnik- �Cervonenkis theory is that they pro-
vided someof the basic tools to study theseclasses.

8.2. Generalization bound for one function

Before looking at uniform results we prove generalization results when the hypoth-
esisspaceH consistsof one function, f 1.

In this casethe empirical risk minimizer is f 1

f 1 = f S := arg min
f 2H

"

n� 1
nX

i =1

V (f ; zi )

#

:

Theorem. Given 0 � V (f 1; z) � M for all z and S = f zi gn
i =1 drawn i.i.d. then

with probability at least 1 � e� t (t > 0)

IEzV (f 1; z) � n� 1
nX

i =1

V (f 1; zi ) +

r
M 2t

n
:

Proof.
By Hoe�ding's inequality

IP

 

IEzV (f 1; z) � n� 1
nX

i =1

V (f 1; zi ) > "

!

� e� n" 2 =M 2

so

IP

 

IEzV (f 1; z) � n� 1
nX

i =1

V (f 1; zi ) � "

!

> 1 � e� n" 2 =M 2
:

Set t = n" 2=M 2 and the result follows. �

71
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8.3. Generalization bound for a �nite num ber of functions

We now look at the caseof ERM on a hypothesis spaceH with a �nite number
of functions, k = jH j. In this case,the empirical minimizer will be one of the k
functions.

Theorem. Given 0 � V (f j ; z) � M for all f j 2 H; z and S = f zi gn
i =1 drawn i.i.d.

then with probability at least 1 � e� t (t > 0) for the empirical minimizer, f S ,

IEz V(f S ; z) < n� 1
nX

i =1

V (f S ; zi ) +

r
M 2(log K + t)

n
:

Proof.
The follow implication of events holds

(

max
f j 2H

IEz V (f j ; z) � n� 1
nX

i =1

V (f j ; zi ) < "

)

)

(

IEzV (f S ; z) � n� 1
nX

i =1

V (f S ; zi ) < "

)

:

IP

 

max
f j 2H

IEzV (f j ; z) � n� 1
nX

i =1

V (f j ; zi ) � "

!

= IP

0

@
[

f 2H

(

IEzV (f ; z) � n� 1
nX

i =1

V(f ; zi ) � "

) 1

A

�
X

f j 2H

IP

 

IEz V (f j ; z) � n� 1
nX

i =1

V (f j ; zi ) � "

!

� ke� n" 2 =M 2
;

the last step comesfrom our single function result. Set e� t = ke� n" 2 =M 2
and the

result follows. �

8.4. Generalization bound for compact hyp othesis spaces

We now prove a su�cien t condition for the generalizationof hypothesisspaceswith
an in�nite number of functions and then give someexamplesof such spaces.

We �rst assumethat our hypothesisspaceis a subsetof the spaceof continuous
functions, H � C(X ).

De�nition. A metric space is compact if and only if it is total ly bounded and
complete.

De�nition. Let R be a metric space and � any positive number. Then a set A � R
is said to be an � -net for a set M � R if for every x 2 M , there is at least one
point a 2 A such that � (x; a) < � . Here � (�; �) is a norm.

De�nition. Given a metric space R and a subsetM � R suppose M has a �nite
� -net for every � > 0. Then M is said to be total ly bounded.

Prop osition. A compact space has a �nite � -net for all � > 0.

For the remainder of this section we will use the supnorm,

� (a; b) = sup
x 2X

ja(x) � b(x)j:
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De�nition. Given a hypothesis space H and the supnorm, the covering number
N (H ; � ) is the minimal number ` 2 IN such that for every f 2 H there exists
functions f gi g`

i =1 such that

sup
x 2X

jf (x) � gi (x)j � � for somei .

We now state a generalization bound for this case. In the bound we assume
V(f ; z) = (f (x) � y)2 but the result can be easily extendedfor any Lipschitz loss

jV (f 1; z) � V (f 2; z)j � Cjj f 1(x) � f 2(x)jj1 8z:

Theorem. Let H be a compact subsetof C(X ). Given 0 � jf (x) � yj � M for all
f 2 H ; z and S = f zi gn

i =1 drawn i.i.d. then with probability at least 1 � e� t (t > 0)
for the empirical minimizer, f S ,

IEx;y (f S (x) � y)2 < n� 1
nX

i =1

(f S (x i ) � yi )2 +

r
M 2(log N (H ; "=8M ) + t)

n
:

We �rst prove two useful lemmas. De�ne

D(f ; S) := IEx;y (f (x) � y)2 � n� 1
nX

i =1

(f (x i ) � yi )2:

Lemma. If jf j (x) � yj � M for j = 1; 2 then

jD (f 1; S) � D (f 2; S)j � 4M jj f 1 � f 2jj1 :

Proof. Note that

(f 1(x) � y)2 � (f 2(x) � y)2 = (f 1(x) � f 2(x))( f 1(x) + f 2(x) � 2y)

so

jIEx;y (f 1(x) � y)2 � IEx;y (f 2(x) � y)2j =

�
�
�
�

Z
(f 1(x) � f 2(x))( f 1(x) + f 2(x) � 2y)d� (x; y)

�
�
�
�

� jj f 1 � f 2jj1

Z
jf 1(x) � y + f 2(x) � yjdu(x; y)

� 2M jj f 1 � f 2jj1 ;

and

jn� 1
nX

i =1

[(f 1(x i ) � yi )2 � (f 2(x i ) � yi )2]j = n� 1

�
�
�
�
�

nX

i =1

(f 1(x i ) � f 2(x i ))( f 1(x i ) + f 2(x i ) � 2yi )

�
�
�
�
�

� jj f 1 � f 2jj1
1
n

nX

i =1

jf 1(x i ) � yi + f 2(x i ) � yi j

� 2M jj f 1 � f 2jj1 :

The result follows from the above inequalities. �

Lemma. Let H = B1
S

:::
S

B ` and " > 0. Then

IP

 

sup
f 2H

D(f ; S)

!

�
X̀

j =1

IP

 

sup
f 2 B j

D(f ; S)

!

:
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Proof.
The result follows from the following equivalenceand the union bound

sup
f 2H

D(f ; S) � " ( ) 9j � ` s.t. sup
f 2 B j

D(f ; S) � ": �

We now prove Theorem 8.4.
Let ` = N

�
H ; "

4M

�
and the functions f gj g`

j =1 have the property that the disks
B j centered at f j with radius "

4M cover H . By the �rst lemma for all f 2 B j

jD (f ; S) � D (f j ; S)j � 4M jj f � f j jj1 � 4M
"

4M
= ";

this implies that for all f 2 B j

sup
f 2 B j

jD (f ; S)j � 2" ) jD (f j ; S)j � ":

So

IP

 

sup
f 2 B j

jD (f ; S)j � 2"

!

� IP (jD (f j ; S)j � " ) � 2e� " 2 n=M 2

:

This combined with the secondlemma implies

IP

 

sup
f 2H

D(f ; S)

!

� N
�

H ;
"

8M

�
e� " 2 n=M 2

:

Sincethe following implication of events holds
(

sup
f 2H

IEzV (f j ; z) � n� 1
nX

i =1

V(f j ; zi ) < "

)

)

(

IEzV (f S ; z) � n� 1
nX

i =1

V (f S ; zi ) < "

)

the result is obtained by setting e� t = N
�
H ; "

8M

�
e� n" 2 =M 2

. �
A result of the above theorem is the following su�cien t condition for uniform

convergenceand consistencyof ERM.

