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Abstract

The presen thesis addresseghree important issuesin modelling spatio-temporal
data: (i) dewlop a exible nonparametric Bayesianmethodology for spatial random
e ect models; (ii) extend the current Bayesian nonparametric approad to model
discrete spatial data; and (iii) construct a spatio-temporal point processthat incor-

porates establishedscieri c modelsinto a Bayesianhierarchical model.

The spatial Dirichlet process(SDP)is the rst attempt to introduce a nonpara-
metric model for a neither Gaussiannor stationary spatial process.The SDP arises
as a probability weighted collection of random surfaces. This can be unattractive
for modelling, henceinferertial purposessinceit insists that a processrealization
is one of these surfaces. In Chapter 2, we introduce a generalizedspatial Dirichlet
process(GSDP)model for the spatial e ects that allows di erent surfaceselectionat
di erent sites. Moreover, we can specify the model to presene the property that the
marginal distribution of the e ect at ead site still comesfrom a Dirichlet process.
The dewelopmern is o ered constructively, providing a multiv ariate extensionof the
stick-breaking represetation of the weights. We then intro duce mixing using this
generalizedspatial Dirichlet process(GSDP). We illustrate the tting of this novel
model with a simulated data setand demonstratehow to embed the GSDP within a

dynamic linear model.

In Chapter 3, we extend the SDP to a generalizedlinear model(GLM) setting
by proposinga Bayesiannonparametricspatial approad to analyzediseasenapping
data. We dewlop a hierardical speci cation using random e ects modelled with a
spatial Dirichlet processprior. We introduce a dynamic formulation for the spatial

random e ects to apply the model to spatio-temporal settings.

Chapter 4 introducesa novel structured model for spatio-temporal point pro-



cesses.We formulate a dynamic Cox processmodel where the ewlution of latent
intensity is governed by deterministic and stochastic di erential equationsdescrib-
ing the population growth medanisms. We construct a Bayesianhierarchical model
basedon this point processand propose a processconvolution approximation for
statistical inference. We addressthe Bayesianestimation and space-timeprediction

issuesand illustrate with simulated and real houseconstruction data examples.
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Chapter 1

Intro duction

Spatial data are obsenations asseiated with a set of geographicallocations in a
certain domain. For example, (i) in ervironmertal science,we may obsene pollu-
tant at xed stations; (ii) in public health, researbersare interestedin geographical
dispersionof cancerratesin di erent statesand courties; (iii) in real estate market,
peopleare interestedin how houseprices are related to locations. Spatial data can
be modelled asrealizations of vector valued random elds at a setof xed locations.
The spatial correlation structure is introduced through the form of spatial random
e ects, where a term capturing residual spatial correlation is explicitly introduced.
In this thesis, we will proposea classof very exible nonparametric models for the

spatial random e ects.

There are caseswherethe spatial domain, the set of geographicallocations and
the momerts of obsenations are also random. These constitute a space-timepoint
pattern, which arisein many di erent settings, e.g., (i) ecologywherewe might seek
the ewlution of the range of a speciesover time, (ii) diseaseincidence examining
s&y the pattern of cancer casesover time, (iii) astronony where the goal is the
ascertainmem of newly discoveredstars, and (iv) urban developmen explainedusing

s&y the pattern of singlefamily homesconstructedover time. The random locations



and momerns of theserandom ewens are customarily modelled as a spatio-temporal
point processwith an inhomogeneousntensity surface. The classicalCox model
views the intensity surfaceas a realization of another spatial random process. The
space-timepoint process,in the Cox model framework, can be modelled with the
dynamics of the intensity surface. In this thesis, we introduce a classof stochastic

di erential equationsto model the dynamicsof the ewlving intensity surface.

1.1 Bayesian Nonparametric Spatial Statistics

Spatial random e ects aretraditionally modelledasa mean-zerostationary Gaussian
process(GP). The stationarity or the Gaussianassumptionis inappropriate in many
cases. Flexible and computationally tractable modelling to relax the stationarity
assumptionincludes the spatially varying kernel approad of Higdon et al. (1999)
and the local stationarity approad of Fuertes and Smith (2001) but both are still

within the setting of GP's. The fundamertal paper of Sampsonand Guttorp (1992)
intro ducesa nonparametricspeci cation for the covariancefunction, asdoesfollowup
work by Damian et al. (2001) and Sdmidt and O'Hagan (2003) but all still employ
a GP in the likelihood.

The Gaussianassumptionis criticized whenthe spatial variability is attributable
to more than one latent processeso that, for example,a mixture of Gaussianpro-
cessesvould be more appropriate. SeeBrown et al. (2003) for a recert exampleor
Palaciosand Steel(2004)for the developmen of a classof modelsthat canaccommo-
date heavy tail behaviors. Recertly, Gelfandet al. (2005) proposeda spatial Dirichlet
process(SDP) mixture model which adoptsa stationary and Gaussianbasemeasure.
Howeer, the resulting random stochastic processis nonstationary and its joint -
nite dimensionaldistributions are not normal. The use of the SDP speci cation to

model the distribution of the spatial componert in a spatial random e ect model



leadsto a fully Bayesiansemiparametricapproad that, for tting purposes,relies
on well-known results and algorithms deweloped for Dirichlet process(DP) mixing.
See,among others, Escobarand West (1995) and MacEadern and Meuller (1998).
Becauseour generalizedspatial Dirichlet processmodels are a generalizationof the

SDP, we will rst briey reviewthe SDP modelsin the following section.

1.1.1 Spatial Diric hlet Pro cess Mo dels

Denote the stochastic processby fY(s):s2 Dg, D RY.  Within this domain
D, let s™ = (sy;::5;s,) be a specic set of distinct locations at which the ob-
senations are collected. Assumethat we have replicate obsenations available at
ead location and therefore that the full data consist of the collection of vectors
Yy = fYi(s); i Ye(sn)g™, t = 1;:5T. In fact, imbalance or missingnesscan be
accommalated in Y;(s;) through customary latent variable methods.

For a measurablespace( ;B), the Dirichlet process(DP), (Fergusonl1973,1974)
speci es random distributions on  denotedby DP( Gy), where > 0 is a scalar
precisionparameterand Gg a speci ed basedistribution de ned on( ;B). A random
distribution function on ( ;B) arising from DP( Gg) is almost surely discrete and
admits the represetation P |1=1 P, where | denotesa point massat |;pi = ¢,
p = qQ'rzi(l G), | = 2,3;::5with g, r = 1;2;:::; independenrly and idertically
distributed asBeta(1; ). The ,'s areindependernt and idertically distributed asGy
and alsoindependen of the g's, | = 1;2;::: (Sethuraman 1994). In this notation,

is assumedo be scalaror vector-valued, the latter caseleadingto a multiv ariate DP.

To model Yp fY(s) :s2 Dg, following Gelfand et al. (2005), one can con-
ceptually extend | to a realization of a random eld by replacingit with |, =
f (s):s2 Dg. For instance, G, can be a stationary GP, from which ead real-

ization ., is a surfaceover D. The resulting random processor distribution, G,



P
for Yp is denoted by |1:1 o] and the construction is referred to as a spatial

D
Dirichlet process(SDP) model. The interpretation is that for the s(™ above, G in-
ducesa random probability measureG©™) on the spaceof distribution functions for
fY(s1); Y (Sh)g. To simplify our notation, we will useG™ instead of G&™) in as
follows. Thus, we have that G™  DP( GI), whereG!™ , G is the n-variate
distribution for fY(sy);:::;Y(sh)g induced by Go. E.g., Gg”) is an n-variate normal
distribution if Gy is takento be a GP.

Gelfand et al. (2005) notice a connectionbetweenthe spatial DP above and the
conceptof a dependen Dirichlet process(DDP) dewloped by MacEadern (2000).
The DDP providesa formal framework that describesa stochastic processof random
distributions. Thesedistributions are dependen, sud that, at eat index value, the
distribution is a univariate DP. In the above setting, G inducesa random distribution
G(Y(s)) for eath s, hencethe set&;  fG(Y(s)) : s2 Dg which, under su cient
conditions (MacEadern 2000)will be a DDP.

For a stationary G (i.e., cof | (si); | (sj)g dependsupons; ands; only through
Si sj), the choice of the covariance function determineshow smaooth the process
realizations are. Kent (1989), for instance, shaws that, if the covariance function
admits a secondorder Taylor-seriesexpansionwith a remainderthat goesto O at the
rate of 2+ for some > Othen (sj) (sj) ! O, almost surely, asjjsi sjjj

P
! 0. But then, in the represetation of Gas p _, the cortinuity of | implies

l;
that the random marginal distributions G(Y (s;)) and G(Y (s;j)), are sud that the
di erence betweenthem tendsto O almost surely, asjjs; sjjj ! 0. This cortinuity
property implies that we can learn about G(Y (s)) more from data at neighboring

locations than from data at locations further away, asin usual spatial prediction.

P
For G arising from Gg and , note that given G, EfY(s) j Gg = P, (s) and



varfY(s)j Gg= P P 2(s) fP o] |(s)gz. Moreover for a pair of sitess; and s;,
X nx onx 0

covfY(si);Y(sj) ] Gg= Py (si) o (s) P (si) po(s) - (11)
Hence,the random processG hasheterogeneousarianceand is nonstationary. If Gg
is a mean zero stationary GP with variance 2 and correlation function (si s),
where the (possibly vector valued) parameter species (), then, marginalizing
over G, EfY(s)g=0, varfY(s)g= 2 and cof Y (s));Y(sj)g= 2 (si sj). That is,
G is certered around a stationary processwith constant variance but it has non-
constart varianceand is nonstationary. Also, with almost surely cortinuous process
realizations, (1.1) makesit clearthat the SDP is meansquarecortinuous. That is,
given G, lim;s < oE[fY(s) Y(s9g°jG] = O.

Sincethe almost sure discretenesof G will be undesirablein practice, mixing a
pure error processwith variance 2 with respect to G createsa random processF
which has cortinuous support. If p given G is a realization from G and Yp D
is a realization from the pure error process,then, operating formally, we nd that,
marginally, Yp arisesfrom the processF which can be de ned asthe convolution

Z
FYjG 2= KYy pj 2Gdbp):

By di er entiating with respect to Yp, we obtain the density,

Z
f YojG 2= kYo opj ? G(dp): (1.2)

HereK and k denotethe joint distribution function and density function, respectively,
of the pure error processover D. k might denotea N (0; 2) ort,(0; 2) density. Hence
for any s, we have
Z
fY()iG 2= kY(s ()] 2G(d(s):

5



In other words, by intro ducing the normal mixing kernel, we decompseY (s) into the
sumof (s)+ (s), where (s) arisesfrom the above spatial DP prior model and (s)
is white noisewith N (0; ?) distribution: similar to the customary partitioning the
spatially correlated residual into a spatial random e ect and a nugget componert.
The processmodel is created by cornvolving distributions rather than cornvolving
processvariablesasin Higdon et al. (1999) or Fuertes and Smith (2001).

For the nite setoflocationss(™ = (s;;::5;S,), (1.2) impliesthat the joint density
for Y = fY(s1); Y (sh)g", given G™ (whereG™ DP( G{")) and 2, is

z
fyjcg™; 2= Ny Yj; 2, GV(d); (1.3)

where, to simplify the notations, (™) _ f (s1);2 (sn)g" and N, ( j ;)

denotesthe n-variate normal density/distribution (depending on the cortext) with
mean vector and covariance matrix . Again, the almost sure represetation of

P
GMas p ,where | isthevectorf |(s1);::; | (sn)g", yieldsthat f (Y j G(M; 2)

|

: P . : . .

is almost surely of the form |1:1 PN (Y j |; 2l1,), i.e. acourtable location mixture

of normals. In fact, assumingthe existenceof expectationsgiven G and 2, onecan
: : P : .

obtain that E(Y j G(; 2) = p | andthe covariancematrix yjgm.2 = 2ln +

™) where( ©™)y; = covf (s1); () j Gy is the covariancespeci ed in (1.1).

A regressionterm, X T , could typically be addedto the kernel of the mixture

model in (1.3) leadingto

Z
fYjc™;, ;2 = N, YjX" + :2, cg"Wd): (1.4)

That is, E(Y j GM; ; ) = XT + P p, whereX isap n matrix and isa
p 1 vector of regressioncoe cien ts.
Considerthe data Y; = fY,(s1);::5; Yi(Sh)g" with ass@iated X, t = 1;:::;T: Given
X, the Y; are assumedindependen from f (Y; j G(; ; 2) asin (1.4). A DP prior
6



is placedon G, i.e., GM  DP( G{") (induced by the spatial DP prior for G in
(1.2)), with GE,”) being a multiv ariate normal with meanzeroand covariance matrix
2H,( ). The full Bayesianmodel is completedby placing (independen) priors on
, 2, , 2and . Assciating with eat Y; a = f ((s1);::; «(Sh)g" wherethe
t, t = 1,...T areindependeri realizationsfrom G, the following semiparametric

hierarchical model is established

Yij o 5% Na(YLjX{ + ¢ 2n)t= 10T
(jGM™ G t= 1T
GMj ;% DP(G)EGI( ] % )=Na( 0y 2Ha()  (L5)
;2 Np( j oo ) IGamma( *ja;b)

;% Gammda ja;b) IGamma( %ja;b) [];

where [ ] indicates a prior distribution for , accordingto the bradket notation of

Gelfand and Smith (1990).

The hierarchical nature of this modelling framework enablesextensionsby replac-
ing the Gaussiandistribution (the kernel for the DP mixture) in the rst hierarchy
with other distributions, sud ast,(0; 2) aforememnioned. If Y,(s) happensto be
a discrete random variable, its distribution may belongto any of the exponertial-
dispersionfamily, hencewe can formulate a semiparametricspatial generalizedinear
model. This speci cation extendsthe work in Diggle et al. (1998) wherea stationary
GP was usedfor the spatial random e ects (seealso, e.g., Heagerlyy and Lele 1998,
Diggle et al. 1998,and Christensenand Waagepetersen2002). In this spirit, we will
apply the spatial Dirichlet processin the cortext of GLM to model discrete disease

incidencedata in Chapter 3.



1.1.2 Generalized Spatial Diric hlet Pro cess Mo dels

We give a brief introduction to the researt object of the generalizedspatial Dirich-
let processin this section. The SDP is essetially a Dirichlet processde ned on
a spaceof surfaces,with probability one, its realizations being discrete probability
measureswith courtable support (Fergusonl1973;Sethuraman 1994). Mixing against
a Gaussiankernel yields an error speci cation that can be characterizedas a court-
able location mixture of normals. The SDP insiststhat Y, = fY;(s1);:::; Yi(Sn)g" at
any t are sampledon only one realization of the random surface. We introduce a
random distribution for the spatial e ects that allows di erent surfaceselectionat
di erent sites. Moreover, we can specify the model to presene the property that the
marginal distribution of the e ect at ead site still comesfrom a Dirichlet process.
This generalizationof the SDP is done constructively by deweloping a multiv ariate
extensionof the stick-breaking weights that characterizethe usual Dirichlet process
(Sethuraman 1994). A new classof random probability measuresfor random vec-
tors and processesarisethereof, which is referredasthe generalizedspatial Dirichlet
processmodels (GSDP), including the customary Dirichlet processspeci cation asa
special case. Other extensions,also motivated by the stick-breaking represetation

are described in Hjort (2000) and Ishwaran and James(2001).

By relaxing the restriction that two locationsin spatial sampleare on the same
random surface,we introduce a random distribution for the spatial e ects sud that
surfaceselectioncan vary from location to location and the joint selectionof surfaces
for the n locations can vary with the choice of locations. Moreover, we can still
presene the property that the marginal distribution at ead location comesfrom
a usual univariate Dirichlet Process. This is achieved constructively by de ning a
new multiv ariate stick-breaking prior in which spatial dependencestructure is also

introducedin the modelling of the weighs.



Accordingly, we start by consideringa baserandom eld Gg, which, for conve-
nience, we assumeto be stationary and Gaussian,and dene | = f ,(s);s 2 Dg
as a realization from Gy, i.e., a samplesurfaceover D. Then, we de ne a random
probability measureG on the spaceof surfacesover D, whose nite dimensionaldis-

tributions almost surely have the following represetation: for any set of locations

hs A
priY(sy) 2 Ag;:::Y(sSh) 2 Ang= - Biyoooiin i1(Sl)(Al) N in(Sn)(An);

i1=1 in=1

wherethe ;'s areindependert andidertically distributed asGo, i; is an abbreviation

fori(s;), ] = 1,2;:::;n, and the weights fp;,...., 9, conditionally on the locations,

have a distribution de ned on the in nite dimensionalsimplex P = fp,....i, 0:
P 1 P 1 .

=1 =1 P, = 1gindependent of that for the .

The focusof our developmert is the construction of the weight p;; ..., , which hasto

satisfy two conditions. First the weights needto satisfy the Kolmogorov consistency

condition in orderthat we can properly de ne arandomprocesdor Y (). Speci cally,

Pisssie siken snin = Bisiic a5 sice ssin Pisic aiii ken sisin -
j=1
In addition, for the purposeof spatial modelling, we insist that the weighs must
satisfy a cortinuity property: we desirethe random laws assaiated with locations
s; and s, near to ead other to be similar. That is, for locations s and sy, as
s! so, Pigi, = PrEY(s) = ;,(s); Y(so) = ,(S0)g, tendsto the marginal probability
P, = priY(so) = ,(S0)g wheni; = iz, and to O otherwise. If we also assume
the random eld Gy to be almost surely cortinuous (a univariate spatial process

(s); s 2 D is said to be almost surely cortinuous at a point so if (s) !  (Sp)

9



with probability oneasjjs spjj ! 0), we want establishthe almost sure cortinuity
property. We shall showv in Chapter 2 that the consistencyand cortinuity properties

are satis ed by our multivariate stick-breaking construction of pj, ...

..... In

using latent

Gaussianrandom processes.

The goal of our formulation is to establisha setting where very few random sur-
facesare neededto adcieve an adequate random spatial e ects model; the novel
modelling ingrediert is a latent stochastic processthat determinessurfaceselection.
Therefore,the resultart realizations are functions of thesesurfaces.As a motivating
example,considera study of performanceof plant species(presence/absenceabun-
dance, growth, etc.) over a specied region. While somelocation-speci ¢ erviron-
mertal covariateswould be available to explain performance there will be unobsened
local covariate information that a ects suitability of the location for the species. A
latent covariate can be conceptualizedto indicate the selectionamong suitability
surfaces.As a secondexample,we can considermodelling of selling pricesfor single
family homes. After adjusting for housecharacteristics,unobsened neightwrhood and
preferene featuresremain as random e ects in the desirability of a houselocation.
A latent local indicator that selectsamong desirability surfacesnaturally captures
the random e ects. We demonstratein Chapter 2 by simulation examplesthe ad-
vantage of the GSDP over the SDP in a setting wherethere are only a small number
of locations and replicated obsenations at ead location.

Replications are typically neededfor a full nonparametric approad (see, e.g.
Sampsonand Guttorp 1992)and soin our GSDP caseas well. Howeer, with repli-
cationsthat arediscretizedacrosstime, we canshedthe independenceassumptionby
embedding our methodology within a dynamic model, retaining the temporal depen-
dence. Thesemethods allow the possibility to infer about the (random) distribution

function that is operating at any given location, at any time, in the region. Non-
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parametric spatial prediction under such modelling can be made not only at new
locations for ead replicate, but more generally through the generationof an ertire
new predictive surfaceat a future time. The GSDP model enmbeddedin a dynamic
linear model and its Bayesian inferenceis deweloped in Chapter 2. Also, though
we dewelop our model in the context of spatial data, the theory is generaland can
be usedwhen our responsesare indexed by covariates in usual regressionsettings.
Hence,we o er an alternative for most of the problemswhere mixtures of products
of Dirichlet processegCifarelli and Regazzini1978)and/or the dependen Dirichlet
processegMacEadern 2000) have beenemployed. See,for example,De lorio et al.
(2004).

We are aware of only two other recen approatesthat alsoconsidermixture mod-
elsfor spatial data wherethe weigtts are allowed to vary acrosslocations. Fernandez
and Green (2002) con ne their attention to Markov random elds over lattices and
Poissondistributed data whereonly the weigltts in the mixture vary from onelocation
to another. Wework with generalpoint referencedlata allowing both the weights and
the parametersof the mixed distribution to vary spatially. Grin and Steel (2004)
presem an implemenration of the dependert Dirichlet processusing Sethuraman's
constructive represetation, providing a random marginal distribution at ead site.
The componerts of the marginal stick breaking are the sameat ead location, but
they are randomly permuted accordingto the realizations of a latent point process,
sothat at ead site the resulting weights are assignedto di erent surfaces,inducing
spatial dependence.Ilnstead, we de ne a multiv ariate stick-breaking construction for
any number and choice of locations, and alsoallow the marginal componerts to vary
in space. Moreover, in this approad the closenesdbetween the random distribu-
tions is ruled directly by the topology of the space rather than by realizationsof an

underlying point process.
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1.2 Spatio-temp oral Point Pro cess Mo dels

The theory of spatial point processeprovides corveniert tools for the study of ran-
dom spatial point patterns. The most commonlyusedand easilyinterpretable model
is the spatial Poissonprocess:for any regionin the areaunder study, the total num-
ber of obsened points is a Poissonrandom variable with meanequalto the integrated
intensity over that region. Then, the locations of these points, conditioned on the
total number, is selectedby usingthe intensity surfaceasa (non-normalized)density
function. Again, if the points are emergingdynamically and the exact momerts of
their occurrenceare viewed as cortinuous variables, we turn to the spatio-temporal
versionof the Poissonprocesswhich, in essenceis a three-dimensionalgeneralization

of the spatial Poissonprocesses.

The mathematical theory of point processon a generalcarrying spacehas been
well establishedin the literature (Daley and Vere-Jonesl988; Karr 1991). Cressie
(1993)and M ller and Waagepetersen(2004) discussa larger variety of spatial point
processedn practice, but most of their applicationsare restricted to two-dimensional
spatial point processesReceit dewelopmerns in spatio-temporal point processmod-
elling include Ogata (1998) with application to statistical seismologyand Brix and
M ller (2001)with application in modelling weeds.Brix and Diggle (2001),in mod-
elling a plant diseasegextend the log GaussianCox process(M ller et al. 1998)to a
space-timeversion by using a stochastic di erential equation model for the spatially
varying relative risk. SeeDiggle (2005b) for a comprehensie review of the current
methods.

The motivating problem for our researt is to model the constructions of new
residenial houses. One attractive method of modelling space-timepoint processis
the Cox procesqCox 1955),which is a Poissonprocesswith inhomogeneousntensity

arising as a realization of another stochastic process. The focus of our researb is
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to dewlop a statistically viable, physically insightful and computationally feasible
stochastic processmodel for this intensity process.When we model urban growth by
the construction of new residertial housesi,it is natural to assumethesenew houses
would be quickly occupiedby people,or vice versathe constructionsthemselheswere
driven by the population growth. That is, asa measureof urban dewlopmen, the
construction of new residerial housesis a suitable surrogatefor population growth.
Moreover, the former is collected as spatial point pattern while the latter is not so
easily available at sud spatio-temporal resolution. Mathematically the conceptual
connectionbetween urban and population growth suggestadapting the population
growth modelsin mathematical ecology(Kot 2001)to model the intensity process.
In Chapter 4, spatial stochastic di erential equation modelsfor this intensity process

are formulated from three typesof population growth medanisms.

Here we give a brief overview of the structure of our model. Let D be the study
region, which would be somemetropolitan areaor a portion thereof. Dependingupon
the window of time, it might include primarily urban areaor with a later (or longer)

window, the suburbanand rural areassurroundingit. Let Nt (D) be the number of
n o]
housesconstructedin the period fromt = 0to T and Xt = Xy,3111 XNy, D€

the set of locationsand times of thesenew constructions. The intensity of this space-
time point processXtis (t;s);s2 D;t 2 [0; T]; which is a positive-valuedfunction.
(t; s) could be viewed as essetially being a nonparametric speci cation which, for
instance,could be arealization of a space-timeprocessover D [0; T] (Nonparametric
functions usingbasisrepresemations would alsobe possible.) Howeer, in the presen
work, we chooseto view (t;s) as having a parametric form that is motivated by
medanistic considerations.We warnt to introduce speci ¢ parametric choiceswhere
the parametersquartify relationshipsand inferenceis sough about theseparameters.

Indeed, theseparametersthemseheswill be assaiated with spatial locations and so
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will themselhes be viewed as realizations of spatial processesthus, we can seehow

they vary over D.

More speci cally, let

cesses.Again, this general formulation of the spatio-temporal Cox processallows
incorporation of relevant subject matter medanistic and theoretical behaviors into
the statistical model. Again, the parametersand latent variablesin the structured
model, the (t)'s, can be shown to capture exibly spatial variation and correlation

sincethey are realizations of spatial processes.

can be determinedby a variety of di erential equationsthat descrike di erent med-

anismsof dewvelopmen, sud asthe logistic growth equation:

Zt n Rt ( .S)#
t;s)=r(ts ;s)d 1 L,
t9=r@Es (9 0
wherer (t;s) and K (s), s 2 D are space-timeprocessesepreseting local growth

rate and carrying capacity.

The Bayesianinferencefor this space-timepoint processwith dynamic intensity
posesa di cult problem due to the nonlinearity in the model and the large number
of obsenations. We will use a processcorvolution technique proposedin Xia and
Gelfand (2006) to handle the inferenceproblem. Our houseconstruction data are
discretein time, thereforeit requiresdiscretizing the stochastic di erential equation
model and henceformulate a \transition model” (Diggle 2005b) between successi®

periods.
Our modelling approad is innovative in a number of respects. First, our model is
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structured in the time dimension,re ecting physical limitation in density of residen-
tial houseshencebelongsto the \mechanistic modelling" categoryin Diggle (2005b),
in cortrast to the empirical approadesin Brix and M ller (2001)and Brix and Dig-
gle (2001). The advantage of our approad to the urban dewlopmen problem is
that the population growth models have been well studied and proved \good" by
ecologists. The model estimation and prediction are more easily interpretable and
can provide insight into the real medanism of growth. On the other hand, lacking
theory to descrile the nature of spatial pattern, we chooseto employ a more empiri-
cal model for it re ecting only structured dependencebasedupon distance. Second,
we employ a Bayesian hierarchical model to retain the conditional structure from
the urban dewelopmen medanism. We do not have to resort to a partial likelihood
asin Diggle (2005a). The estimation and computational di culties stated in Diggle
(2005b) can be overcomeby implemerting a full Bayesianmodel tting. Third, the
number of points in our exampleis very large, requiring likelihood appraximation.
We introducea kernel cornvolution approximation (Xia and Gelfand 2006)to acieve
sud approximation. To our knowledge,this is the rst time that this approximation

hasbeenapplied to space-timepoint processmodels.

It is also worth reiterating that we intentionally specify our latent space-time
intensity through a di erential equation rather than a spatio-temporal process(see,
e.g. Banerjeeet al. 2004and referencegherein). We intentionally seekto introduce
a medanistic modelling componert; we are directly interestedin parametersin our
di erential equation, sud as spatially varying growth rates and carrying capacities.
Although space-timeprocessrealizations are exible, they do not o er the physical

interpretation and insight we seek.

15



Chapter 2

Generalized Spatial Diric hlet Pro cess
Mo dels

In this chapter, we formally presen the construction and propertiesof the generalized
Dirichlet procesamodels. We then employ this model asa mixing distribution against
a Gaussiankernel. We dewlop a hierarciical Bayesian model and its statistical
inferencebasedon the GSDP. The computational issuesn model tting are carefully
presened. We then shav how to embed the GSDP within a dynamic linear model.
We demonstratethe exibilit y of the GSDP model in data analysis by simulation

examples.

2.1 GSDP and Its Mixture Mo dels
2.1.1 Constructing the GSDP

In the spatial Dirichlet processdeweloped by Gelfand et al. (2005), the random dis-
tribution of the pure spatial e ect is essetially a Dirichlet Processde ned on the
spaceof the random surfacesover D generatedby a mean O basespatial process.
Then the almost sure characterization of the processimplies that the random G for

s is not the sameasthat for s°since | (s) is not the sameas | (s9. Howewer, eat
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distribution hasthe sameset of random stick-breaking probabilities. Indeed, for any
group of n locations, the joint distribution usesthe sameset of stick-breaking proba-
bilities inducing commonsurfaceselectionfor all locationsin the group. The spatial
dependenceis introduced only through the underlying basemeasure,and it is not
possibleto capture the situation in which spatial e ects canbe selectedrom di erent
surfacesat di erent locations. This limitation of the SDP is commonto other recen
work relating to the so-calleddependent Dirichlet process(MacEacdern 2000). See,
for example,De lorio et al. (2004).

We introduce a random distribution for the spatial e ects that allows di erent
nite dimensional distributions acrosslocations in the sensethat surface selection
can vary with location and that the joint selectionof surfacesfor the n locations
can vary with the choice of locations. Moreover, we still presene the property that
the marginal distribution at ead location comesfrom a usual univariate Dirichlet
Process.This is achieved constructively by de ning a newmultiv ariate stick-breaking
prior in which spatial dependencestructure is alsointroducedin the modeling of the
weights. Seelshwaran and Zarepour (2002b)for a review of stick-breaking univariate
priors.

Accordingly, we start by consideringa baserandom eld Gy, which, for con-
venience, we take to be stationary and Gaussian, and indicate its sample with

, = ,(8);s2 Dg, i.e.,asurfaceover D. Then, wede ne arandom probability mea-

sureG on the spaceof surfacesover D, whose nite dimensionaldistributions almost

s A
- i (51)(A1) s irI(sn)(An);

i1=1 in=1

(2.1)
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wherethe |'s areindependert andidertically distributed asGo, i; is an abbreviation

fori(s;), ] = 1,2;:::;n, and the weights fp;,....i, 9, conditionally on the locations,

have a distribution de ned on the in nite dimensionalsimplex P = fp,....i, 0:
P P
L by Pusi, = 1g independent of that for the | 's.

The generalizationof the usual Dirichlet processsetting is evidert becausewe
allow the possibility of selectingdi erent surfacesat di erent locations. We will
return to this point later in this section. The weights needto satisfy a consistency

condition in order to properly de ne a random processfor Y (). Speci cally, we need

Pitisic vk mnin = Pigsic 1 ie s5in Pivisic sl cen siitiin - (2.2)
j=1

In addition, for the reasonof spatial modelling, we insist that the weights must satisfy
a cortinuity property: we want the distributional laws assaiated with locations s;
and s, near to ead other to be similar. Equivalertly, for locations s and sy, as
s! so, Pigi, = PriY(s) = ;,(s); Y(so) = ,(S0)9, should corvergeto the marginal
probability pi, = prfY(so) = ;,(So)g wheniy = iz, andto 0 otherwise. Analogously
if we considerthree locations (s;; S; S3), if S3 is closeto say, s,, we require p;,.i,:i, to
be closeto p;,., if i, = iz and to O otherwise. Extensionto n locationsis similar; we
avoid introducing further notations, and from now on refer to this property simply
as almost sure cortinuity of the weights. The nameis suggestedoy the almost sure
cortinuity of the paths of a univariate spatial process,as de ned in Kent (1989)
or Banerjeeet al. (2003a). If we also assumethe random eld G, to be almost
surely cortinuous (a univariate spatial process (s); s 2 D is saidto be almost surely
continuous at a point sg if (s) !  (sp) with probability oneasjjs sgjj ! 0), we

are able to establishthe following proposition.
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Proposition 1 LetfY(s); s2 Dg be arandom eld, whoserandom nite dimen-
sional distributions are given by (2.1) for all n 2 N. If the set of weightsfp;,....;, 0

and the baserandom eld G, are almostsurely continuous, then for all s 2 D, Y (S)

convelgesweakly to Y (sp) with probability oneasijjs sgpjj ! O.