Corollary . For a Lipschitz loss function ERM is consistent if for all " > 0

lim
n !1

logN (H ; " )
n

= 0:

Proof.
This follows directly from the statement

IP

 

sup
f 2H

D(f ; S)

!

� N
�

H ;
"

8M

�
e� " 2 n=M 2

: �

We now compute covering numbers for a few typesof hypothesisspaces.
We also needthe de�nition of packing numbers.

De�nition. Given a hypothesisspace H and the supnorm, ` functions f gi g`
i =1 are

� -separated if
sup
x 2X

jgj (x) � gi (x)j > � 8i 6= j:

The packing number P(H ; � ) is the maximum cardinality of � -separated sets.

The following relationship betweenpacking and covering numbersis very useful.
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Lemma. Given a metric space (A; � ). Then for all � > 0 and for every W � A,
the covering numbers and packing numbers satisfy

P(W; 2�; � ) � N (W; �; � ) � P(W; �; � ):

Proof.
For the secondinequality suppose P is an � -packing of maximal cardinalit y,

P(W; �; d). Then for any w 2 W there must be a u 2 P with � (u; w) < � , otherwise
w is not an element of P and P [ w is an � -packing. This contradicts the assumption
that P is a maximal � -packing. So any maximal � packing is an � -cover.

For the �rst inequality supposeC is an � -cover for W and and that P is a 2� -
packing of W with maximum cardinalit y P(W; �; d). We will show that jP j � jCj.
Assumethat jCj > jP j. Then for two points w1; w2 2 P and one point u 2 C the
following will hold

� (w1; u) � � and � (w2; u) � � =) � (w1; w2) � 2�:

This contradicts the fact that the points in P are 2� -separated. �
In generalwe will compute packing numbers for hypothesisspacesand usethe

above lemma to obtain the covering number.
The following proposition will be useful.

Prop osition. Given x 2 IRd, the restriction the space to the unit ball B = f x :
jjxjj � M g, and the standard Euclidean metric � (x; y) = jjx � yjj , then for � � M

P(B ; �; � ) �
�

3M
�

� d

:

Proof.
The ` points w1; ::; w` form an optimal � -packing so

Vol
�

M +
�
2

�
= Cd

�
M +

�
2

� d

Vol
� �

2

�
= Cd

� �
2

� d

`[Cd

� �
2

� d
] = Cd

�
M +

�
2

� d

` �
�

2M + �
�

� d

�
�

3M
�

� d

for all � � M : �

Example. Covering numbers for a �nite dimensional RKHS.
For a �nite dimensional bounded RKHS

H K =

(

f : f (x) =
mX

p=1

cp � p(x)

)

;

with kf k2
K � M .
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By the reproducing property and Cauchy-Schwartzinequality, the supnorm can
be bound by the RKHS norm:

jj f (x)jj1 = jjhK (x; �); f (�)i K jj1

� jjK (x; �)jjK jj f jjK

=
p

hK (x; �); K (x; �)i jj f jjK

=
p

K (x; x)jj f jjK

� � jj f jjK

This means that if we can cover with the RKHS norm we can cover with the
supnorm.

Each function in our cover, f gi g`
i =1 can be written as

gi (x) =
mX

p=1

dip � p(x)

So if we �nd ` vectors di for which for all c :
P m

p=1
c2

p

� p
� M there exists a di such

that
mX

p=1

(cp � dip )2

� p
< � 2;

we havea cover at scale � . The above is simply a weighted Euclidean norm and can
be reduced to the problemof covering a ball of radius M in IRm using the Euclidean
metric. Using proposition 8.4 we can bound the packing number with the RKHS
norm and the supnorm

P(H ; �; jj � jjH k ) �
�

3M
�

� m

;

P(H ; �; jj � jj1 ) �
�

3M
��

� m

:

Using lemma 8.4 we can get a bound on the covering number

N (H ; �; jj � jj1 ) �
�

3M
��

� m

:

We have shown that for H � C(X ) that is compact with respect to the supnorm
we have uniform convergence.This requirement is to strict to determine necessary
conditions. A large class of functions that these conditions do not apply to are
indicator functions f (x) 2 f 0; 1g.

8.5. Generalization bound for hyp othesis spaces of indicator func-
tions

In this sectionwe derivenecessaryand su�cien t conditions for uniform convergence
of indicator functions and asa result generalizationbounds for indicator functions,
f (x) 2 f 0; 1g.

As in the caseof compact functions we will take a classof indicator functions
H and reducethis to some�nite set of functions. In the caseof indicator functions
this is done via the notion of a growth function which we now de�ne.
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De�nition. Given a set of n points f x i gn
i =1 and a class of indicator functions H

we say that a function f 2 H picks out a certain subsetof f x i gn
i =1 if this set can be

formed by the operation f \ f x i gn
i =1 . The cardinality of the number of subsetsthat

can be picked out is called the growth function:

4 n (H ; f x i gn
i =1 ) = # f f \ f x i gn

i =1 : f 2 Hg:

We will now state a lemma which will look very much like the generalization
results for the compact or �nite dimensional case.

Lemma. Let H be a classof indicator functions and S = f zi gn
i =1 drawn i.i.d. then

with probability at least 1 � e� t= 8 (t > 0) for the empirical minimizer, f S ,

IEx;y I f f S (x )6= yg < n� 1
nX

i =1

I f f S (x i )6= y i g +

r
(8 log84 n (H ; S) + t)

n
;

where 4 n (H ; S) is the growth function given S observations.

Note: the above result dependsupon a particular draw of 2n samplesthrough
the growth function. We will remove this dependencesoon.

We �rst prove two useful lemmas. De�ne

D(f ; S) := IEx;y I f f (x )6= yg � n� 1
nX

i =1

I f f (x i )6= y i g:

The �rst lemma is based upon the idea of symmetrization and replaces the
deviation between the empirical and expected error to the di�erence between two
empirical errors.

Lemma. Given two independent copies of the data S = f zi gn
i =1 and S = f z0

i g
n
i =1

then for any �xed f 2 H if n � 2=�2

IP (jD (f ; S)j > � ) � 2 IP (jD (f ; S) � D (f ; S0)j > �=2) ;

where

jD (f ; S) � D (f ; S0)j = n� 1
nX

i =1

I f f (x i )6= y i g � n� 1
nX

i =1

I f f (x 0
i )6= y 0

i g:

Proof. We �rst assumethat

IP(jD (f ; S0)j � �=2 j S) � 1=2;

where we have conditioned on S. SinceS and S0 are independent we can integrate
out

1=2IP(jD (f ; S0)j > � ) � IP(jD (f ; S0)j � �=2; jD (f ; S0)j > � ):

By the triangle inequality jD (f ; S)j > � and jD (f ; S0)j � �=2 implies

jD (f ; S) � D (f ; S0)j � �=2;

so
IP(jD (f ; S0)j � �=2; jD (f ; S0)j > � ) � IP(jD (f ; S) � D (f ; S0)j � �=2):

To completethe proof we needto show our initial assumptionholds. SinceH is
a classof indicator functions the elements in the sum are binomial random variables
and the varianceof n of them will be at most 1=4n. Soby the Bienaym�e-Chebyshev
inequality

IP(jD (f ; S0)j > �=2) � 1=4n� 2;
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which implies the initial assumption when n � 2=�2. �
By symmetrizing we now have a term that depends only on samples. The

problem is that it dependson the sampleswe have but also an independent compy.
This nuisanceis removed by a secondstep of symmetrization.