Pro of. Considertwo sitess;sg in D. According to (2:1) the joint distribution of

the processis almost surely a realization of the random elemen

X X
priY(s) 2 A;Y(so) 2 Bg= Pim(S;iS0) | (s)(A) . (s0)(B);
=1 m=1
for all A; B 2 B(R). Notice that
. . X‘ X .
lim p(s) = lim Pr;m (S;S0) = lim - pn(siso) = pi(So);
jis sojit 0 s sopt 0 _, m=q Js soit 0

becauseof the almost sure continuity property of the weights. The interchangebe-
tweenlimit and sum operationsin the equation above follows from the dominated
corvergencetheorem, sincepi:m(s;So)  Pm(So) for all m. Since0  pi(s) | (s)(A)

p(s) and P |1=1 p(s) = 1for all s, we canapply Fatou's Lemmafor the seriesin order

to justify

s s
lim prfY(s) 2 Ag lim p(s) | (s(A)= Pi(So) | (s0)(A)
1

ome L me
jis sojj jis sojit 0 _ =1

priY(so) 2 Ag;

which shaws the almost sure corvergenceof the marginal random distributions. =

In fact, the proof demonstratesalmost sureconvergenceof the random probability
measures.Note that Proposition 1 is an extensionto our caseof analogousresults

stated in MacEadern (2000) and Gelfand et al. (2005).
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Conditional on the realizeddistribution G, the processhas rst and secondmo-

merts given by

s
EfY(s)iGg=  p(s) ((s) (2.3)
=1
o (G ) 2
varfY(s)jGg=  p(s) | (s) po(s) (2.4)
=1 I=1
and, for a pair of sitess;; sj,
_ X AR
cof Y (si); Y (s))jGg = Prm(Siis) 1(Si) m(S)+
I=1 m=1
2.5
(4 ) (y ) (2.5)
pi(si) | (si) Pm(Si) m(s)
=1 m=1

Equation (2.5) shavsthat with almostsurelycortinuousrealizationsfrom the base
processand of the weights, the GSDP is meansquarecortinuous. Again, the process
Y (s) hasheterogeneousarianceand is nonstationary. However, whenwe marginalize
over G, we can seemore clearly the di erence betweenthe GSDP and SDP models.
Suppose Gy is a mean zero stationary Gaussianprocesswith nite variance 2 and
correlation function  (si sj). Then, EfY(s)g= 0 andvarfY(s)g= 2 asbefore,

but now
s

coMY(s);Y(s)g= ? (s §) Efpu(siis)g (2.6)
=1
Notice that P |1:1 Efpu(si;s)g < 1, unlesspio(si;sj) = 0;1 6 19 asit is in Gelfand
et al. (2005) or, more generally in the single-pdependert Dirichlet processdiscussed
by MacEadern (2000). We can interpret this limiting situation asthe one of maxi-
mum concordanceamongthe surfaceschosenat the two locations. In all other cases,
the assaiation structure is diminished by the amourt of massthat the process(2.1)

is expectedto placeon the not equally indexed 's. Moreover, from (2.6) it follows
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that, although the basemeasureGy is stationary, the processy (s) is certered around

a stationary processonly whenEfp;(si;s;)gis afunction ofs; s; for all s; and s;.

We now turn to the speci cation of pj, ..., for any choiceof n andsg; :::; s, through

a multiv ariate stick-breaking construction. For the sake of simplicity, we presen our

approad in a bivariate setting, consideringthe random measure

priY(si) 2 Ai;Y(s) 2 Ajg= X Prm (A L) (A (2.7)
=1 m=1
for a pair of sitess;;s;, providing details on extensionto the generalmultiv ariate
casewhen necessary First, we de ne a cornveniert processwhich retains the same
Dirichlet processstructure marginally at ead site and then we move to a moregeneral
setting.
Sethuraman's univariate stick-breaking construction has weights p, de ned by
PL = G, P = qQ'm=l Q@ agn);l 2 where, for all | 1, g are independert
Beta(l; ) random variables. Denote the random ewerts fY = ,g by [ (with
their complemets  °) and interpret the sequenceof weights fp;; p,;:::g as arising
fromoq = prf g, g=prf }j O;m<lIg=prfY= |jY6 _,;m<lg|l=12::.
Turning badk to our model, at ead location s we cande ne everts  '(s); u = 0; 1,
suc that  (s)=fY(s) = ,(s)gand P(s)=fY(s) 8 ,(s)g. Then, for any two
locations s;; s;, we can considerthe probabilities .y (Si;S;j) = prf §(si); 1(s)9
Guv(Si;S) = prf {(si); V()i m(s): m(s)im<lg, | 2,u;v2f0;1g. For all
| = 1;2;:::, we can erter these probabilities in the form of Table 2.1. Note that,
formally, e.g., g.1.1(Si;Sj) + 9.1.0(Si;Sj) = G:1.+(Si;S;) and we needto argue that
9.1+ (Si;Sj) = q(si). Similarly, g...1(si;s;) = qg(sj). The argumert is supplied in

Lemmal.
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1(s) P(s)
1(si) | a.a(si;s)  ao(si;s) | a(si)
2(si) | G;01(si;S)  Go0(si;s) |1 a(s)
a(sj) 1 a(s) 1

Table 2.1: Relewant probabilities in the multiv ariate stick-breaking construction in
the special caseof n = 2 locations,for | = 1;2;:::.

Lemma 1 The prokabilities . (Si;S)) = prf §(si); i(sj)g and
Quv(si;s) = prE F(s); V(§)i m(s); m(g)im<lIgl 2uv2f0;lg;
are suchthat g.1.+ (si;s;) = g(si) and g.+.1(si; sj) = q(s;); forany | = 1;2;:::.
Pro of. By de nition of the (s,
G+ (Sii5) = prf {(s)i m(s)i m(s)him<lg | 2uv2f0ilg:

But V(si) isindependen of f 0 (s;);m < Iggivenf 9(si);m < Igby the de nition
of stick-breaking. Sinceq(s;) = prf '(si)j 2(si);m < Ig, we are done. =

Then, accordingly we can de ne the weights p;.,, in (2.7) as

Pim = PrEY(s) = (si):Y(s) = n(s)9
= prf {(s)); m(s); R(s)ik<l; Xsp);r<mg
8Q Q _ (2.8)
2 Q|k=1 G:0:0 G;10 m=|+]-.l 1 g)on if < m
=S Q;n=1l G:0,0 Om;0;1 :<=1m+l 1 og)g ifm<]|
Ot Guoo Qs if 1= m

wherewe have suppresseds; and s;.
Inspection on expression(2.8) revealsthat the weights are determined through
a partition of the unit squaresimilar to the one induced on the unit segmen by
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Figure 2.1: An exempli cation of the multiv ariate stick-breaking procedurefor the
special caseof n = 2 locations

the usual stick-breaking construction. At the rst stage,if both the everts  i(s;)
and I(sj) are true, we break o a region of the unit squareof the samesize as
the realizedvalue of gu.1.1(Si;Sj). This is region A in Figure 2.1. If only i(s;) (or

1(sj)) is true, we remain only with a piececorrespnding to regionB (D). In fact,
given 1(si) ( i(sj)), we goonwith a univariate stick-breaking proceduresothat we
breako a part of regionB (C) accordingto the valuesof g(s;) (a(si)), | = 2,3;:::.
If neither 1(s;) nor i(sj) are true, then we discard all regionsA, B, and D and
remain only with region C, whosesizeis determinedby t.0.0(Si; Sj). Then, at stage

two, we repeat the sameargumerts as above for region C, and soon.
For n locations we require an n-dimensionalstick breaking construction on the
unit n-dimensionalhypercube, i.e., werequirethe speci cation of probabilities g.u, ::::.u, ,

u 2 f0;1g,j = 1,2;:::;n, whereu; is an abbreviation for u(s;), at any set of loca-

: : P
locations, has valueson the simplexQ = fquy,.u, O L ... un=0 Quziu, = 10,

and also satis es consistencyconditions of the type (2.2) for all | = 1;2;::: and any
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In the next section, we o er a exible construction under which this can be done
consistetly. For the remainderof this section,as a special case,supposethe process
retains the samemarginal distribution at any location. This can be aciieved by im-

posingg(s) = q, together with the symmetry condition ¢.1.0(si;sj) = prfY(si) =

1(si);Y(s) 6 (s)g = prfY(s) 6 (si);Y(s) = (5)9 = Gou(si;s), for all

| =1,2:::ands 2 D. But, givenq, if we cancomputesay q.1.1(Si; Sj) asa function

of g, the remainder of Table 2.1 is determined. Then, accordingto Sethuraman's
construction, if we allow g to be Beta(l; ), we get a processwhich marginally is a
Dirichlet processwith precision parameter and basemeasureG,. Together with

(2.8), this illuminates the role of the distribution of the g's in specifying the depen-
dencestructure in a multiv ariate Dirichlet process.

Notice that there are other ways of achieving this particular result. For example,
we might considera processsud that ead g giveng.oo hasa Beta-Stacydistribution
with parametersi; 1,1 Qg.00- If g.00 IS assumedto be Beta(l, ), then g is
Beta(l; ). The model we presert in section4 o ers an alternative spatially-explicit
way to specify g and g.1.1. For the n-dimensionalcase,symmetry conditions similar
to the one stated above must be assumedin order to obtain the same marginal
behavior at ead site.

Modelling the marginalsto be Dirichlet processesllows direct comparisonwith
the models descriked by Gelfand et al. (2005) and De lorio et al. (2004). Howe\er,
it is worth noting that, though we employ a generalizedstick-breaking construction
and achieve DP marginal distributions, our model doesn't generally descrile a joint
Dirichlet processfor a collection of locations. In particular, it follows that, giventhe
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dependencebetweenthe 'sin the sumrepresetation (2.1), we are not ableto trace
a joint urn stheme,but only a marginal one. The SDP model descrited in Gelfand
et al. (2005) stands as a particular caseof the model descriked here, where we set
g.01 = 9.10 = Oand g.1.; = g for all locations and for all I.

We can seethe generalizationfrom the SDP model alsoby looking at the random
conditional distribution asseiatedwith Y (s;)jY (s;) for any pair of locationss;;s;. In
fact, in the SDP this is just arandomindicator function. In our model, it turns out to
be another random measure.In fact, the random distribution Y (s;)jY(sj) = . (S;)

P
is discretewith probability oneand of the form -, pim(si;s;) | (si)» Where

Pim(si;s)) = priY(s) = [ (s)jY(s)) = w(s)g=
- A Pim(Si;Sj)
~N'm 1

k=1 11 m(sj)gqn(sj);

P
since | pm(Si;Sj) = Pm(sj) due to marginal stick-breaking. But, substituting the

expressionsn (2.8),

8 QI 1 Ok:0;0 G:1:0

2Qk=1(1 &)1 q Q l<m
o m 1 ;oo Omo1 <! 1 1 ifm<| 2.9
. QI 1 k00 G151 if |l = m:
k=1 1 o) q S

If we proceedalong the lines that lead us to (2.8), we can show that for any given
m, basedon conditional reasoning, (2.9) de nes a stick-breaking partition of the
unit segmeh Howewer, this is not obtained through the usual Beta(1; ) random
variables, ewven if the processis marginally Dirichlet. In fact, the random measure
arising from (2.9) can be seenas a generalizedDirichlet process,in the spirit of the
more generalde nitions of Hjort (2000) and Ishwaran and James(2001).

As a nal remark, notice that de ning a stick-breaking construction does not

necessarilyguarartee that the random weights sum to one with probability one.
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This dependson the distribution of the weights. In the cortext of univariate stick-
breaking priors, howewer, it is possibleto provide a necessaryand su cien t condition
for that to happen (seeLemmal in Ishwaran and James2001). We can expect that
this condition holds for our model too, aslong as we marginally get a DP prior (or,
morein general,a stick-breaking prior). The preciseargumert is a direct extensionof
the result of Ishwaran and James(2001) and is given for the bivariate casein Lemma

2.

Lemma 2 For any givens;, s; in D,

X X b3
pm(si;sy) = 1 if and only if Efllogfl q(s)gl= 1 : (2.10)

1=1 m=1 1=1

Pro of. Necessk follows after noticing that, if we marginalize with respect to
Si, condition (2.10) reducesto condition (5) in Ishwaran and James(2001). Now,

considerfor any N; M = 1;2;:::, the remainderterm

X
R (815 = 1 Pim(15);
I=1 m=1

and assume(2.10) holds. We needto prove that Ry.v (Si;sj) ! 0 with probability

oneasN;M I 1 . Write Rym(Si;S)) = R1+ R2+ R3, where

XX

Ry = Pm (SisSi);
=1 m=M +1
o X

Ry = Pim(Si;Si);
m=1 [=N+1
P s

Rs = pl;m(si;sj):
I=N+1 m=M +1

Sinceall the terms in the sumsare positive, it is necessaryand su cien t that all the
seriestend to zero,asN;M ! 1 . Consider rst R; and substitute (2.8) into all
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P:m(Si;S), sothat

XX PR s ny 1
Pim(Si;Sj) = %;0,0(Si: Sj) G;1.0(Si5S;) f1 g(s)gan(s):

=1 m=M+1 =1 k=1 m=M+1 r=1+1

P Q P P
Since rlnzl\/|+1 ;nzlilfl Q(sj)g Om(sj) = rlnzm+1 pm(sj) =1 Im:;L pm(sj) 1
foranyl = 1;2;:::;N, it tendsto OasM ! 1 againbecauseof condition (5) in Ish-

P, P
waranand James(2001). Sincethe resultistrue forall N, L, . pim(Si;S;) !

0, with a similar argumen for R,. Now considerR3. Let = min(N;M). Then,
P 1 P 1 . - Q . Q H

Rs = 41 m= +1 Pim(SiiS) = oy Gkooo(Sis Sj) k=1f1  ok(si)g, since

Goo(Si;s) < 1 a(si), kK = L;:::;. Then the desiredresult follows again from

the Lemmal in Ishwaran and James(2001) for the marginal model in s;. =

2.1.2 Mixing Using a Generalized Spatial Diric hlet Pro cess.

The GSDP will be usedto model the distribution of the spatial componert (s) in a

random e ect model of the type
Y(s)= (s)+ (s)+ "(s);

where (s) is a meanterm, typically assumedto be a regressionterm X (s)" for
somevector of covariates X (s) and somevector of parameters , and "(s) is a white
noise (nugget) componernt with mean zero and variance 2. Again, if we denote by

G the nite dimensionaldistributions de ned by (2.1), for any nite setof locations

y
f yiG™;; 2= Npyj +; 2, GVd): (2.11)

is almost surely discrete, with probability one the conditional density (2.1) can be
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rewritten asa courtable location mixture of normals,

. 2 X X . 2
f YJG(n);; = o pil;:::;inNn(YJ icin T In);
i1=1 in=1
where, for simplicity, we have suppressed; (sj), j = 1;:::;n in p,....;, and setthe
vector i,..i, = f i,(S1);:::; i, (sn)d'. Immediately we know Y is a random vector

which has a density absolutely cortinuous with respect to the Lebesguemeasureon

(R"; B(R")) with probability one. Its expectedvalue is

s s
E(YjG™;; ?)= N « Py

i1=1 in=1

and covariance matrix

— 2 S.
2 = II’]+ ’

YjG(M;;
where( °);; =cov (si); (5)jG™ isgivenby (2.5).