Lemma. Let � i be a Rademacherrandom variable (IP(� i = � 1) = 1=2) then

IP (jD (f ; S) � D (f ; S0)j > �=2) � 2IP

 �
�
�
�
�
n� 1

nX

i =1

� i I f f (x i )6= y i g

�
�
�
�
�

> �=4

!

:

Proof.

IP (jD (f ; S) � D (f ; S0)j > �=2) = IP

 �
�
�
�
�
n� 1

nX

i =1

� i I f f (x i )6= y i g � n� 1
nX

i =1

� i I f f (x 0
i )6= y 0

i g

�
�
�
�
�

> �=2

!

� IP

 �
�
�
�
�
n� 1

nX

i =1

� i I f f (x i )6= y i g

�
�
�
�
�

> �=4

!

+

IP

 �
�
�
�
�
n� 1

nX

i =1

� i I f f (x 0
i )6= y 0

i g

�
�
�
�
�

> �=4

!

� 2IP

 �
�
�
�
�
n� 1

nX

i =1

� i I f f (x i )6= y i g

�
�
�
�
�

> �=4

!

: �

The secondsymmetrization step allows is to bound the deviation betweenthe
empirical and expectederrors basedupon a quantit y computed just on the empirical
data.

We now prove Lemma 8.5.
By the symmetrization lemmasfor n � 8=�2

IP(jD (f ; S)j > � ) � 4 IP

 �
�
�
�
�
n� 1

nX

i =1

� i I f f (x i )6= y i g

�
�
�
�
�

> �=4

!

:

By the Rademacher version of Hoe�dings inequality

IP

 �
�
�
�
�
n� 1

nX

i =1

� i I f f (x i )6= y i g

�
�
�
�
�

> �

!

� 2e� 2� 2

:

Combining the above for a single function

IP(jD (f ; S)j > � ) � 8e� � 2 =8:

Given data S the growth function characterizesthe cardinalit y of subsetsthat
can be \pic ked out" which is a bound on the number of possible labellings or
realizable functions, ` = 4 n (H ; S). We index the possible labelings by f j where
j = 1; :::; `.
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We now proceedas in the caseof a �nite number of functions

IP

 

sup
f 2H

jD (f ; S)j � �

!

= IP

0

@
[

f 2H

jD (f ; S)j � �

1

A

�
X̀

i =1

IP (jD (f j ; S)j � " )

� 84 n (H ; S)e� n� 2 =8:

Setting e� t= 8 = 84 n (H ; S)e� n� 2 =8 completesthe proof. �
This bound is not uniform sincethe growth function dependson the data S. We

can make the bound uniform by de�ning a uniform notion of the growth function.

De�nition. The uniform growth function is

4 n (H ) = max
x 1 ;:::;x n 2X

4 n (H ; f x i gn
i =1 ):

Corollary . Let H be a class of indicator functions and S = f zi gn
i =1 drawn i.i.d.

then with probability at least 1 � e� t= 8 (t > 0) for the empirical minimizer, f S ,

IEx;y I f f S (x )6= yg < n� 1
nX

i =1

I f f S (x i )6= y i g +

r
(log 84 n (H ) + t)

n
;

where 4 n (H ) is the uniform growth function.

Corollary . For a classof indicator functions ERM is consistent if and only if for
all " > 0

lim
n !1

8 log4 n (H )
n

= 0:

We now characterizeconditions under which the uniform growth function grows
polynomially. To do this we needa few de�nitions.

De�nition. A hypothesis space, H , shatters a set f x1; :::; xn g if each of its 2n

subsetscan be \picked out" by H . The Vapnik- �Cervonenkis(VC) dimension, v(H),
of a hypothesisspace is the largestn for which all setsof size n are shattered by H

v(H) = supf n : 4 n (H ) = 2n g;

if the exists no such n then the VC dimension is in�nite.

De�nition. A hypothesisspace of indicator functions H is a VC class if and only
if it has �nite VC dimension.

Examples.

The VC dimension controls the growth function via the following lemma.

Lemma. For a hypothesis space H with VC dimension d and n > d

4 n (H ) �
dX

i =1

�
n
i

�
:
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Proof.
The proof will be by induction on n + d. We de�ne

� n
i

�
:= 0 if i < 0 or i > n.

In addition one can check
�

n
i

�
=

�
n � 1
i � 1

�
+

�
n � 1

i

�
:

When d = 0 jH j = 1 sinceno points can be shattered so for all n

4 n (H ) = 1 =
�

n
0

�
= � 0(n):

When n = 0 there is only one way to label 0 examplesso

4 0(H ) = 1 =
dX

i =1

�
0
i

�
= � d(0):

Assumethe lemma to hold for n0; d0 such that n0+ d0 < n + d.
GivenS = f x1; :::; xn g and Sn = f x1; :::; xn � 1g. Wenow de�ne three hypothesis

spacesH 0, H 1, and H 2:

H 0 := f f i : i = 1; :::; 4 n (H ; S)g

H 1 := f f i : i = 1; :::; 4 n � 1(H ; Sn )g

H 2 := H 0 � H 1;

where each f i in set H 0 is a possible labeling of S by H, each f i in set H 1 is a
possiblelabeling of Sn by H.

For the setH 1 over Sn : n1 = n� 1 sincethere is onefewer sampleand v(H 1) � d
sincereducing the number of hypothesescannot increasethe VC dimension.

For the set H 2 over Sn : n1 = n � 1 since there is one fewer sample and
v(H 2) � d � 1. If S0 � Sn is shattered by H 2 then all labellings of S0 must
occur both in H 1 and H 2 but with di�eren t labels on xn . So S0 [ f xn g which has
cardinalit y jS0j + 1 is shattered by H and so jS0j cannot be more than d � 1.

By induction 4 n � 1(H 1; Sn ) � � d(m � 1) and 4 n � 1(H 2; Sn ) � � d� 1(m � 1).
By construction

4 n (H ; S) = jH 1j + jH 2j = 4 n � 1(H 1; Sn ) + 4 n � 1(H 2; Sn )

� � d(n � 1) + � d� 1(n � 1)

=
dX

i =0

�
n � 1

i

�
+

d� 1X

i =0

�
n � 1

i

�

=
dX

i =0

�
n � 1

i

�
+

dX

i =0

�
n � 1
i � 1

�

=
dX

i =0

��
n � 1

i

�
+

�
n � 1
i � 1

��

=
dX

i =0

�
n
i

�
: �

Lemma. For n � d � 1
dX

i =1

�
n
i

�
<

� en
d

� d
:
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Proof.
For 0 � i � d and n � d

(m=d)d(d=m) i � 1;

so
dX

i =1

�
n
i

�
� (n=d)d

dX

i =1

�
n
i

�
(d=n) i � (n=d)d(1 + d=n)n < (ne=d)d: �

This now lets state the generalization bound in terms of VC dimension.