Under the assumptionsof Proposition 1, if, in addition, the meanvector de-
scribesa cortinuous surfaceover D, it is easyto prove that an analogousstatemert
holds for the convoluted processY. In fact, the normal density is a bounded con-
tinuous function of the mean. Then the bounded corvergencetheorem applies to
(2.11). Togetherwith almost sure corvergenceof the random probability measures
G proved in Proposition 1, this implies that, with probability one, Y (s) corverges

weakly to Y (sg) for any s;s0 2 D, asjjs sgjj ! O.

2.2 The Spatially Varying Probabilities Mo del

Usinglatent variableswe provide a constructive approad to specify the stick-breaking
componerts in a way that is appealing for modelling purposesand ensuresthe ex-
istence of the processesampledfrom G. In its implemenation, using MCMC, we

newer needto sampleor ewven estimatethe g's or p;'s.
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Forany n = 1;2;::: andany | = 1;2;::: the stick-breaking componerts
Quurun (S15207580), Uy 2 10;1g;) = 1;2;:::; n arisethrough probabilities asseiated
with the everts | (sj), I = 1,2;:::. So,we caninduce a distribution to the stick-
breaking componerts by directly specifying a law for theseewerts. In particular, we
can considerthe processf 1s); $2 D; l=1,2;:::;0,suh that atany | = 1,2;::,

s = 1if {(s), 1 = 0if {(s) doesnot occur. Suppose (s) occursif and
only if Zi(s) 2 Ai(s). Then, we can work with the equivalert stochastic process
f A $2D;l=12::gdened by

A = 1if Zi(s) 2 A(s);

as) = 01 Z(s) 62A(s)

wherefZ(s); s2 D; | = 1;2;:::gis a latent random eld. Furthermore,
Quuizun (S170758n) = PITage)) = Uity ae) = Unj 3 = 0P < Ij = Liiiing
= prf A(sy) = U1iii] Al(sn)—unj /-\i(sj):O:|<|,j = 1::::ng

It is easyto seethat sud a characterization guararteesthat (2.2) holds, hencethe

existenceof the processesampledfrom the random distribution (2.1).

We employ Gaussianthresholding to provide binary outcomes. This is routinely
donein binary regressiormodelling (Alb ert and Chib 1993),is computationally con-
veniert and, asa model for secondstagerandom e ects, there will be little posterior
sensitivity to this choice. In fact, we assumethat fZ(s);s2 D;1 = 1,2;:::gis a
courtable collection of independent stationary Gaussianrandom elds on D having
variancel and correlation function z(; ). We further assumethat the meanof the
I-th process,say ((S), is unknown and we put a corveniert prior on it, sothat the
distribution of Z,(s) (and henceof the g's) canbe viewed asrandom. We alsochoose

A(s) = fZ,(s) 0g. With theseassumptions,it follows that

Oruzinun (S1377758n) = PIff7,61) 0og = ULiii05 fz,(s) 0g = UnJ 1(S1)iiits 1(Sn)9;
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becauseof the independenceof the processes Z,(s)g over the index |. For example,

forn = 2,wegetq.o1 = prfZi(s1) < 0;Z(sz) 0 (s1); 1(s2)g. If the (s) surfaces

SinceZ,(s) is assumedio be Gaussian,at any location s we obtain

ga(s) = prfzi(s) 0g=1 f (s5)g= T ((9)9;

where () denotesthe univariate standard normal cumulative distribution func-

tion(cdf). If the (s) are sudh that the f (s)g are independen Beta(l;, ), | =
1;2;:::, then for eat s, the marginal distribution of (s) is a DP with probabilities

that vary with location. In the specialcasethat (s) = |, forall s, with ( ) inde-
pendert Beta(l; ) then, again marginally, the (s) follow a DP wherethe marginal

weights are samefor ead s but the marginal distributions are not the samesince
1 (5) 6 ()

Marginal reduction to a DP is not necessaryfor the de nition of the GSDP (al-
though it canbe usefulfor purposesof comparisonwith the SDP or other competing
approades). For instance, if we retain the (s), then, sincewe would like to en-
courageZ,(s) to resenble Z,(s% whens is closeto s°, we could take (s) to be a
realization of say a Gaussianspatial processrather than say independert as above.

To summarize,we let
h

Piin =PI Z1(s1) < 0;:: AN 1(s1) < O;Zil(sl) 0;

Z1(s2) < 0;::13Zi, 1(S2) < 0;Zi,(s2)  0O;::c; (2.12)
[
Zi(sn) < 01113 Zi, a(sn) < 0;Zi,(sn)  Qif 1(si)g ;

Again, we will newer actually calculate the random weighs p;,....;

----- In

in practice. Fi-
nally, following the discussionabove Proposition 1, we require two properties for this
construction: (i) the random nite dimensionaldistribution G satis es the Kol-
mogoros consistencycondition and (ii) the cortinuity property should be satis ed,
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that is, if location s is nears® the probability of choosingthe samesamplesurfacefor

s and s%is high. In Propositions 2 and 3 we prove that theseconditions are satis ed.

Proposition 2 LetfY(s1);Y(s2);:::Y(sn);si 2 D;i = 1;:::ng haverandom nite
dimensionaldistribution givenby (2.1), for n = 1;2;:::. If the setof weightsf p;, ... 0

is de ned by meansof a latent processasin (2.12), thenthe collection of random nite

dimensionaldistributions de ne a random eld Y(s) on D.

Pivini wsien smin = Bigusiy 13 ien snin = Pissiy 1ikige siin - (2.13)
k=1

K (Si), then Z(Si) 2 Si;k , WhereSi;k = ( 1 ;0)1 ( 1 ;O)k 1 [O, 1 )k R
By the cortinuity of the probability measure,

% n [
pil;:::;i| 1K+ 5iin =pr Z(Sl) 2 Sl;il; o :;Z(SI 1) 2 SI 1 1;Z(SI) 2 SI;k
k=1 k=1
0
Z(Si+1) 2 Sietsipy 50055 Z(Sn) 2 Spiiy
. . . . 1 N
with straightforward calculation, S|ncek[1S|;k = R
= k=1
The theorem s proven, after shaving that for any A; 2 B(R); i = 1;:::;k, we
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have

pri (s1) 2 Agiiz; (s 1) 2 A1 15 (S) 2 R; (Si+1) 2 Aier; ity (sn) 2 Ang
X
= Pizin o (s (A1) L0 (R) (sn)(An)
(i1;min)2f 1;2;50:00
|
X b '
= il(sl)(Al) in(sn)(An) Bisiii ikiirer szin
(15050 wper suin)2f 1,250 2 k=1
X
= Pisiiy giigen smsin il(51)(A1) in(sn)(An)
(inseniy wijer inin)2f ,2;gn 1
=prf (s1) 2 Ag;iiis (S 1) 2 A 15 (Si2) 2 Apsasiiiy (Sn) 2 Agg:

Proposition 3 LetfY(s); s2 Dg be asin Proposition 2. If the baserandom eld
Gy Iis almost sure continuous, then for all s 2 D, Y(s) convegesweakly to Y (Sp)

with prokability oneasjjs sgjj ! O.

Pro of. The proof follows immediately from Proposition 1, oncewe notice that,
under our assumptions,for any n = 1;2;:::, limjs, s, it 0P = Piagin o O
in = inh 1;= 0 otherwise, independerly of the particular mean around which we
center the processZ, i.e. the weights are almost surely cortinuous. =

Spatially varying weights have recerly been consideredby Grin and Steel
(2004), who work in the framework of dependen Dirichlet processes. They pro-
ceedfrom the assumptionthat the distribution of a DP( Gg) is una ected by a
permutation of the atoms f | ();q();l = 1,2;:::g in Sethuraman's constructive
represetation. Then, if f (s); s 2 Dg is a processof permutations of the set of
integersfl;2;:::g, it is possibleto de ne an order-baseddependen stick-breaking
prior over D, abbreviated DDP as a processfF (s); s 2 Dg, sud that at any
s 2 D, given a realization of the process (s), F (s) = P |1:1 p(s) (s Where
pi(s) = q|(s)Q,-<| 1 qg,4 -
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With regardto surfaceselection,the di erence betweentheir approad and ours

is asfollows. We de ne a joint random distribution for any grouping of the locations

directly assigned.For instance,for n=2 and any integersl and m, we have seenthat
priY(s) = ,(s);Y(si) = m(Sj))9= pum(si;sj). ForGrin andSteel's DDP, this
probability is given by

Z
priY(s) = (si);Y(s) = m(s)d= p(s)pm(s)dH( (si); (5)));

that is, asthe expected value of the marginal probabilities with respect to the dis-
tribution of the permutation eld at the two locations. By the de nition of DDP,
it follows that the dependenceamongthe marginal random distribution functions is
directly deducedby the permutation at ead s. In particular, this is given by means
of an auxiliary latent point processZ. In fact, Grin and Steel rst assaiate eah
atom f ; (s); gg with a realization z from Z, for i = 1;2;:::. Then, at any s, the
DDP is de ned permuting the set of g% accordingto the realizations of the latent
point processZ. In fact, (s) is de ned to satisfy jjs z ,()jj < JiS Z ,9l < i
It follows that a realization from this processwill necessarilybe the samefor some
regionsof D, while allowing di erent stick-breaking constructionsfor points far apart
from ead other. Howeer, the represemation at any s dependson how the processZ
is assaiated with the atoms of the process,sothat the represemation doesnot seem
to be invariant to a reordering of the z's. Moreover, for practical purposesit can be
di cult to model the type of dependenceinduced by the point processmedanism,
unlesswe choosesimple processessud asa stationary Poissonprocess.On the other
hand, in our approad the spatial behavior of the stick-breaking componerts depends
on the distribution of the latent GaussianprocessZ and can vary acrosslocationsif

this is true for the meanof Z.
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2.3 Simulation Based Mo del Fitting for the GSDP

Assenbling Section2.1 and 2.2, we work with the following spatial model. Let the

obsenations collectedat the sameset of locations (s;;:::S,) 2 D R?. The mean
surfaceu (s) ;s 2 D is modelled by a linear regressionu (s) = X (s)" . The spatial
random e ect (s);s 2 D hasthe GSDP rule de ned in Section2.2. The overall
model hasthe following hierarchical structure

Yij o 5% Na(wei X{§ + ¢ 2l,); t=1:0T

(jGMm  cM: t= 10T

G™ j Piysin: 1 = 8 Puin L 0() () 1= L2
i1;05in=1
Pisin = PriZi(s) < 0;:::Zi(s) O 1= 1::ngsi = 1,200
fo(s):ii (s Ny O 2Ro(); 1=1212:::
fZu(s1)i 5 Zu (59" No( il Ha () 1= L2005 t= 42T
(st () Beta(l; ); 1=12:::

;2 Np( j oo ) IGamma(?ja;b)

2, IGamma( 2ja;b) []1 [

(2.14)
The priors for and depend on the speci ¢ form of covariance function in R, ( )
and H, ( ). For corvenience,in our exampleswe have set = 1. In the versionwith
1(s) replacing |, for eat I, we obtain a realization from a Gaussianprocesswith
mean O and stationary covariance function C(; ). In either case,the replications
acrosst enableus to learn about the | or the processdriving the ((S).
Although in (2.14) the marginal random distribution at an individual location s
follows a Dirichlet process,the joint random distribution G(™ doesnot; we can not
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marginalize over G, Instead, we approximate G with a nite sum

X
G&n): Bis;:in il(sl)() iz(SZ)()::: in(sn)(); (2.15)

Again, we samplethe latent variablesZ,'s directly to avoid computation of the

weighs pi, ...

----- In

in (2.15). We eliminate the sampling of the conditional distribution

[ tijf)] by referring to the following equivalert structure:

t(8) = 1 1zpue+ 29z + 111 ((S) 2y (9 (2.16)

I = 1;:::;K 1. We rewrite the rst stageof the hierarchical model as[Y;j; ] =

[Yi); ;Zi]: Then, the likelihood function for Y; can be expressedas
" #
. 1 XN T 02
Vi: :zd/ exp - yi(si) X (si) t(si)
i=1
" #
1 X X n T 0>
[ exp o yi(si) X (si) (S zy (s
2 2
=1 i=1
|
Y oXx 1 N T 0> .
/ exp 52 yi(si)  Xi(si) | (Si) Iz, (s)
i=1 =1

The posterior distributions for the latent variablesand parametersare proportional

to this likelihood function multiplied by the priors,

Yoo o A A
Yd ;Zu 7 [1] %] [Ze] v 1 wl

t=1 1=1 t=1 |=1
I |
This model can be tted by a Gibbs sampler. The details of all the full conditional

distributions are givenin Appendix A.
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2.4 An lllustrativ e Example

We illustrate the tting of (2.14) with a simulated data set from a nite mixture
model of Gaussianprocesseshat allows di erent joint multi-mo dal distributions for

di erent pairs of locations. We rst draw a speci ed number of locationsin a given

st Hse) NG 1y 2Re( )

and  2(s1);:::; 2(sn) T N® 1., 2R, ( 2)

0, wesety; (s) = {(s); if Zi(si) < O, wesety; (s)) = Z(si).

Ead y; (si) hasa bimodal distribution of the form

For two locations s; and s; near eat other, the strong asseiation betweenZ; (s;)
and Z; (s;) makesy; (si) and y; (s;) very likely to be from the same componert
N®(; 2k = L2 If s and s are distant, the linkage between Z, (s;) and
Z: (s;) is weak, therefore the componert choicesfor y; (s;) and y; (s;) are almost
independert.

We simulate at 50 designlocationsin a rectangular region showvn in Figure 2.2.
Then, 40 independert replicatesare sampledfor these50 locations. We choosethe
values of the parametersas ; = », =3, 1=2,=2, 1= ,=03and

= 0:3 in the mixture model above. We t the model in (2.14) to this data set.

We approximate G with a nite sum of K = 20 componerts. To focus on the
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Figure 2.2: The DesignLocationsfor the Simulation Example.

measureand the sameprior for all the parameters.
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to be zero. For comparison,we consideredthe analogousSDP, using the samebase

Performanceis examinedthrough the posterior predictive densities,both marginal
and joint. In Figure 2.3, for four selectedocations (Sye; S33; Sa9; Ss0), We plot the true
posterior predictive density, the predictive density estimated under the SDP and
the posterior predictive density estimated under the GSDP. The values of the 40
obsenations at eat of these 4 locations are shovn along the x-axis. It is evidert
that the GSDP estimatesmore closely agreewith the true densitiesof the model.

Next, we select 3 pairs of sites and for ead pair we shav three predictive joint
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Figure 2.3: Posterior Predictive Densities for the GSDP (thick line ) and SDP
(dashedline ) model for the locationsindicated in Figure 2.2. The dotted line ( )
is the estimated true density, and the obsened sampleis reported on the x-axis.

densities. In Figure 2.4, the rst pair fy(Sso) ;Y (S26)g are very closeto eat other,
the secondpair fy (Sso) ;Y (S33)g slightly distant and the third pair fy (Sso) ;Y (Sa9)d
very distant (seeFigure 2.2). Again, the GSDP is evidertly much better than the
SDP in capturing the local details and in particular the heiglts of the local modes.

Figure 2.5 plots the probability that a common sample surfaceis selectedfor a
pair of locations against the distance between the two locations. We can seethe
decy in this probability aslocations becomefurther apart. Finally, for the SDP, we

seeno clustering; essetially a separatesurfaceis neededfor ead replication. For
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Figure 2.4: Predictive Bivariate Posterior Distributions for the GSDP (on the left)
and SDP (on the right) models and the data. The middle column shows the true
bivariate posterior distribution from a samplefrom the true model.

the GSDP, the modal number of surfacesis 3 and the maximum number of surfaces

is 5. Clearly, the GSDP is able to respond to the local surfaceselection,while the
SDP is not.
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Figure 2.5: Decg in Probability of Common Surface Selectionas a Function of
Distance (SeeSection 2.4 for details)

2.5 A Spatio-temp oral Dynamic Mo del Version

be independen replicates. In practice, these obsenations are usually made in T
consecutie time periods, soit is more realistic to model the ewlution of the spatial
procesover time. In this sectionwe presei a versionof the spatio-temporal model by
enmbeddingthe GSDP in a dynamic linear model. We illustrate this spatio-temporal

model alsoby tting it to a simulated data set.
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Preservingthe notation in (2.12), the obsenations at time t can be modelled by

the following dynamic linear model structure:

Y = xtT + +"g" N O 2,
(2.17)
t = t l+!t;!t GSDP(Go)

Thesedynamicsyield spatial randome ects  that ewlve auto-regressiely over time
with autocorrelation coe cient, (j j 1). Only the secondhierarchical speci ca-
tion in (2.14) changesto re ect (2.17). Updating of the full conditional distributions
and the asseiated MCMC algorithm for the dynamic versionis straightforward but
careful attention to bookkeepingis required. We detail it in Appendix A.

We illustrate the model above by with a simulated data set. We still use the
region and the 50 locations given in Figure 2.2. Howewer, we add 4 new locations
(with no obsenations) labelled 51-54wherewe seekto predict. Also, a simple linear
regressionof o+ ;X (s;) is addedto the model. X (s;) denotesthe distancefrom

location s; to a xed point sourcerepreseted by the diamond in Figure 2.2.

from a mixture of two distributions asfollows. Following the speci cations from the
previous section,now consider
PE(sD)siiti(sn) N Loy fRa( 1)
and !2(s);:i13(sn)  NB® 1 2R, ( o) :

Also,let fZ;(s1);::::Z¢(sn)g N (O;H, (). Then,fori = 1;:::;n,if Zy(s)) O,
weset ((s) = ¢ a(s)+!E(s) if Zi(s) < 0, (s) = ¢ a(s)+ ! E(s) for
i=1;:::;n. Thenweobtainy; (sj)) = o+ 1X (si)+ "¢ (si), where"(sj) is sampled
independertly from the normal distribution N (0; 2).
We choosethe samevaluesfor the parametersof ; = , =3, 1=2,=2,
1= ,=03and = 0:3asin Section2.4. Also, ischosenas0:7, 2is9. ,and
1 are2and 1 respectively, and T is equalto 40.
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In tting a model to the data, we usethe sametruncated GSDP for ! ; asgiven
in Section2.4 with K = 20 componerts. The Bayesianposterior meanof is found
to be 0:8 in our experimert. The Bayesian goodnessof t is again illustrated by
the posterior predictive densitiesat T + 1. We showv not only the marginal posterior
predictive density at ead location, but alsothe joint posterior predictive densities

for two locations.

Predictive and True Densities at Location 6 Predictive and True Densities at Location 12
[] []
o - o
o o
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Figure 2.6: Posterior Predictive Densities, True Densitiesfor Two Locations with
Obsenations and Two New Locationsat T+1 (Seetext for details)

In Figure 2.6 we plot the posterior predictive density at T + 1(= 41) for two

locations with obsenation (labelled 6 and 12 on Figure 2.2) and two new locations
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(labelled 51 and 54 on Figure 2.2). The thick density curves are the predictive
densities estimated from our model. The thin densily curves represeh the true
densitiesof the model from which we simulated the data. The results are interesting
in that, despitethe small samplesizeand the introduction of bimodality only through
the innovations at the secondstage,we nd bimodal behavior at 6 and 12. Location
51 is not very closeto any of the sampledlocations and, in the absenceof data,
yields a uni-modal predictive density. Howeer, location 54 is very closeto sampled
locations and, re ecting the mean squarecortinuity of the GSDP, an indication of
two modesemerges.

Turning to bivariate predictive densities, we select2 pairs of sitesto show the
predictive joint density at T + 1. The rst pair Sso; Sy are closeto eat other. The
secondpair Sso; S49 are much farther apart. In Figure 2.7, we provide perspective plots
of the predictive and true joint densities. The rst pair revealsa bimodal joint density
while the secondpair shavs a density with four modes. If one were interested in
deweloping simultaneous highest posterior density (HPD) con dence sets,one needs
to idertify the \fo otprint" assaiated with a level surface of the joint density. In
particular, one must choosethe level to provide a speci ed posterior probability. Of
course,these bivariate densitiesare unavailable analytically so, using the posterior
sampleswe obtain a bivariate kerneldensity estimator. Howeer, sincelevel surfaces
assaiated with this density estimate are still dicult to obtain, we ewaluate the
densily estimate at the obsened samples, providing an ordering for the samples.
Then, accordingto the desiredprobability, we choosethe density ordinate sud that
the proportion of the samplewith ordinate above this valueis the probability we seek.
Figure 2.8 providesillustrativ e 80 % (inner curve) and 95 % (outer curve) HPD's for

the site pairs in Figure 2.7.
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Predictive Joint Densities True Joint Densities

Figure 2.7: Predictive and True Bivariate Predictive Distribution at T+1 for the
Simulated Data Example of Section2.5 (Seetext for details)

2.6 Discussion and Summary

We have introducedthe GSDP asa more exible successoto the SDP proposedby
Gelfand et al. (2005). Howewer, any multiv ariate density can be approximated by a
suitable courtable mixture of multivariate normal densities. Since,for any nite set
of locations, with probability onethe SDP mixture model is sud a courtable mixture
model, what practical advantagescanthe GSDP o er over the SDP?Why would we
takethe trouble to implemert the much morecomputationally demandingGSDP?For

example,with a bivariate distribution that is the product of two bimodal univariate
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Figure 2.8: 95%and 80% SimultaneousBivariate Posterior Density Con dence Sets
(SeeSection2.5 for details)

distributions, while the GSDP might capture sud a distribution usingessetially two
componerts, wouldn't the SDP be able to do it with four componens?

In fact, while, in principle, the SDP can equally well nd multiple modesin say
a bivariate distribution, it will have a more dicult time distinguishing the joint
distribution for points closeto ead other than from the joint distribution for points
far apart. In other words, in practice, the normal mixture model in (2.14) can more
quickly adapt to the data. Expressedn di erent terms, in requiring additional com-

ponerts, the SDP will run into the, a priori, geometricallydecaing weighs, soit may
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struggleto properly allocate massto the modes. Furthermore, considerthe situation
where we might have varying numbers of mixing componerts and these might vary
with spatial location. The GSDP, which allows di erent marginal distributions at

ead s, is better suited to handle this situation.

Other extensionsof the SDP canbe ernvisioned. For instance,in afuture manuscript
we will report onthe useof the represetation of Ishwaranand Zarepour (2002a),The-
orem 3 rather than the Sethuraman represetation, to createa di erent constructive
formulation. Other future investigation will take usto the caseof modelling discrete
data, e.g., binary or court data at the rst stagewith a GSDP to model the spatial
structure in the meanon atransformedscale. We are alsointerestedin the casewhere
we obsene multiv ariate data at ead location. GSDP's certered around multiv ariate

spatial processmodels provide an obvious placeto start.
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Chapter 3

Mo delling Disease Incidence Data with
Spatial and Spatio-temp oral Diric hlet
Pro cess Mixtures

In this chapter, we will extend the spatial Dirichlet processto model discrete spatial
obsenations using the exampleof diseasancidencedata. As stated in Chapter 1, we
canreplacethe Gaussianassumptionin the rst hierarchy of the SDP model with any
exponertial family and still model the spatial random e ect by the spatial Dirichlet
process. We will rst review the diseasemapping problem, and then formulate the
spatial and spatio-temporal Dirichlet processmodelsfor it. This model is motivated

by the lung cancerincidencedata in 88 courties of Ohio.

3.1 Disease Mapping Problem

Data on diseaseincidence(or mortality) are typically available asrates or summary
courts for cortiguous geographicalregions, e.g., censustracts, post or zip codes,
districts, or courties, and collected over time. Hence,though casesoccur at point

locations (residences)the available responsesare assaiated with ertire subregions

in the study region. We denote the diseaseincidencecourts (number of cases)by
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Vi, Wherei = 1;::;n indexesthe regionsB;, andt = 1;::; T indexesthe time

periods. In practice, we may have covariate information assaiated with the region,
e.g., percen African American, median family income, percent with some college
education. In some cases,though we only know the areal unit into which a case
falls, we may have covariate information assaiated with the case,e.g.,sex,race,age,
previous comorbidities. Moreover, any of this covariate information could be time

dependen. We dewte Section3.2.3 belowv to a discussionof how to accommalate
sud information in our modelling framework. Howewer, the focushereis on exible

modelling of areal unit spatial random e ects and so,to avoid obscuringour primary

cortribution, we do not considercovariates elsewhere.

A primary inferertial objective in the analysisof diseasancidencedata is summa-
rization and explanation of spatial and spatio-temporal patterns of disease(disease
mapping); alsoof interest is spatial smaothing and temporal prediction (forecasting)
of diseaseisk. The eld of spatial epidemiolgy hasgrown rapidly in the past fteen
yearswith the introduction of spatial and spatio-temporal hierarchical (parametric)
models; see,e.g., Elliott et al. (2000), and Banerjee et al. (2004) for reviews and
further references.

The typical assumption (for rare diseases)s that the diseasecourt y;, condi-
tionally on parametersR;, are independernt Po(y; j EitRi) (we will write Po( j m)
for the Poissonprobability massfunction/distribution with meanm). Here, Ej; is
the expected diseasecourt, and R;; is the relative risk, for regioni at time period
t.! E; is obtainedasR n;, with R an overall diseaserate, using either external or
internal standardization, the former deweloping R from referencetables (available
for certain typesof cancer),the latter computedfrom the given data set,e.g.,R =

P P
« Yii= i Nic. Next, the relative risks R are explainedthrough di erent types of

1Below we will usean alternativ e and, we assert, preferable, speci cation, writing ni pi for the
Poissonmean, where n;; is the speci ed number of individuals at risk in regioni at time t and
pii is the corresponding diseaserate.
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random e ects. For instance, a speci cation with random e ects additive in space
andtime islogRy = i + ui + v; + , where j is a componert for the regional
covariates(e.g., i = XY for regressiorcoe cients ), u; areregionalrandome ects
(typically, the u; are assumedi.i.d. N(O; 2)), v; are spatial random e ects, and

are temporal e ects (say, with an autoregressie prior).

The most commonly usedprior model for the v; is basedon someform of a con-
ditional autoregressie (CAR) structure (see,e.g., Clayton and Kaldor 1987;Cressie
and Chan 1989;Besaget al. 1991;Bernardinelli et al. 1995;Besaget al. 1995;Waller
et al. 1997; Pascutto et al. 2000). For instance, the widely-usedspeci cation sug-
gestedby Besaget al. (1991) is characterizedthrough local dependencestructure by
consideringfor ead regioni a set, #;, of neighlors, which, for example,canbe de ned
asall regionscortiguousto regioni. Then the (improper) joint prior density for the v;
is built from the prior full conditionals|v; j vj;j 6 i]. Theseare normal distributions
with meanm, * P i24 Vi and variance m ; ! where is a precisionhyperparameter
and m; is the number of neighbors of regioni. Alternativ ely, a multivariate normal
distribution for the v;, with correlationsdriven by the distancesbetweenregion cen-
troids, has beenused(see,e.g., Wake eld and Morris 1999; Banerjeeet al. 2003b).
A dierent hierarchical formulation, discussedn Bohning et al. (2000), involvesre-
placing the normal mixing distribution with a discretedistribution taking values' j,
j = 1;::5k (that represen the relative risks for k underlying time-spaceclusters)
with correspnding probabilities p;, j = 1;:::; k. Hence,marginalizing over the ran-
dom e ects, the distribution for ead regioni and time period t emergesasa discrete
Poissonmixture, P jk:1 pPo(yi j Eit' j). See,also, Sclattmann and Behning (1993)
and Militino et al. (2001) for use of sud discrete Poissonmixtures in the simpler
setting without a temporal componert. In this setting, related is the Bayesianwork

of Knorr-Held and Rasser(2000) and Giudici et al. (2000) basedon spatial partition
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structures, which divide the study regioninto a number of clusters(i.e., setsof con-
tiguous regions) with constart relative risk, assuming,in the prior model, random
number, size,and location for the clusters. Further related Bayesianwork is that of

Greenand Richardson(2002).

When spatio-temporal interaction is sough, the additive form v; +  is replaced
by vi. The latter has been modelled using independen CAR models over time,
dynamically with independert CAR innovations, or asa CAR in spaceand time (see

Banerjeeet al. 2004).

Rather than modelling the spatial dependencethrough the nite set of spatial
random e ects, onefor ead region, an alternative prior speci cation arisesby mod-
elling the underlying cortinuous-spacerelative risk (or rate) surfaceand obtaining
the induced prior models for the relative risks (or rates) through aggregationof the
continuoussurface. This approad is lesscommonly usedin modelling for diseasan-
cidencedata (amongthe exceptionsare Best et al. 2000;Kelsall and Wake eld 2002).
Howe\er, it arguably o ers a more coherem modelling framework, sinceby modelling
the underlying cortinuous surfaces,it avoids the dependenceof the prior model on
the data collection procedure,i.e., the number, shapes, and sizesof the regionscho-
senin the particular study. It replacesthe speci cation of a proximity matrix, which
spatially connectsthe subregions,with a covariancefunction, which directly models
dependencebetweenarbitrary pairs of locations (and inducesa covariance between
arbitrary subregionsusing block averaging).

In this researf, we follow this latter approad, our main objective being to
dewelop a exible nonparametric model for the neededrisk (or rate) surfaces. In
particular, denote by D the union of all regionsin the study areaand let z.p, =
fz(s) : s 2 Dgbethe latent diseaseate surfacefor time period t, on the logarithmic

scale.Hence,z/(s) = logp:(s), wherep(s) is the probability of diseaseat time t and
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spatial location s. (With rare diseasesthe logarithmic transformation is practically
equivalert to the logit transformation). We proposespatial and spatio-temporal non-
parametric prior modelsfor the vectorsof log-ratesz; = (zy; :::; Znt ), Which we de ne
by block averagingthe surfacesz., over the regionsB;, i.e., zy = jBjj ! RBi z(s)ds,
where jBjj is the areafor region B;. We dewlop the spatial prior model by block
averaginga Gaussianprocess(GP) to the areal units determinedby the regionsB;,
and then certering a Dirichlet process(DP) prior (Ferguson1973; Antoniak 1974)
around the resulting n-variate normal distribution. We shaw that the model is equiv-
alert to the prior model that is built by block averaginga spatial DP (Gelfand et al.
2005). To model the z;, we can specify them to be independen replications under
the DP or we canadd a further dynamic level to the model with z; ewolving from z;
through independen DP innovations. We usethe former in our simulation example

in Section3.4.1;we usethe latter with our real data examplein Section3.4.2.