Theorem. Let H be a classof indicator functions with VC dimension d and S =
f zi gn

i =1 drawn i.i.d. then with probability at least 1� e� t= 8 (t > 0) for the empirical
minimizer, f S ,

IEx;y I f f S (x )6= yg < n� 1
nX

i =1

I f f S (x i )6= y i g + 2

r
(8d log(8en=d) + t)

n
:

Proof. From the proof of lemma we have

IP

 

sup
f 2H

jD (f ; S)j � �

!

� 84 n (H ; S)e� n� 2 =8;

therefore since4 n (H ; S) �
�

en
d

� d
; we have

IP

 

sup
f 2H

jD (f ; S)j � �

!

� 8
� en

d

� d
e� n� 2 =8;

and setting e� t= 8 = 8
�

en
d

� d
e� n� 2 =8 givesus

IEx;y I f f S (x )6= yg < n� 1
nX

i =1

I f f S (x i )6= y i g +

r
(8d log(8en=d) + t + 8 log8)

n
;

for n > 2 and d > 1 8 log8 < 8d log(en=d) so
r

(8d log(8en=d) + t + 8 log8)
n

< 2

r
(8d log(8en=d) + t)

n
;

which provesthe theorem. �

Theorem. For a classof indicator functions ERM the following are equivalent

(1) ERM is consistent
(2) for all " > 0

lim
n !1

8 log4 n (H )
n

= 0:

(3) the VC dimension v(H) is �nite.

8.6. Kolmogoro v chaining

In this section we intro duce Kolmogorov chaining which is a much more e�cien t
way of constructing a cover. In the processwe derive Dudley's entropy integral.

We �rst de�ne an empirical norm.
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De�nition. Given S = f x1; :::; xn g the empirical `2 norm is

� S (f ; g) =

 

n� 1
nX

i =1

(f (x i ) � g(x i ))2

! 1=2

:

We can de�ne a cover given the empirical norm

De�nition. Given a hypothesisspace H and the above norm, the covering number
N (H ; �; � S ) is the minimal number ` 2 IN such that for every f 2 H there exists
functions f gi g`

i =1 such that

� S (f ; gi ) � � for somei .

The proof of the following theorem is identical to the proof of lemma 8.5.

Theorem. Given the square loss and H be a functions such that � 1 � f (x) � 1,
y 2 [� 1; 1] and S = f zi gn

i =1 drawn i.i.d. then with probability at least 1 � e� t= 8

(t > 0) for the empirical minimizer, f S ,

IEx;y (f S (x) � y)2 < n� 1
nX

i =1

(f S (x i ) � yi )2 +

r
(8 logN (H ; "=8M ; � S) + t)

n
;

where N (H ; "=8M ; � S) is the empirical cover.

The key idea in the proof of both lemma 8.5 and the above theorem is that

IP(jD (f ; S)j > � ) � 4 IP

 �
�
�
�
�
n� 1

nX

i =1

� i f (x i )

�
�
�
�
�

> �=4

!

;

where

D(f ; S) := IEx;y (f (x) � y)2 � n� 1
nX

i =1

(f (x i ) � yi )2;

and � i is a Rademacher random variable.
We now prove the chaining theorem.

Theorem. Given a hypothesis space H where for all f 2 H � 1 � f (x) � 1 if we
de�ne

R(f ) = n� 1
nX

i =1

� i f (x i );

then

IP

 

8f 2 H ; R(f ) �
29=2

p
n

Z d(0 ;f )

0
log1=2 P(H; "; � S)d" + 27=2d(0; f )

r
u
n

!

� 1� e� u ;

where P(H ; "; � S) is the empirical packing number and
Z d(0 ;f )

0
log1=2 P(H; "; � S)d"

is Dudley's entropy interal.

Proof.
Without loss of generality we will assumethat the zero function f 0g is in H .

We will construct a nestedsetsof functions

f 0g = H 0 � H 1 � H 2::: � H j � :::H :

Thesesubsetswill have the following properties
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(1) 8f ; g 2 H j � S (f ; g) > 2� j

(2) 8f 2 H 9 f 2 H j such that � S (f ; g) � 2� j .

Given a set H j we can construct H j +1 via the following procedure:

(1) H j +1 := H j

(2) Find all f 2 H such that for all g 2 H j +1 � S (f ; g) > 2� ( j +1)

(3) Add the above f to H j +1 .

We now de�ne a projection operation � j : H ! H j where given f 2 H

� j (f ) := g where g 2 H j such that � S (g; f ) � 2� j :

For all f 2 H the following chaining holds

f = � 0(f ) + (� 1(f ) � � 0(f )) + (� 2(f ) � � 1(f )) + :::

=
1X

j =1

(� j (f ) � � j � 1(f )) ;

and

� S (� j � 1(f ); � j (f )) � � (� j � 1(f ); f ) + � S (� j (f ); f )

� 2� ( j � 1) + 2� j = 3 � 2� j � 2� j +2 :

R(f ) is a linear function, so

R(f ) =
1X

j =1

(� j (f ) � � j � 1(f )) :

The set of links in the chain betweentwo levels are de�ned as follows

L j � 1;j := f f � g : f 2 H j ; g 2 H j � 1 and � S (f ; g) � 2� j +2 g:

For a �xed link ` 2 L j � 1;j

R(l) = n� 1
nX

i =1

� i `(x i );

and j`(x i )j � 2� j +2 so by Hoe�ding's inequality

IP(R(`) � t) � e� nt 2 =( 2
n

P n
i =1 ` 2 (x i ))

� e� nt 2 =(2 �2� 2 j +4 ) :

The cardinalit y of the set of links is

jL j � 1;j j � jH j j � jH j � 1 j � (jH j j)2:

So
IP (8` 2 L j � 1;j ; R(`) � t) � 1 � (jH j j)2 e� nt 2 =2� 2 j +5

;

setting

t =

r
2� 2j +5

n
(4 log jH j j + u) �

r
2� 2j +5

n
4 logjH j j +

r
2� 2j +5 u

n
;

givesus

IP

 

8` 2 L j � 1;j ; R(`) �
27=22� j log1=2 jH j j

p
n

+ 25=22� j

r
u
n

!

� 1 �
1

jH j j
e� u :
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If H j � 1 = H j then

� j � 1(f ) = � j (f ) and L j � 1;j = f 0g:

So over all levels and links with probabilit y at least 1 �
P 1

j =1
1

jH j j e
� u

8j � 1; 8` 2 L j � 1;j ; R(`) �
27=22� j log1=2 jH j j

p
n

+ 25=22� j

r
u
n

;

and

1 �
1X

j =1

1
jH j j

e� u � 1 �
1X

j =1

1
j 2 e� u = 1 �

�
� 2

6
� 1

�
e� u � 1 � e� u :

For somelevel k
2� (k+1) � d(0; f ) � 2� k

and
0 = � 0(f ) = � 1(f ) = � � � = � k (f ):

So

R(f ) =
1X

j = k+1

R(� j (f ) � � j � 1(f ))

�
1X

j = k+1

�
27=22� j

p
n

log1=2 jH j j + 25=22� j

r
u
n

�

�
1X

j = k+1

�
27=22� j

p
n

log1=2 P(H; 2� j ; � S )
�

+ 25=22� k

r
u
n

:

Since2� k < 2d(f ; 0) we get the secondterm in the theorem

27=2d(0; f )

r
u
n

:

For the �rst term
1X

j = k+1

27=22� j

p
n

log1=2 P(H; 2� j ; � S ) �
29=2

p
n

1X

j = k+1

2� ( j +1) log1=2 P(H; 2� j ; � S )

�
29=2

p
n

Z 2� ( k +1)

0
log1=2 P(H; "; � S)d"

�
29=2

p
n

Z d(0 ;f )

0
log1=2 P(H; "; � S)d";

the above quantit y is Dudley's entropy integral. �

8.7. Covering num bers and V C dimension

In this section we will show how to bound covering numbers via VC dimension.
Covering numbers as we have intro duced them have beenin generalfor real-valued
functions and not indicator functions.