With regardto the existing literature, our approad is, in spirit, similar to that
of Kelsall and Wake eld (2002) where an isotropic GP was usedfor the log-relative
risk surface. Howewer, as exempli ed in Section 3.2.2, we relax both the isotropy
and the Gaussianiy assumptions. In addition, we dewlop modelling for disease
incidencedata collectedover spaceand time. Moreover, aswe show in Section3.2.1,
our nonparametric model has a mixture represetation, which is more generalthan
that of Bohning et al. (2000) as it incorporates spatial dependenceand it allows
model-basedidenti cation of the extert of clustering through the structure of the
DP prior.

The plan of the chapter is as follows. Section 3.2 dewelopsthe methodology for
the spatial and spatio-temporal modelling approates. Section3.3 discussesnethods
for posterior inferencewith more details given in Appendix B. Section 3.4 includes

illustrations motivated by a previously analyzeddata set involving lung cancersfor
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the 88 courties in Ohio over a period of 21 years. In fact, in Section3.4.1we dewelop
a simulated data set for these courties which is analyzedusing both our modelling
speci cation aswell asa GP model, revealing the bene t of our approad. We also
reanalyzethe original data in Section3.4.2. Finally, Section3.5 provides a summary

and discussionof possibleextensions.

3.2 Bayesian Nonparametric Mo dels For Disease
Incidence Data

The spatial prior model is discussedin Section 3.2.1. Section 3.2.2 demonstrates
how the useof the SDP providesfoundation for the modelling approad presetted in
Section 3.2.1. Section 3.2.3 discusseshow to include di erent types of covariate in-
formation. Lastly, Section3.2.4dewelopsa nonparametric spatio-temporal modelling

framework.

3.2.1 The Spatial Prior Probabilit y Mo del

Here, we treat the log-rate surfacesz.p asindependert realizations(over time) from
a stochastic processover D. We build the model by viewing the courts y; and
the log-rates z; as aggregatedversionsof underlying (cortinuous-space)stochastic
processes.The nite-dimensional distributional speci cations for the y; and the z;
are induced through block averagingof the correspnding spatial surfaces.

For the rst stageof our hierarchical model, we usethe standard Poissonspeci ca-
tion working with the n; p; form for the mean,following the footnote in Section3.1.
We note that this parametrization seemgreferableto the E;; Ry form, sinceit avoids
the needto dewlop the E;; through standardization; the overall log-rate emergesas
the intercept in our model. Thus, the y;; are assumedconditionally independert,

givenzy = logpy, from Po(y; j nii exp(zi)).
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This speci cation can be derived through aggregationof an underlying Poisson
processunder assumptionsand approximations as follow. For the time period t,
assumethat the diseaseincidencecasesver region D, are distributed accordingto
a non-homogeneouPBoissonprocesswith intensity function n¢(s)p:(s), wheref ny(s) :
s 2 Dg is the population density surfaceand p;(s) is the diseaserate at time t and
location s. If we assumea uniform population density over ead regionat ead time
period (this assumptionis, implicitly, presen in standard modelling approatesfor
diseasemapping), we can write n(s) = n;jBij ! for s 2 B;. Hence,aggregatingthe
Poissonprocessover the regionsB;, we obtain, conditionally on z.p , that the y;; are

R
independen, and eat y;; followsa Poissondistribution with mean B, n¢(s)py(s)ds =

R
Ni P, Wherep, = jBij ! B, pi(s)ds. If we appraximate the distribution of the p;

with the distribution of the exp(z), we can write y; | z indk: Po(yir ] ni exp(zit))
for the rst stagedistribution. We note that the stochastic integral for p;, is not
accessibleanalytically. Moreover, using Monte Carlo integration to approximate the
p; IS computationally infeasible (Short et al. 2005). Also, Kelsall and Wake eld
(2002) use a similar approximation working with relative risk surfaces. Brix and
Diggle (2001) do so aswell, using a stochastic di erential equationto model p;(s).
To build the prior model for the log-rates z;, we begin with the familiar form,
z(s) = (s) + (s), for the log-rate surfacesz;p . Here, (s) is the meanstructure
and p = f ((s):s2 Dgarespatial randome ects surfaces.As discussedn Section
3.2.3,the surfacesf (s) : s2 Dg can be elaborated through covariate surfacesover
D. In the absenceof sudh covariate information, we might set (s) = , for all t,
and usea normal prior for . Alternatively, we could set (s) = , wherethe
arei.i.d. N(O; 2) with random hyperparameter 2. In what follows for the spatial

prior model, we illustrate with the common speci cation.

To dewelop the model for the spatial randome ects, rst, letthe p,t= 1;::;T,
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given 2 and , be independen realizations from a mean-zeroisotropic GP with
variance 2 and correlationfunction (jjs sYj; ) (say, (jjs sYi; ) =exp( jjs

sjj) asin the examplesin Section3.4). Henceby aggregatingover the regionsB;, we
obtainz; = + , where = |Bjj 1RBi t(s)ds is the block averageof the surface
tp over region B;. The induceddistribution for = ( y;:; nt) IS a mean-zeron-
variate normal with covariancematrix 2R, ( ), wherethe (i; j)-th elemen of R,,( )

is given by
Z Z

iBij Bjj * (is sj; )dsas?
Bi B
Next, considera DP prior for the spatial random e ects  with precisionparameter
> 0 and certering (base)distribution Nn( j O; 2Rn( )) (we will write Np( j ; )
for the p-variate normal density/distribution with meanvector and covariancema-
trix ). We denotethis DP prior by DP( ;N,( j O; 2R,( ))). The choiceof the DP
in this cortext yields data-driven deviations from the normality assumptionfor the
spatial random e ects; at the sametime, it allows relatively simple implemertation

of simulation-basedmodel tting.

Note that the above structure implies for the vector of counts y; = (yi; 5 Ynt) @
nonparametricPoissonmixture model given by RQi”:l Po(yit j nip exp( + it))dG( 1),
where the mixing distribution G DP( ;N,( j 0; ?R,( ))). Under this mixture
speci cation, the distribution for the vectorsof log-rates,z, = 1, + ., isdiscrete(a
property inducedby the discretenes®f DP realizations), a feature of the model that
could be criticized. Moreover, although posterior simulation is feasible,it requires
more complex MCMC algorithms (e.g., the methods suggestedby MacEadern and
Meuller 1998and Neal 2000)than the standard Gibbs samplerfor DP basedhierardhi-

cal models (e.g., West et al. 1994;Bush and MacEadern 1996). Thus, to overcome
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both concernsabove, we replacethe DP prior for the z, with a DP mixture prior,

Z
ind: Nn(zi] 1.+ o 2In)dG( t);

zj; %G
where,again,G  DP( ;N,( jO; ?Rn( ))). That is, we now write z; = +  +
Ui, with ui i.i.d. N(O; ?). Introduction of a heterogeneiy e ect in addition to the
spatial e ect is widely employed in the diseasemapping literature dating to Besag
et al. (1991) and Bernardinelli et al. (1995), though with concernsabout balancing
priors for the e ects (see,e.g.,Banerjeeet al. 2004and referencegherein). Here,in
responding to the above concernswe serendipitouslyachieve this bene t.

Hence,the mixture model for the y; how assumedhe form
H 2 z ¥ ; 2
fiyij s 5G)= p(yi J + % w)dG( 1);
i=1
o R . N o
wherep(yi j 5 5 &) = Polyit j nie exp(zi))N(ze ] + «; ©)dz is a Poisson-log-
normal mixture. Equivalertly, the model can be written in the following semipara-

metric hierarchical form

Vi j Ze " Po(yrjng exp(zy)); i= Lunn t= LunT
Zei s ow 2™N@zej +ow Y i=Linnn t= LT
(3.1)
t] G hid: G t=21::T

Gj % DP( ;Na( jO; 2Rn()):

The model is completedwith independen priors p( ), p( ?) and p( 2), p( ) for
2 and for the hyperparameters 2, of the DP prior. In particular, we usea normal

prior for , inversegammapriors for 2 and 2, and a discrete uniform prior for

Although not implemerted for the examplesof Section3.4,a prior for canbeadded,

without increasingthe complexity of the posterior simulation method (Escobar1994).
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In practice, we work with a marginalizedversion of model (3.1),

Yoy
p( )P ApC ApC)HP( s i %) Po(yijnic exp(ze))N(zie |+ s 2);

i=1 t=1
(3.2)
which is obtained by integrating the random mixing distribution G over its DP prior

(Blackwell and MacQueen1973). The resulting joint prior distribution for the ¢,

p( ;5 1) % ), isgivenby

. 1
————Nn( (] 0 PRa( N+ ——

. 2 v_
Nn( 1] 0; “Rn( ) I t 1 j=1

t=2

(3.3)
where , denotesa point massat a. Hence,the  are generatedaccordingto a Polya
urn scheme; ; arisesfrom the basedistribution, and then foreah t = 2;:::;T, s
either setequalto j,j = 1;::;t 1, with probability ( +t 1) * oris drawn from
the basedistribution with the remaining probability.

Note that we have de ned the prior model for the spatial random e ects by
starting with a GP prior for the surfaces p, block averaging the assaiated GP
realizations over the regionsto obtain the N,(0; 2R,( )) distribution, and, nally,
certering a DP prior for the  around this n-variate normal distribution. This
approad might suggestthat the DP prior is dependen, in an undesirablefashion,
on the speci ¢ choice of the regions(e.g., their number and size). The next section
addresseshis potertial criticism by connectingthe model in (3.1) with the spatial

DP (SDP) from Gelfand et al. (2005).
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3.2.2 Formulation of the Mo del through Spatial Diric hlet
Pro cesses

The SDP can be proposedas the prior for the spatial random e ects surfaces p
to replacethe isotropic GP prior that we usedto build the DP model in Section
3.2.1. Therefore,now the model is deweloped by assumingthat the p,t= 1;::;T,
given Gp, are independen from Gp, whereGp, given 2 and , follows a SDP prior
with precisionparameter and baseprocessGyy = GP(0; 2 (jis sYj; )) (i.e., the

sameisotropic GP usedin Section3.2.1).

Next, we block averagethe p overthe regionsB; with respectto their distribu-
tion that results by marginalizing Gp over its SDP prior. Recall that for any set of
spatial locations s,, r = 1;:::;M, over D, the random distribution G™) induced by
Gp follows a DP with basedistribution GEJM) inducedby Gop . Becausewne canchoose
M arbitrarily large and the set of locations s; to be arbitrarily denseover D, using
the Polya urn characterization for the DP, we obtain that, marginally, the p arise
accordingto the following Polya urn stheme. First, 1p is a realization from Ggp,
andthen, foreatqt = 2;:::;; T, p isidertical to jp,] = 1;::;t 1, with probability
( +t 1) !orisanewrealization from Gop with probability ( +t 1) L.

Hence, if we block average 1, we obtain the N,(0; 2R,( )) distribution for

1. Then, working with the conditional speci cation for ,p given i, if we block
average ,p, » arisesfromN,(0; 2R,( )) with probability ( +1) *or ,= ;with
probability ( + 1) . Analogously for any t = 2;:::; T, the induced conditional prior
p( ¢ 1;: ¢ 15 2 ) isamixeddistribution with point massesat ;,j = 1,5t 1,
and cortinuous piece given by the N,(0; ?R,( )) distribution; the correspnding
weighs are( +t 1)1 j = 15t 1,and ( +t 1) 1. Thus, the prior
distribution for the  in (3.3) can be obtained by starting with a SDP prior for the

+p (certered around the sameisotropic GP prior usedin Section3.2.1for the p),
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and then block averagingthe (marginal) realizations from the SDP prior over the
regions.

As in Section3.2.1,weextendz,= 1,+ toz = 1,+ .+ u;, wherethe u;
areindependert N, (0; 21,). Hence,model (3.2) is equivalert to the marginal version
of the model above, i.e., with Gy marginalizedover its SDP prior.

The argumert above, basedon SDPs, providesformal justi cation for model (3.1)
{ (3.3). The SDPis anonparametricprior for the cortin uous-spacestochastic process
of spatial random e ects; regardlessof the number and geometryof regionschosento

partition D, it inducesthe appropriate correspnding versionof the model in (3.2).

3.2.3 Intro ducing Covariates

As noted in Section3.1, often in looking at diseaseincidence/mappingdata we will
seekto bring in covariate information. Here, we indicate how we would do this
in the context of the model given in (3.1). Our approad is to considerhow we
would handlethe idealizedsituation of point-referencedcase/non-caselata and then
propagate the e ect of the assumptionsand appraximations in Section 3.2.1. Our
approad is similar in spirit to that of Wake eld and Shaddidk (2006). In particular,
illustrating with a single covariate surfacef X(s) : s 2 Dg, supposez(s) = o +
1uX(s) + ().

If X¢(s) isan arealunit level covariate, i.e., X(s) = Xj, for all s2 B;, thenp, =
exp( o + uXit) jBij 1RBi exp( ¢(s))ds. So, for sut covariates, no approximation
beyond that of Section3.2.1is required.

Next, assa@iate with ead of the n;; individuals at risk in arealunit i at time t an
(unknown) location s, j = 1;2;:::; ., and covariate level X(s;j) (suppressingtime
t in the notation for s; ). At ead location there is a Bernoulli trial with probability

P (Xi(si)). (Here, we write pi(X:(s;)), instead of pi(s;j), to emphasizethe depen-
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denceon the covariate.) Sinceincidencerates are usually very small, we can envision
a Poissonappraximation to the sum of the ny Bernoulli trials in areal unit i at time
P .

t with expectation equalto p; = j"':‘l P (Xt (S5 ))-

Supposethat X(s) is categorical,in fact, for convenience,binary. Then, though
we do not know where they occur, we do know that ng; of the X(s;) are 0 and

P

nq; of the Xi(sj) are 1. So, in the absenceof spatial e ects, J.”';l pe(Xi(si)) =
Noit Pt(0) + Ny pr(1) = ngp, wherep, = n,(ngiepe(0) + Ny pe(1)). With spatial
e ects and with locations assignedat random, we obtain
Xit X X

pe(Xi(si)) = exp( ot + t(Sj)) + exp( ot + 1+ t(Sj)):
i=1 fsij :Xt(sj )=0g fsij :Xt(sj)=1lg
Again, we know the number of Os and 1s but can only assumethey are randomly
assignedo the s; . Hence,for ~ = 0; 1,

X Nt R S z
exp( «(s)) - expl(sy)  nuiBij ! exp( «(s))ds;

fSij ZXt(Sij )="¢g it j=1 Bi

P .
and, thus, % p(Xi(si)) NPy, With
Z Z

Noj L. Ny; R
pe= exp( o)iBij 1 exp( (S)ds+ exp( o+ w)iBij |
it Bi it

exp( ¢(s))ds:

Bi

Finally, makingthe sameintegral approximation (i.e., exp( i) jBij ! RBi exp( ¢(s))ds),
we can write b, exp( o + w)f1+ ngtniefexp( 1) g exp( o + )1+
nitlnlit ] exp( o+ nitlnlit 1wt it)

Lastly, with a cortinuous covariate, we may envision two scenarios{ (i) that it
is available for ead of the n; individuals at risk in areal unit i at time t or (ii)
more generally that it is available as a surfaceknown over the ertire study region.
Again, the quartity of interest is P jnil P(Xi(si)) = P jnil expl o + uXi(Sj) +
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Nit

P .
t(Sj)) = nip; Wherep, = nitlexp( o) i=1 exp( uXi(sj) + «(sj)). In case(i),

1P
let Vi = ny

_ L y . ,R

j”';l Xi(sj) while in case(ii) let Vi = jBij ! B, X(s)ds; under our
assumptions,in either case,V; can be calculated. Then, as earlier, we approximate
the distribution of p; by the distribution of exp(z;). In either case,we obtain p;

exp( ot + Vi + i)

3.2.4 A Spatio-temp oral Mo delling Framew ork

To extendthe spatial model (3.1) of Section3.2.1to a spatio-temporal setting, we cast
our modelling in the form of a dynamic spatial processmodel (seeBanerjeeet al. 2004
for parametric hierarchical modelling in this cortext, and for related references).We
now view the log-rate processz.p = fz(s) : s2 Dg asatemporally ewlving spatial
process.
To dewlopa dynamicformulation, we begin,asin Section3.2.1,by writing z(s) =
t + t(s) and add temporal structure to the model through transition equations for
the ((s), s&,
()= s+ «(s); (3.4)

where,in general,j j < 1, andthe innovations p = f ((s) : s2 Dgareindepender
realizationsfrom a spatial stochastic process.We can now de ne the nonparametric
prior for the block averages i = |Bij 1RBi t(s)ds of the p surfacesfollowing the
approad of Section3.2.1or, equivalertly, of Section3.2.2. Proceedingwith the latter,
we assumethat the p, givenGp, areindependert from Gp, and assigna SDP prior
to Gp with parameters andGop = GP(0; 2 (jjs sYj; )). Marginalizing Gp over
its prior, the induced prior, p( 1;:; 1] 2 ), forthe = ( ;5 ) is given by
(3.3) (with ¢ replacing ). Block averagingthe surfacesin the transition equations
(3.4), weobtain = 1+ ,where { 1= (1t 1,5 nt 1)- Adding, asbefore,

the i.i.d. N(O; ?) terms to the z;, we obtain the following general form for the

60



spatio-temporal hierarchical model
Vi i ze " Po(yeing exp(zo)); i = Lunm t= LT

Zei s ow 2UN@e 4o Y i=Lumng b= LT (3.5)

t= t1t ¢

vin ol Ao oplyi i %)

The speci cation for the  will dependonthe particular application. Forinstance,
the . couldbei.i.d., say, fromaN(0; 2) distribution (with random ?2), or they could
be explainedthrough a parametric function h(t; ), say, apolynomial trend, h(t; ) =

o+ P i=1 ,-tj , or the autoregressie structure could be extendedto include the ¢,
say, = t 1+ withj j<1,and iid. N(O; 2). Forthe Ohio state lung
cancerdata (discussedin Section3.4.2), we work with a linear trend function ¢ =
o+ 1t. Weset ; = 4,i.e., o= 0(alternatively, an informative prior for o can

be used). We choosepriors for 2, 2 and asin model (3.2); we take independen

normal priors for the componerts of ; and a discreteuniform prior for

3.3 Posterior Inference and Prediction

We discusshere the types of posterior inferencethat can be obtained basedon the
models in Section 3.2. In particular, Section 3.3.1 commerts on the (smoothed)
inferencefor the diseaseaateswhile, underthe dynamic model, Section3.3.2discusses

forecastingof diseaserates using the extensionof Section3.2.4.

3.3.1 Spatial Mo del

As is evidert from expression(3.3), the DP prior inducesa clustering in the  (in
their prior and hencealsoin the posterior for model (3.2). Let T be the number of
distinct ¢ in ( 1;:5; 1) anddenoteby = f ; :j = 1,1 T gthe vector of distinct
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values. De ning the vector of con guration indicators, w = (wq;::;;wr), sud that
wy = j ifandonly if = ;, ( ;w;T ) yields an equiwalert represetation for
( 1;:; 7). Denoteby the vectorthat includes( ;w; T ) and all other parameters
of model (3.2). Draws from the posterior p( | data), wheredata = f(y;y;ny) : i =

1, n;t = 1, Tg, canbe obtained using the Gibbs samplerdiscussedn Appendix

The multiv ariate density estimate for the vector of log-rates assaiated with the
subregionsB; is given by the posterior predictive density for a new zg = (z10; :::; Zho),

ZZ
P(zo j data) = P(Zoj o;; p(oj ;w;T; 2% )p( jdata): (3.6)

Here,p(zoj o;; 2 isaNp( 1.+ o 2l,) density, o= ( 103 no) iS the vector
of spatial random e ects correspnding to z,, and

1 X

+ T
j=1

P(oj swWT; % )= +Nn( 0] 0 Rn( ) +

T (o (37

whereT, is the sizeof the j-th cluster ;. Therefore,p(z, j data) arisesby averaging

i

the mixture

1 X

TTNn(ZOj 1n; ?ln+ ?Ra( )+ TiNn(z0] 1o+ j; ?1n)

i=1
with respect to the posterior of . Hence,the model has the capacity to capture,

through the mixing in the non-standard featuresin the distribution of log-rates

j ’

over the regions.

3.3.2 Spatio-temp oral Mo del

Turning to the spatio-temporal model of Section3.2.4,let = o+ 4t (asin
the example of Section3.4.2). Denotingby = (o; 1; 2, ; 2% f(z; o) it =
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1, :::; Tg) the parametervector correspnding to model (3.5), the posterior p( jdata)

is proportional to

p( o)P( P( )P 2p( 2)p( )

o, Y ey _ (3.8)
p( 15 1) 5 ) Na(zj ¢ “ln) Po(yicjnic exp(zit));
t=1 i=1 t=1
P . . L .
where (= ( o+ 1), + .., ' .. The Gibbssamplergivenin Appendix B can

be usedto obtain draws from p( jdata). For instance,of interest might be inference
for z;, the vector of log-rates correspnding to specic time periods t. Moreover,
given the temporal structure of model (3.5), our interest is temporal forecastingfor
diseaserates at future time points. In particular, the posterior forecastdistribution

for the vector of log-rateszr,;, attime T + 1,

p(zr+1jdata) =
ya
P(zret] 1505 15 T4 00 1 5 HP( T41) 1% 15 % )p( jdata)

where p(zr+1j 1,55 7, T+1 o, 1, 5 2) is an n-variate normal distribution with
P .

meanvector ( o+ (T + 1)1, + ' ™ . and covariance matrix 2l,, and

P( t+1j 1;: 15 % ) can be expressedas in (3.7) by replacing o with 1., and

using the, analogousto ( ;w; T ), clustering structure in the ( 1;::5; 7).

3.4 Data lllustrations

Our data consistsof the number of annual lung cancerdeaths in ead of the 88
courties of Ohio from 1968to 1988. The population of eat courty is alsorecorded.
Figure 3.1 depicts the geographicallocations and neighborhood structure of the 88
courties in Ohio. The courty location, area, and polygons are obtained from the

\map" padkagein R.
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Figure 3.1: Map of the 88 courties in the state of Ohio.

Regarding prior speci cation, for both models (3.1) and (3.5) we work with an
exponertial correlation function, (jjs sYj; ) = exp( jjs sYj). For both data
examples,the discreteuniform prior for takesvaluesin [0:007; 1], correspnding to
the rangefrom 3to 3000miles; 2 and 2 have gamma(Q1;0:1) priors (with mean
1); and issetequalto 1 (results werepractically iderntical under = 5and = 10).
Finally, the normal priors for (Section3.3.1)andfor o and ; (Section3.3.2) have
mean 0 and large variance (there was very little sensitivity to choicesbetween 107

and 1 for the prior variance).
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We obsened very good mixing and fast convergencen the implemenation of the
Gibbs samplersdiscussedn Appendix B. In both of our simulation and Ohio lung
cancerexamplebelow, we obtain 15,000samplesfrom the Gibbs sampler,and discard
the rst 3,000samplesasburn-in. Weuse3,000subsamplegrom the remaining12,000

samples,with thinning equalto 4, for our posterior inference.

3.4.1 Simulation Example

We illustrate the tting of our spatial model in (3.1) { (3.3) with a simulated data
set for the 88 courties of Ohio. We simulate the areal incidencerate from a two-
componert mixture of multivariate normal distributions whose correlation matrix
is calculated by block averaging isotropic GPs. The GPs cover the ertire area of
Ohio. The induced correlation matrix of the 88 blocks is computed by Monte Carlo
integration.

In particular, we proceedas follows. For i = 1;::;88andt = 1;::;T (with
T = 40), we rst generatez; independen N( + ; 2) and, then, y; indepen-

dent Po(n; exp(zi)), where n; is the population of courty i in 1988. The distri-

two block-averagedGP's. In particular, for * = 1;2,let O = 1’00}
No(( 1) 1,; 2R), with the (i;j)-th elemen of the correlation matrix R given by
iBij 1iBj] 1RBi RBj exp( jis sY)dsds. Then, eahr ; is independenly sampled
from 0:5 @ + 0:5 @, The valuesof the parametersare = 65, = 05, 2=
2=1=32, 2= 1=256,and = 0:6. Under thesechoices,marginally, eacr ; hasa
bimodal distribution of the form 0:5N(  ; 2) + 0:5N( ; 2).
We t model (3.1) to this data set. The Bayesiangoodnessof t is illustrated

with univariate and bivariate posterior predictive densitiesfor the log-rates,which are

estimatedusing (3.6). In Figure 3.2 we comparethe true densitiesof the model from
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Figure 3.2: For the simulation examplein Section3.4.1, posterior predictive densi-
ties for the log-rates,correspnding to four courties, basedon the SDP model (thick
curves) and the GP model (dashedcurves). The true densitiesare denoted by the
thin curves,and the obsened log-ratesby \+".

which we simulated the data with the SDP model posterior predictive densitiesfor
four selectedcourties. They are\Delaware" and \F ranklin" in certral Ohio, \Hamil-
includes Columbus and

ton" in southwest, and \Stark" in northeast. \Franklin"

\Hamilton" includesCincinnati sotheseare highly populated courties. \Delaware"
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is more suburbanand \Stark" is very rural (seeFigure 3.1).

The \+" mark the valuesof the 40 obsened log-rateslog(yi:=n;) in eat of these
four courties. In addition, Figure 3.2 includes posterior predictive densities from
a parametric model basedon a GP(0; 2exp( jjs sYj)) for the spatial random
e ects surfaces. This speci cation results in a limiting version of model (3.1) (for

I 1) wherethe , given 2 and , arei.i.d. N,(0; 2R,( )). The SDP model
clearly outperformsthe GP model with regardto posterior predictive inference.

Next, we pair the four courties above to show in Figure 3.3 the predictive joint
densities,basedon the SDP model, and, again, to comparewith the true joint den-
sities (using samplesin both cases). The rst pair \Delaware" and \F ranklin" are
next to ead other. The secondpair \Hamilton" and \Stark” are distant. We note
that, with only 40 replications, our model capturesquite well both marginal and joint

densitiesfor the log-rates.

3.4.2 Ohio Lung Cancer Data

The exploratory study of the Ohio lung cancer mortality data reveals a spatio-
temporal varying structure in the incidencerates. We display the obsened log-rates
log(yir =ny) for the aforemenioned four courties in Figure 3.4. This plot shaws clear
evidenceof an increasing,roughly linear, trend in the log-rate. Therefore we apply
the dynamic SDP model (3.5) with a linear trend over time, setting { = o+ it.
Moreover, becausenegative valuesfor do not appear plausible, we use a discrete
uniform prior on [0; 1) for

The time t is normalized to be from yeart = 1 to 21. In order to validate
our model, we leave year 21 (year 1988) out in our model tting and predict the
log-rates for all 88 courties in that year, using the posterior forecast distribution

deweloped in Section 3.3.2. Posterior point (posterior medians) and 95% equal-
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Figure 3.3: For the simulation exampleof Section3.4.1, posterior predictive densi-
ties (left column) and true bivariate densities(middle column) for log-ratesasseiated
with two pairs of courties. The right columnincludesplots of the correspnding ob-
sened log-rates.

tail interval estimatesfor o, ; and for are given by 8208 ( 8:319 8:100),
0:0367(0:0292 0:0448) and 0:7 (0:6; 0:8), respectively. There was also prior to pos-
terior learning for the other hyperparameters,in particular, point and interval es-

timates were 0:0586 (0:0552 0:0656) for ; 0:104 (0:08550:113) for 2; and 0:133
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Figure 3.4: Obsened log-ratesfor four courties from 1968to 1988for the Ohio data
exampleof Section3.4.2.

(0:10%,0:152) for 2.

In Figure 3.5we display the marginal posterior forecastdensity of the log-rate for
the earlier four courties in the hold-out year 1988. We also calculated 95% marginal
predictive intervals for all 88 courties in 1988and found that 83 out of 88 obsened
log-rates (94.3 %) are within their 95% interval, we do not seemto be over tting
or under tting. In Figure 3.6 we provide the contour plot of the predictive log-

rate surfacefor 1988, using mediansfrom the posterior forecastdistribution for eah

courty.
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Figure 3.5: Posterior forecast densities for the log-rate of four courties in the
hold-out year (year 1988) for the Ohio data example of Section 3.4.2. The verti-
cal line in ead plot is the obsened log-rate.

3.5 Discussion

We have argued that, with regard to diseasemapping, it may be advantageousto
conceptualizethe model asa spatial point processrather than through more custom-
ary areal unit spatial dependencespeci cations. Aggregation of the point process
to suitable spatial units enablesus to useit for the obsenable data. Specifying a

non-homogeneoupoint processrequiresa model for the latent risk surface. Here,
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Figure 3.6: For the Ohio data exampleof Section 3.4.2, mediansof the posterior
forecastdistribution for the log-rate in ead courty for year 1988.

we have argued that there are advantagesto viewing this surfaceas a processre-
alization rather than through parametric modelling. But then, the exibilit y of a
nonparametric processmodel asopposedto the limitations of a stationary GP model
becomesattractiv e. The choiceof a spatial DP nally yields our proposedapproad.
We applied the modelling to both real and simulated data. With the simulated data
we clearly demonstratedthe advantage of sud exibilit y.

Extensionsin se\eral directions may be ervisioned. Three examplesare the fol-

lowing. In treating the speci cation for the  we could provide a nonparametric
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model aswell through i.i.d. realizationsobtained under DP mixing or the assiated
dynamic versionwith independen innovations under sud a model. Next, we often
study concurrent diseasemapsto try to understand the pattern of joint incidence
of diseases.In our setting, for a pair of diseasesthis would take us to a pair of
dependent surfacesfrom a bivariate spatial process. We could envision modelling
basedupon a bivariate SDP certered around a bivariate GP. Finally, how would we
handle misalignmen issuesin this nonparametric setting? That is, what should we
do if diseasecourts are obsened for onesetof areal units while covariate information
is supplied for a di erent set of units? Banerjeeet al. (2004) suggeststrategiesfor
treating misalignmert but exclusiwely in the context of GP. Extensionsto our SDP

setting would be useful.
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Chapter 4

Space-time Mo delling Using Dieren tial
Equations with Application to Urban
Development

In this chapter, we dewelop our spatio-temporal point processwhosedynamic inten-
sity is modelled with stochastic di erential equations. In Section4.1, we rst review
the Cox processmodel, then proposea structured model for the ewlution of latent in-
tensity surfacesover time. Deterministic and stochastic di erential equationversions
of the growth medanism are introduced and discussed. In Section 4.2, we formu-
late a Bayesianhierarchical model basedon the theory in Section4.1 and proposea
processcornvolution appraximation. Section 4.3 addresseBayesian estimation and
space-timeprediction issues. Section 4.4 provides two illustrative examples,one of
which is the real urban growth data of Irving, TX. We concludewith a discussionon

future extensionsof the current model in Section4.5.
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4.1 Spatio-temp oral Point Pro cessesMo dels with
Dynamic Intensity

4.1.1 Space-time Cox Pro cess Mo del

The motivating problem for our researt is to model urban dewlopmen by the
construction of new residertial houses.Figure 4.1 shaws the residerial buildings in
Irving, TX from 1951{1968in four di erent years. The exact locations and times of

new constructionsform a point pattern over spaceand time.