The notion of VC-dimension and VC classescan be extended to real-valued
functions in a variety of mappings. The most standard extension is the notion of
VC subgraph classes.
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De�nition. A subgraph of function f (x) where f : X ! IR is the set

F f = f (x; t) 2 X � IR : 0 � t � f (x) or f (x) � t � 0g:

De�nition. The subgraph of a classof funtions H are the sets

F = fF f : f 2 Hg:

De�nition. If F is a VC classof sets then H is a VC subgraph classof functions
and v(H) = v(F ):

We now show that we can upper-bound the covering number with the empirical
`1 norm with a function of then VC dimension for a hypothesis spaceswith �nite
VC dimension.

Theorem. Given a VC subgraph classH where � 1 � f (x) � 1 8f 2 H and x 2 X
with v(H) = d and � S (f ; g) = n� 1 P n

i =1 jf (x i ) � g(x i )j then

P(H ; "; � s) �
�

8e
"

log
7
"

� d

:

The bound in the above theorem can be improved to

P(H ; "; � s) �
�

K
"

� d

;

however, the proof is more complicated so we prove the weaker statement.
Proof.

Set m = P(H ; "; � s) so f f 1; :::; f m g are "-separatedand each function f k has its
respective subgraph F f k .

Sample uniformly from f x1; :::; xn g k elements f z1; :::zk g and uniformly on
[� 1; 1] k elements f t1; :::; tk g.

We now bound the probabilit y that the subgraphsof two "-separatedfunctions
pick out di�eren t subsetsof f (z1; t1); :::; (zk ; tk )g

IP (F f k and F f l pick out di�eren t subsetsof f (z1; t1); :::; (zk ; tk )g)

= IP (at least one (zi ; t i ) is picked out by either F f k or F f l but not the other)

= 1 � IP (all (zi ; t i ) are picked out by both or none) :

The probabilit y that (zi ; t i ) is either pickedout by either both F f k ; F f l or by neither

8.8. Symmetrization and Rademac her complexities

In the previous lectures we have consideredvarious complexity measures,such as
covering numbers. But what is the right notion of complexity for the learning
problem we posed? Consider the covering numbers for a moment. Take a small
function classand take its convex hull. The resulting classcan be extremely large.
Nevertheless,the supremum of the di�erence of expected and empirical errors will
be attained at the vertices, i.e. at the baseclass. In somesense,the \inside" of
the classdoesnot matter. The covering numbers take into account the whole class,
and therefore become very large for the convex hull, even though the essential
complexity is that of the base class. This suggeststhat the covering numbers
are not the ideal complexity measure. In this lecture we intro duce another notion
(Rademacher averages),which canbeclaimedto be the \correct" one. In particular,
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the Rademacher averagesof a convex hull will be equal to those of the baseclass.
This notion of complexity will be shown to have other nice properties.

Instead of jumping right to the de�nition of Rademacher Averages,we will
take a longer route and show how these averagesarise. Results on this topic can
be found in the Theory of Empirical Processes,and sowe will give somede�nitions
from it.

Let F be a classof functions. Then (Z i ) i 2I is a random processindexed by F
if Z i (f ) is a random variable for any i .

As before, � is a probabilit y measureon 
, and data x1; :::; xn � � . Then � n

is the empirical measuresupported on x1; :::; xn :

� n =
1
n

nX

i =1

� x i :

De�ne Z i (�) = (� x i � � )( �), i.e.

Z i (f ) = f (x i ) � IE� (f ):

Then Z1; :::; Zn is an i.i.d. processwith 0 mean.
In the previous lectures we looked at the quantit y

(8.1) sup
f 2F

�
�
�
�
�
1
n

nX

i =1

f (x i ) � IEf

�
�
�
�
�
;

which can be written as n supf 2F j
P n

i =1 Z i (f )j.
Recall that the di�cult y with (8.1) is that we do not know � and therefore

cannot calculate IEf . The classical approach of covering F and using the union
bound is too loose.

Prop osition. Symmetrization: If 1
n

P n
i =1 f (x i ) is close to IEf for data x1; :::; xn ,

then 1
n

P n
i =1 f (x i ) is closeto 1

n

P n
i =1 f (x0

i ), the empirical averageon x0
1; :::; x0

n (an
independent copy of x1; :::; xn ). Therefore, if the two empirical averaragesare far
from each other, then empirical error is far from expected error.

Now �x one function f . Let � 1; :::; � n be i.i.d. Rademacher random variables
(taking on values0 or 1 with probabilit y 1/2). Then

IP

" �
�
�
�
�

nX

i =1

(f (x i ) � f (x0
i ))

�
�
�
�
�

� t

#

= IP

" �
�
�
�
�

nX

i =1

� i (f (x i ) � f (x0
i ))

�
�
�
�
�

� t

#

� IP

" �
�
�
�
�

nX

i =1

� i f (x i )

�
�
�
�
�

� t=2

#

+ IP

" �
�
�
�
�

nX

i =1

� i f (x0
i )

�
�
�
�
�

� t=2

#

= 2IP

" �
�
�
�
�

nX

i =1

� i f (x i )

�
�
�
�
�

� t=2

#

Togetherwith symmetrization, this suggeststhat controlling IP (j
P n

i =1 � i f (x i )j � t=2)
is enoughto control IP

� �
� 1

n

P n
i =1 f (x i ) � IEf

�
� � t

�
. Of course,this is a very simple

example. Can we do the samewith quantities that are uniform over the class?

De�nition. Suprema of an Empirical process:

Z (x1; :::; xn ) = sup
f 2F

"

IEf �
1
n

nX

i =1

f (x i )

#

:
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De�nition. Suprema of a RademacherProcess:

R(x1; :::; xn ; � 1; :::; � n ) = sup
f 2F

"
1
n

nX

i =1

� i f (x i )

#

:

Prop osition. The expectation of the Rademacherprocessbounds the expectation
of the empirical process:

IEZ � 2IER1:

Proof.

IEZ = IEx sup
f 2F

"

IEf �
1
n

nX

i =1

f (x i )

#

= IEx sup
f 2F

"

IEx 0

 
1
n

nX

i =1

f (x0
i )

!

�
1
n

nX

i =1

f (x i )

#

� IEx;x 0 sup
f 2F

1
n

nX

i =1

(f (x0
i ) � f (x i ))

= IEx;x 0;� sup
f 2F

1
n

nX

i =1

� i (f (x0
i ) � f (x i ))

� IEx;x 0;� sup
f 2F

1
n

nX

i =1

� i f (x0
i ) + IEx;x 0;� sup

f 2F

1
n

nX

i =1

(� � i )f (x i )

= 2IER � :

As we discussedpreviously, we would like to bound the empirical processZ
since this will imply \generalization" for any function in F . We will bound Z by
the Rademacher averageIER which we will seehas somenice properties.

Theorem. If the functions in F are uniformly bounded between [a; b] then with
probability 1 � e� u

Z � 2IER +

r
2u(b� a)

n
:

Proof. The inequality involvestwo steps

(1) the concentration of Z around its mean IEZ
(2) applying the bound IEZ � 2IER

We will useMcDiarmid's inequality for the �rst step. We de�ne the following
two variables Z := Z (x1; :::; x i ; :::; xn ) and Z i := Z (x1; :::; x0

i ; :::; xn ). Since a �
f (x) � b for all x and f 2 F :

�
�Z i � Z

�
� =

�
�
�
�
�
�
sup
f 2F

jIEf � n� 1
nX

j =1

f (x j ) +
�
n� 1f (x i ) � n� 1f (x0

i )
�

j � sup
f 2F

jIEf � n� 1
nX

j =1

f (x j )j

�
�
�
�
�
�

� sup
f 2F

1
n

jf (x i ) � f (x0
i )j �

b� a
n

= ci :

1The quantit y IER is called a Rademacher average.
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This bounds the Martingale di�erence for the empirical process.Given the di�er-
encebound McDiarmid's inequality states

IP (Z � IEZ > t) � exp

 
� t2

2
P n

i =1
(b� a)2

n 2

!

= exp
�

� nt 2

2(b� a)2

�
:

Therefore, with probabilit y at least 1 � e� u ,

Z � IEZ <

r
2u(b� a)

n
:

Soasthe number of samples,n, grows, Z becomesmore and more concentrated
around IEZ .

Applying symmetrization provesthe theorem. With probabilit y at least1� e� u .

Z � IEZ +

r
2u(b� a)

n
� 2IER +

r
2u(b� a)

n
: �

McDiamid's inequality doesnot incorporate a notion of variancesoit is possible
to obtain a sharper inequality using seeTalagrand's inequality for the suprema of
empirical processes.

We are now left with bounding the Rademacher average. Implicit in the pre-
vious lecture on on Kolmogorov chaining was such a bound. Before we restate
that result and give some exampleswe state some nice and useful properties of
Rademacher averages.

Prop erties. Let F , G be classesof real-valued functions. Then for any n,
(1) If F � G, then IER(F ) � IER(G)
(2) IER(F ) = IER(convF )
(3) 8c 2 IR, IER(cF ) = jcjIER(F )
(4) If � : IR ! IR is L -Lipschitz and � (0) = 0, then IER(� (F )) � 2L IER(F )
(5) For RKHS balls, c(

P 1
i =1 � i )

1=2 � IER(F k ) � C(
P 1

i =1 � i )1=2, where � i 's
are eigenvaluesof the corresponding linear operator in the RKHS.

Theorem. The Rademacheraverage is bounded by Dudley's entropy integral

IE� R � c
1

p
n

Z D

0

p
logN (�; F ; L 2(� n ))d�;

where N denotesthe covering number.

Example. Let F be a classwith �nite VC-dimension V. Then

N (�; F ; L 2(� n )) �
�

2
�

� kV

;

for someconstant k. The entropy integral above is bounded as
Z 1

0

p
logN (�; F ; L 2(� n ))d� �

Z 1

0

p
kV log2=� d�

� k0
p

V
Z 1

0

p
log2=� d� � k

p
V :

Therefore, IE� R � k
q

V
n for someconstant k.



LECTURE 9
Generalization bounds

9.1. Generalization bounds and stabilit y

We de�ne an algorithm A to be a mapping from a training set S = f z1; : : : ; zn g to
a function f S . Here, zi := (x i ; yi ).

How do we measurethe performanceof A ? First, we intro ducea lossfunction
V, so that V(f (x); y) measuresthe penalty of predicting the value f (x) at point x
while the true value is y. One goal of learning is to minimize the expected error at
a new point:

I [f ] := IE(x ;y ) [V (f (x); y)] =
Z

V(f (x); y)d� (x; y)

Unfortunately , we cannot compute the above quantit y becausethe measure
� is unknown. We therefore try to upper bound it. The natural approach is to
approximate the expectation by the average(empirical error1) on the given sample
S:

I S [f ] =
1
n

nX

i =1

V (f (x i ); yi ):

Generalization bounds are probabilistic bounds on the di�er ence I [f ] � I S [f ].
But how far is I S [f ] from I [f ]? For a �xed function f , the di�erence between

thesetwo quantities is small (law of large numbers). What if the algorithm chooses
di�eren t f ? Then f is itself is a random function, as denotedby f S , and in general
we cannot control the di�erence I S [f S ] � I [f S ].

The classicaluniform generalization bounds use somenotion of the \size" of
the function classand hold for all functions in the class:

IPS f sup
f 2F

jI [f ] � I S [f ]j > � g � � (F ; n; � ):

It doesn't matter what the algorithm is doing becausethese bounds give a
guarantee for all of them at the same time! These types of bounds ignore the
fact that we are dealing with a speci�c algorithm. The only knowledge about
the algorithm used in these types of bounds is \functions are chosenfrom a �xed

1The true and empirical risks are denoted in Bousquet & Elissee� as R(A ; S) and R̂(A ; S), re-
spectively, to emphasize the algorithm that produced f S .
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function classF ". Once the function classis �xed, no matter what algorithm we
are using, uniform bounds would provide the same bound on the generalization
error.

Now, imagine that the algorithm is actually outputing only one function. The
generalization bound then follows, as mentioned above, from the law of large num-
bers, and is tighter than the uniform bound over a large function class. Of course,
this is an extreme example, but the main messageis: to get better bounds on
the performanceof the algorithm, one should usethe knowledgeabout the speci�c
algorithm.

Such knowledgecan come in di�eren t forms. One useful (as we will seenow)
assumptionis \algorithmic stabilit y". It turns out that if the function output by al-
gorithm doesnot changemuch when onetraining point is perturb ed, generalization
bounds follow quite easily.

9.1.1. Uniform stabilit y

In this section we intro duce the notion of Uniform Stability and show how general-
ization boundscan be obtained for uniformly stable algorithms. In the next section
we will show that Tikhonov regularization algorithm exhibits such stabilit y, and
therefore we get guaranteeson its performance.

We assumethat A is deterministic, and that A doesnot depend on the ordering
of the points in the training set.

De�ne D[S] = I [f S ] � I S [f S ], the defect, or generalization error. It measures
the discrepancybetweenthe expectedlossand the empirical estimate. Sincewe can
measureI S [f S ], bounds on D[S] can be translated into bounds on I [f S ]. We would
like to show that with high probabilit y D [S] is small. Then if we can observe that
I S [f S ] is small, it will follow that I [f S ] must be small. Note that in this approach
we are not concernedwith \go od performance" of all functions, but only the one
produced by our algorithm:

IPS (jI S [f S ] � I [f S ]j > � ) < �

Given a training set S, we de�ne Si;z to be the new training set obtained when
point i of S is replaced by the new point z 2 Z . We will overload the notation
by writing the loss function as V (f ; z) instead of V (f (x); y), where z = (x; y). To
obtain the results of this section, we also needto assumethat the loss function V
is positive and upper-bounded by M .

De�nition. We say that an algorithm A has uniform stability � (is � -stable) if

8(S;z) 2 Z n +1 ; 8i; sup
u

jV (f S ; u) � V (f S i;z ; u)j � � :

An algorithm is � -stable if, for any possible training set, we can replace an
arbitrary training point with any other possible training point, and the loss at
any point will changeby no more than � . Uniform stabilit y is a strong requirement
becauseit ignoresthe fact that the points are drawn from a probabilit y distribution.
For uniform stabilit y, the function still has to changevery little even when a very
unlikely (\bad") training set is drawn.

In general,the stabilit y � is a function of n, and should perhapsbe written � n .
Given that an algorithm A has stabilit y � , how can we get bounds on its

performance?The answer is: we will useConcentration Inequalities, intro duced in
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the previous lectures. In particular, McDiarmid's Inequality will prove to be useful
for obtaining exponential bounds on the defect D [S].

Recall McDiarmid's Inequality:
Given random variablesf z1; : : : ; zn g = S, and a function F : zn ! IR satisfying

sup
z1 ;::: ;zn ;z 0

i

jF (z1; : : : ; zn ) � F (z1; : : : ; zi � 1; z0
i ; zi +1 ; : : : ; zn )j � ci ;

the following statement holds:

IP (jF (z1; : : : ; zn ) � IES (F (z1; : : : ; zn )) j > � ) � 2exp
�

�
2� 2

P n
i =1 c2

i

�
:

We will apply McDiarmid's inequality to the function F (z1; : : : ; zn ) = D [S] =
I [f S ] � I S [f S ]. We will show two things: that D [S] is close to its expectation
IED[S], and that the expectation is small. Both of these will follow from uniform
� -stabilit y.

IESD[f S ] = IES [I S [f S ] � I [f S ]]

= IES;z

"
1
n

nX

i =1

V(f S (x i ); yi ) � V (f S (x); y)

#

= IES;z

"
1
n

nX

i =1

V(f S i;z (x); y) � V (f S (x); y)

#

� � :

The secondequality follows by exploiting the \symmetry" of expectation: The
expected value of a training set on a training point doesn't change when we \re-
name" the points.

Now we need to show that the requirements of McDiarmid's theorem are sat-
is�ed:

jD [f S ] � D [f S i;z ]j = jI S [f S ] � I [f S ] � I S i;z [f S i;z ] + I [f S i;z ]j

� jI [f S ] � I [f S i;z ]j + jI S [f S ] � I S i;z [f S i;z ]j

� � +
1
n

jV (f S (x i ); yi ) � V (f S i;z (x); y)j

+
1
n

X

j 6= i

jV (f S (x j ); yj ) � V (f S i;z (x j ); yj )j

� � +
M
n

+ �

= 2� +
M
n

:

By McDiarmid's Inequality, for any � ,

IP (jD [f S ] � IED [f S ]j > � ) � 2exp

 

�
2� 2

P n
i =1 (2(� + M

n ))2

!

=

= 2exp

 

�
� 2

2n(� + M
n )2

!

= 2exp
�

�
n� 2

2(n� + M )2

�
:
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Note that

IP(D [f S ] > � + � ) = IP(D [f S ] � IED [f S ] > � )

� IP(jD [f S ] � IED [f S ]j > � )

Hence,

IP(I S [f S ] � I [f S ] > � + � ) � 2exp
�

�
n� 2

2(n� + M )2

�

If we de�ne

� := 2exp
�

�
n� 2

2(n� + M )2

�
:

Solving for � in terms of � , we �nd that

� = (n� + M )

r
2 ln(2=� )

n
:

By varying � (and � ), we can say that for any � 2 (0; 1), with probabilit y 1 � � ,

I [f S ] � I S [f S ] + � + (n� + M )

r
2 ln(2=� )

n
:

Note that if � = k
n for somek, we can restate our bounds as

P
�

jI [f S ] � I S [f S ]j �
k
n

+ �
�

� 2exp
�

�
n� 2

2(k + M )2

�
;

and with probabilit y 1 � � ,

I [f S ] � I S [f S ] +
k
n

+ (2k + M )

r
2 ln(2=� )

n
:

What is the best rate of convergencethat can be achieved with this method?
Obviously, the best possiblestabilit y would be � = 0 | the function can't change
at all when you changethe training set. An algorithm that always picks the same
function, regardlessof its training set, is maximally stable and has � = 0. Using
� = 0 in the last bound, with probabilit y 1 � � ,

I [f S ] � I S [f S ] + M

r
2 ln(2=� )

n
:

The convergenceis still O
�

1p
n

�
. So once � = O( 1

n ), further increasesin stabilit y

don't changethe rate of convergence.
With only relatively few papers on stabilit y in Machine Learning, there is a

proliferation of namesand kinds of stabilities, which can causelots of confusion.
Here we mention a few to give a taste of kinds of perturbations consideredin the
literature.

De�nition. An algorithm is (� ; � ) error stable if

8� (S;u); 8i; jI [f S ] � I [f S i;u ]j � � :

De�nition. An algorithm is � L 1-stableat S:

8i; u 2 Z ; IEz [jV (f S ; z) � V (f S i;u ; z)j] � � :

De�nition. An algorithm is (� ; � ) cross-validation stable:

8� (S;u) 2 Z n +1 ; 8i; jV (f S ; u) � V (f S i;u ; u)j � � :
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We have used McDiarmid's inequality to prove a generalization bound for a
uniformly � -stable algorithm. Note that this bound cannot tell us that the expected
error will be low a priori, it can only tell us that with high probabilit y, the expected
error will becloseto the empirical error. Wehaveto actually observea low empirical
error to concludethat we have a low expected error.

Uniform stabilit y of O
�

1
n

�
seemsto be a strong requirement. In the next

section, we will show that Tikhonov regularization possessesthis property.

9.2. Uniform stabilit y of Tikhono v regularization

Recall the de�nition of Tikhonov Regularization:

f S = argmin
f 2H

"

n� 1
nX

i =1

V (f (x i ); yi ) + � kf k2
K

#

;

where H is an RKHS with kernel K .

Prop osition. Under mild conditions Tikhonov regularization is is uniformly stable
with

� =
L 2� 2

�n
;

where the constants L and � wil l be de�ned with respect to the mild conditions.

Given the above stabilit y condition and the results from the previous section,
we have the following bound:

IP
�

jI [f S ] � I S [f S ]j �
k
n

+ �
�

� 2exp
�

�
n� 2

2(k + M )2

�
:

Equivalently , with probabilit y 1 � � ,

I [f S ] � I S [f S ] +
k
n

+ (2k + M )

r
2 ln(2=� )

n
:

We now prove the proposition and state the mild conditions.
Proof.
The �rst condition is on the loss function:

De�nition. A loss function (over a possiblybounded domain X ) is Lipschitz with
Lipschitz constant L if

8y1; y2; y0 2 Y; jV (y1; y0) � V (y2; y0)j � L jy1 � y2j:

Put di�eren tly , if we have two functions f 1 and f 2, under an L-Lipschitz lossfunc-
tion,

sup
(x ;y )

jV (f 1(x); y) � V (f 2(x); y)j � L jf 1 � f 2j1 :

Yet another way to write it:

jV (f 1; �) � V (f 2; �)j1 � L jf 1(�) � f 2(�)j1 :

If a loss function is L -Lipschitz, then closenessof two functions (in L 1 norm)
implies that they are close in loss. The converse is false | it is possible for the
di�erence in lossof two functions to be small, yet the functions to be far apart (in
L 1 ):

Example. Consider constant loss V = const. The di�er ence of lossesof any two
functions is zero while the functions can be far apart from each other.
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The hinge loss and the � -insensitive loss are both L -Lipschitz with L = 1. The
squarelossfunction is L Lipschitz if we can bound the y valuesand the f (x) values
generated. The 0 � 1 loss function is not L -Lipschitz at all | an arbitrarily small
changein the function can changethe lossby 1:

f 1 = 0; f 2 = �; V (f 1(x); 0) = 0; V(f 2(x); 0) = 1:

Assuming L-Lipschitz loss,we have transformed the problem of bounding

sup
u2Z

jV (f S ; u) � V (f S i;z ; u)j

into a problem of bounding

jf S � f S i;z j1 :

As the next step, we bound the L 1 norm by the norm in the RKHS assosiatedwith
the kernel K . We now imposethe secondcondition: there exists a � satisfying

8x 2 X ;
p

K (x; x) � �:

Under the above assumption, using the reproducing property and the Cauchy-
Schwartz inequality, we can derive the following:

8x jf (x)j = jhK (x; �); f (�)i K j

� jjK (x; �)jjK jj f jjK

=
p

hK (x; �); K (x; �)i jj f jjK

=
p

K (x; x)jj f jjK

� � jj f jjK

Since above inequality holds for all x , we have jf j1 � jj f jjK . Hence, if we can
bound the RKHS norm, we can bound the L 1 norm. We have now reduced the
problem to bounding jj f S � f S i;z jjK .

Lemma. For Tikhonov regularization under the above mild conditions

jj f S � f S i;z jj2
K �

L jf S � f S i;z j1
�n

:

This lemma says that when we replacea point in the training set, the changein the
RKHS norm (squared) of the di�erence between the two functions cannot be too
large compared to the change in L 1 . Using the lemma and the relation between
L K and L 1 ,

jj f S � f S i;z jj2
K �

L jf S � f S i;z j1
�n

�
L� jj f S � f S i;z jjK

�n

Dividing through by jj f S � f S i;z jjK , we derive

jj f S � f S i;z jjK �
�L
�n

:
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Using again the relationship betweenL K and L 1 , and the L Lipschitz condition,

supjV (f S (�); �) � V (f Sz ;i (�); �)j � L jf S � f Sz ;i j1
� L� jj f S � f Sz ;i jjK

�
L 2� 2

�n
= � : �

We now prove lemma 9.2.
Proof. The proof involvescomparing norms of f S and f Sz ;i and usesthe notion
of divergences.
Supposewe have a convex, di�eren tiable function F , and we know F (f 1) for some
f 1. We can \guess" F (f 2) by consideringa linear approximation to F at f 1:

F̂ (f 2) = F (f 1) + hf 2 � f 1; r F (f 1)i :

The Bregman divergenceis the error in this linearized approximation:

dF (f 2; f 1) = F (f 2) � F (f 1) � hf 2 � f 1; r F (f 1)i :

We will needthe following key facts about divergences:

� dF (f 2; f 1) � 0
� If f 1 minimizes F , then the gradient is zero, and dF (f 2; f 1) = F (f 2) �

F (f 1).
� If F = A + B , where A and B are also convex and di�eren tiable, then

dF (f 2; f 1) = dA (f 2; f 1) + dB (f 2; f 1) (the derivativesadd).

Consider the Tikhonov functional

TS (f ) =
1
n

nX

i =1

V (f (x i ); yi ) + � jj f jj2
K ;

as well as the component functionals

VS (f ) =
1
n

nX

i =1

V (f (x i ); yi )
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and

N (f ) = jj f jj2
K :

Hence,TS (f ) = VS (f ) + �N (f ). If the lossfunction is convex (in the �rst variable),
then all three functionals are convex.

R

F

fs fs'

Vs'(f)

N(f)

Ts'(f)Ts(f)

Vs(f)

This picture illustrates the relation between the various functionals on the
minimizers over the original set S and the perturb ed set Si;z = S0, where (x i ; yi )
is replacedby a new point z = (x; y). Let f S be the minimizer of TS , and let f S i;z

be the minimizer of TS i;z . Then

� (dN (f S i;z ; f S ) + dN (f S ; f S i;z )) �

dTS (f S i;z ; f S) + dTS i;z (f S ; f S i;z ) =
1
n

(V (f S i;z ; zi ) � V (f S ; zi ) + V (f S ; z) � V (f S i;z ; z)) �

2L jf S � f S i;z j1
n

:

We concludethat

dN (f S i;z ; f S) + dN (f S ; f S i;z ) �
2L jf S � f S i;z j1

�n

But what is dN (f S i;z ; f S )? Let's expressour functions as the sum of orthogonal
eigenfunctionsin the RKHS:

f S(x) =
1X

n =1

cn � n (x)

f S i;z (x) =
1X

n =1

c0
n � n (x)



LECTURE 9. GENERALIZA TION BOUNDS 97

Once we expressa function in this form, we recall that

jj f jj2
K =

1X

n =1

c2
n

� n

Using this notation, we reexpressthe divergencein terms of the ci and c0
i :

dN (f S i;z ; f S) = jj f S i;z jj2
K � jj f S jj2

K � hf S i;z � f S ; rjj f S jj2
K i

=
1X

n =1

c02
n

� n
�

1X

n =1

c2
n

� n
�

1X

i =1

(c0
n � cn )(

2cn

� n
)

=
1X

n =1

c02
n + c2

n � 2c0
n cn

� n

=
1X

n =1

(c0
n � cn )2

� n

= jj f S i;z � f S jj2
K

We concludethat

dN (f S i;z ; f S ) + dN (f S ; f S i;z ) = 2jj f S i;z � f S jj2
K

Combining theseresults provesour Lemma:

jj f S i;z � f S jj2
K =

dN (f S i;z ; f S ) + dN (f S ; f S i;z )
2

�
2L jf S � f S i;z j1

�n
We have shown that Tikhonov regularization with an L-Lipschitz loss is � -

stable with � = L 2 � 2

�n . If we want to actually apply the theorems and get the
generalization bound, we needto bound the loss(note that this was a requirement
in the previous section). So, is the lossbounded?

Let C0 be the maximum value of the loss when we predict a value of zero. If
we have bounds on X and Y, we can �nd C0. Noting that the \all 0" function ~0 is
always in the RKHS, we seethat

� jj f S jj2
K � T (f S)

� T (~0)

=
1
n

nX

i =1

V (~0(x i ); yi )

� C0:

Therefore,

jj f S jj2
K �

C0

�

=) jf S j1 � � jj f S jjK � �

r
C0

�

Since the loss is L -Lipschitz, a bound on jf S j1 implies boundednessof the loss
function.

A few �nal notes:
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� if wekeep� �xed aswe increasen, the generalizationbound will tighten as

O
�

1p
n

�
. However, keeping� �xed is equivalent to keepingour hypothesis

space�xed. As we get more data, we want � to get smaller. If � gets
smaller too fast, the bounds becometrivial.

� It is worth noting that Ivanov regularization

f̂ H ;S = arg min
f 2H

1
n

nX

i =1

V (f (x i ); yi )

s.t. kf k2
K � �

is not uniformly stable with � = O
�

1
n

�
. This is an important distinction

betweenTikhonov and Ivanov regularization.
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