Our fundamenal approad to the urban dewelopmen problem is the space-time
Cox process(Cox 1955), i.e,. conditioning on a realization of a positive-valued
stochastic process,in a xed region, the emergenceof newly obsened points over
a certain period of time beharesaccordingto an inhomogeneoudoissonprocess.If
we only model the locations, we can usethe univariate Cox Process. Howewer, we
might have additional information at the locations, a so-calledmarked point pro-
cess.For instance,we might note whether the construction wasa singlefamily home,
an apartmert building, a commercialsite, etc. We might expect that commercial
buildings have a di erent distributional pattern over spaceand time from residen-
tial buildings. These assaiated overlapping and correlated point patterns can be
modelled by the multivariate Cox processes.Here, we will only considerthe uni-
variate case. The multivariate versionis a conceptually straightforward extension
though computation will be much more demanding(and tting our univariate model
is already quite challenging).

Focusing on the urban dewlopmer setting, let D be the study region, which
would be somemetropolitan areaor a portion thereof. Depending upon the window
of time, it might include primarily urban areaor with a later (or longer) window,

the suburban and rural areassurroundingit. Let Nt (D) be the number of houses
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Figure 4.1: Residetnial housesin Irving, TX.

n 0]
constructedin the period fromt = Oto T and Xt =  Xyi,;::: P XN it bethe setof

locationsand times of thesenew constructions. The intensity of the space-timepoint
processmodel for X1 is (t;s);s2 D;t 2 [0; T]; which is a positive-valued function.
(t; s) could be viewed as essetially being a nonparametric speci cation which, for

instance,could be arealization of a space-timeprocessover D [0; T] (Nonparametric
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functions usingbasisrepresetations would alsobe possible.) Howe\er, in the presert
work, we chooseto view (t;s) as having a parametric form that is motivated by
medanistic or theoretical considerations.We want to introduce speci ¢ parametric
choiceswhere the parametersquartify relationships and inferenceis sough about
theseparameters.Indeed,theseparametersthemseheswill be assaiated with spatial
locations and sowill themseles be viewed as realizations of spatial processesthus,

we can seehow they vary over D.

More speci cally, let

(t;s) =1 (t ((t;s);l=1::::p) (4.1)

any location s, the | (t; s) are the valuesof the parametersor latent variableswhich
determine ( t;s). Sincethey are realizations of spatial processesthe | (t;s) can
exibly capture spatial variation and correlation .

The emergencef newhousess conceptuallya problem of cortin uous-time spatio-
temporal point process,becausea houseis virtually there whenthe land is acquired
and the blueprint drawn. Howewer, as buildings are not constructedinstantaneously
we only obsene new construction over an interval of time. Therefore when using
space-timepoint processe$o model houseconstruction, we discretizetime and pre-
sumethat there are only a nite number of periods. In ead period there is a nite
random set of obsened locations, which, altogether, can be treated asa spatial point
process.The intensity surfacegoverning that processcanstill be consideredasewlv-
ing over cortinuoustime. Expressedin mathematical terms, the chanceof an event
occurring at any speci ed time is O; in order to observea point pattern we have to
consideran interval of time.

If we discretizethe space-timepoint processin time, the intensity for any spatial
point process,say Xi,.t,] consistingof locations emergingin a sub-period t 2 [t1;1y)
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(t; Oandt, T)is

Zt th

(t; s) dt = f(t (ts);l=2L:::;p)dt (4.2)

t1 ta

2

provide a good approximation to the spatio-temporal point processXt, when the
time intervals are su cien tly small. Moreover, this alsoallows usto approximate the
intensity (4.2) by

Z

t2

(ts)ydt (t2 ti) (ty;8) = (t2 to)f (ta; (ty;8)1=1:::5p) (4.3)

t1

In the next subsectionwe intro ducethe dynamicsfor the cumulativ e spatial inten-
R
sity (t;s) = g ( ;s)d and usethe approximation (4.3) to deducethe dynamics

for the discrete-time spatial point process.

4.1.2 Mo delling Intensit y Surface Dynamics

Theory from mathematical ecologyand scciology arguesthat the growth of human

population, despite the transcendem intricacies of its infrastructure, bearsresem-
blancein the macro scaleto that of any other biological species.We do not attempt

to model arrival of peopleto a metropolitan area using our space-timepoint pro-

cess.Rather, we usethe construction of singlefamily homesas a surrogate process.
Moreover, urban growth is customarily descrited in aggregate,e.g., at the city-level

(e.g. Glaeser2003; Rossi-Hanslkerg and Wright 2005 and the referencestherein).

We would arguethat providing point referencedmodelling for sud building enables
assessmenof urban dewelopmen at previously unacievable spatial resolution. Ad-

ditionally, although we do not connectthe intensity surfacefor our \house-building"

Cox processto population growth, it is plausibleto assumethat the spatial intensity

ewlveswith dynamicssimilar to those of population growth.
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Three typical growth models usedin ecologyand descrited through di erential

equations(indexed by location) are

Exponenial growth

18919 @y (4.4)
Logistic growth
d étt; o9 (49 1 K(t(;s) (4.5)
Gompertz growth
d étt; S 2 r(ise O (t9) (4.6)

By introducing a point-referencedspatial componert into theseequations,there
is adi erential equationat ewery spatial location. Moreover, ead of thesedi erential
equationsis random. Our modelling will ensurethat the di erential equationsfor lo-
cationscloseto eat other will tend to be moresimilar than thosefor locationsfarther
apart. Note further that thesedi erential equation modelsfor the cumulative spatial
intensity  (t; s) imply integral equation modelsfor the space-timeintensity  (t; s).

For example,the logistic growth can be viewed as a nonlinear integral equation:

Z 1 R
(t;s) =r(s) . (;99d 1 K : 4.7)
In all three of the modelsabove, r (s) denotesthe local growth rate acrossspace.
The apparert shortcoming of exponenial growth with regardto houseconstruction
is that the cumulative intensity is not bounded. The logistic growth model usesa
carrying capacity K (s) to bound this intensity by making the growth rate decreasdo

zerowhen the intensity approatesthe capacity. For residenial houseconstruction

78



su a model seemgo be plausibleand the notion of a carrying capacity hasa natural
interpretation sowe adopt it asour illustrativ e focus. The Gompertz growth instead
usesan intrinsic decgy parameter to cortrol for the in nite growth problem and

could be consideredas well (seeSection4.1.3for further discussion).

So,in usingthe logistic growth model for the intensity, we proposea local growth
rate r (s) and carrying capacity K (s) and imposespatial processmodels on these
parameters. In reality, the local growth rate r (s), the local carrying capacity K (s)
and the intensity  (t; s) only have physical interpretations when assaiated with a
region. If we considerthe regional growth rate r (D) asthe averageof the local rate

Z

r(D) = r(s)ds

iDj o

where jD| denotesthe areaof D; and the regional capacity is the aggregateof the

local capacity
z

K (D)= K (s)ds
D
the global growth in the regional D should have the following dynamics:

(t, D)
K (D)

d (tD) _

S—=r(D) (tD) 1 (4.8)

where
Z

(t;D) = (t; s) ds:
D

Our local model for onelocation s canbe consideredhe limit of this global model

when the area surrounding the location s goesto zero. Let ¢ be the neighborhood
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of s. The limits of the terms in the equation are

. (t; <) . 1
im ———~ = |lim — t;s)ds’= t;s);
jsit 0 ] isit o] s (ts) (ts)
Z
. K () . 1
lim —— = lim — K (s)ds’= K (s);
isit 0 ] g isit 0) ) (0) (s)
1Z
lim r = lim — r(s%ds’=r(s):
J_SJ_!O(S) Mg (s9 (s)

Thereforethe limit of the global growth equation (4.8) is

d (=S (t s) (t s)=]j
Jmc T (9 R(951 4
d (ts) _ _ (t; s)
at = r(s) (ts) 1 K (9

which is exactly our local model. In other words, our interpretations for r(s), K (s)
and (t; s) provide coheren behavior whenintegrated acrossD or any portion of D.

In order to capture the spatial variation and suitable dependencefor inhomoge-
neousgrowth, we assumethe local growth rate and capacity have very exible spatial

processmodels:

r(s)
K (s)

exp( r(s; 1)+ ((9) (4.9)

exp( k (s; k)+ «(9) (4.10)

where ; (s; ;) and g (S; k) aretrend surfacesand , (s) and ¢ (S) are mean-zero
spatial random e ects modelled as realizations of certain spatial processessud as
stationary Gaussianrandom elds (Cressiel993;Banerjeeet al. 2004) or nonpara-
metric spatial Dirichlet processegGelfand et al. 2005).

Returning to (4.4), (4.5) and (4.6) above, we assumethe intensity at any loca-

tion follows the sametype of dynamics with spatially varying parameters,sud as
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r (s) and K (s). The resulting modelsfor the ertire study region emergeasin nite-
dimensional dynamic systems(It’o 1984). In practice, we approximate them with
spatially discretizedversions,hencereducethem to multiv ariate dynamic systems.

Computationally, for the large number of houseswe will be working with, it will
not be tractable to work with the point processlikelihood; rather, we will have to
introduce a partition of D and employ a Poissonlikelihood for the number of points

obsened in a given cell of the partition in a given time period. So, consider a

averageintensity in this cell can be modelled with the averagespatial parameters.

For examplethe logistic model can be appraximated by

d (tm) _ _ (t; m)
—a r(m) (t;m) 1 K (M)

(4.11)

wherer (m) and K (m) are averagegrowth rate and carrying capacity in eat cell.
The spatial variation and correlation of r (m) and K (m) are inherited from their
spatial processesConversely the cortinuous spacemodel (4.5) can be viewed asthe

in nitesimal versionof (4.11).

4.1.3 Diusion Equation Mo dels for the Growth Rate

Given r(s) and K (s), model (4.5) yields a deterministic space-timemodel for the
ewlution of the spatial and space-timeintensity. That is, though we have a spatial
processof curves ( t;s), at any location, given the rate and the carrying capacity,
the resulting growth trajectory is xed. To enrich this behavior, we could try to
introduce uncertainty into thesetrajectories. Howewer, for the houseconstruction
problem, we insist that the cumulative intensity must always be nonnegative. A
di usion equationfor the intensity achieved by adding a stochastic componert to the

di erential equation neednot presene nonnegativity. Furthermore, not only must
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(t; s) be nonnegatiw, but  (t; s) must be nonnegative aswell. A typical di usion

equation, sudh as Feller's branching process:

©9 gv P Eoaw (s 4.12)

d (tts)=r(s) (ts) 1 K9

whereW; (s) is a spatial Brownian motion, can not guarartee this for the space-time
intensity  (t; s). Thereforewe choosenot to apply a stochastic di erential equation
to the intensity itself, but insteadto add temporal structure to the growth rate and
thus formulate a spatial di usion equation model for r (s).

Let r (t; s) be the time-varying growth rate. Becauser (t; s) is also positive, we
will model the log growth rate Z (t;s) = logr (t; s). The Gompertz growth model
can be viewed as an extensionof the simplestexponertial growth with the following

di erential equationfor Z(t; s):
dz (t;s) = (s) dt, with z(0;s) = logr (0;s): (4.13)

If we add a stochastic componert with spatial Brownian motion to (4.13), we have

the following di usion equation for Z (t; s):
dz (t;s) = (s)dt+ ,dW;(s), with Z (0;s) = logr (0;s):

This resulting model for the growth rate r (t; s) is the geometric Brownian motion:

2 t+ ,W(ts) ;

NI =

r(t;s) = r (0;s) exp a(s) +

which is not stationary.

For the logistic growth, becausehe crowding e ect [1 (s) =K (s)] alreadycon-
trols for the decreasinggrowth, it is much easierto specify a stationary model for the

growth rate. We do soby letting Z (t; s) = logr (t; s) be a stationary mean-re\erting
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Ornstein-Uhlerbed process(SeeRossi-Hanslerg and Wright 2005for economicjus-
ti cations.):

dz (t;s)=1[ (s) Z(t;s)]dt+ ZzdW;(s): (4.14)

The physical interpretation of this model is that the log growth rate will evertually
uctuate about the deterministic level (s)=. As a result, Z (t;s) is stationary

space-timeprocesswith the following separablecovariance function
COV(Z (t1;81);Z (tz;52)) = Z2exp( jt1 i) (st Sz ) (4.15)

where (S; Sp; ) isthe correlation function of the spatial Brownian motion W, (s).

For the spatially discretemodel (4.11), the correspnding discreteversionfor the

log growth rate over a subdivision of M cellsis
Ztm= M IyZ(@tm) dt+ zdW;(m) (4.16)

where M is an M -dimensionalvector with eah elemet M being the averageof
(s)incellmandly isanM M identity matrix. For more properties of the
multiv ariate Ornstein-Uhlerbed processseeSdad (1971). For a generaltreatment
of multiv ariate stochastic di erential equations,seeGard (1988), It (1984),Karatzas

and Shrewe (1991) and Oksendal(2002).
If after a su ciently longtime, Z (t; s) will have corvergedand will only uctuate

slightly around (s) =, our deterministic model (4.5) with
Z(s) ()= r(s)+ (9)

is a good approximation to the space-timemodel. Note this appraximation reduces
the space-timemodel for the growth rate to the more parsimoniousmodel (4.9). In
the examplesthat we will presen in Section4.4, we only have very few periods (less
than 20) of growth data that is insucient to t the model in (4.14), thereforethe
more parsimoniousmodel (4.9) is deliberately selected.If the data camewith many
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periods (say more than 350 periods as in the simulated data examplein Brix and
Diggle 2001),we could attempt to t the full model with dynamic growth rate. The
following sectionswill focus on the logistic growth model (4.5) with only spatially

varying growth rate.

4.2 Statistical Mo del Fitting and Inference

The dynamic Cox Processmodels proposedin Section4.1.2imply the following sta-
tistical hierarchical model: At the rst stage,the space-timepoint patten Xt is a
realization of a spatio-temporal PoissonProcessX +. The intensity ( t;s) is a func-

tion of the initial intensity

Z 0
(0;s) = (;s)d (4.17)

1

and the latent parameterprocesseslescribingthe growth rate, sud asr (t; s), K (S)
etc. The latent parameter processesare realizations of exponerial Gaussianpro-
cesses.

The multi-p eriod spatial Cox Processversionof this dynamic model canbe viewed

asatemporally discretizedapproximation to the space-timeCox Processabove. If we

sequenial spatial point pattern x;, is arealization of the spatial PoissonProcesswith
R, . : .
the intensity (tj;9) = tlf'*f ( ;s)d . In the following subsectionswe discussthe

approximation and discretization of the dynamic spatial intensity (tj;s) and the

statistical inferencefor the latent parameterprocesseshat de ne (tj;s).

4.2.1 The Discretized Cox Pro cess Mo del

As noted in Section4.1.2,if we obsene the spatial point processesn evenly spaced
time intervals t and the time intervals are small, the spatial intensity in period t;
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can be approximated as

z tj; 2
(tj;s) = (;s)d (ti1;s) t

1

From (4.5), the dynamics of the discretized spatial intensity can be derived as a

di erence equation

69519 59 1 — 5D (4.18)
where
th X
(tj;s) = (;9d (0;8) + (ti;s): (4.19)
0 I=1

(tj;s) de nes the intensity surfacefor the conditionally independert point pro-

an explicit transition model for the intensity over time. The realization of X (t;)
is a set x (tj) with the total number of points n; = jx(tj)j. We will now sup-
pressthe index t to usex; = Xj1;:::;X;n, asthe points in period t; and let

j=f (t;;s);s 2 Dg be its intensity surface. Note that we begin with X, the
initial point pattern (i.e., we begin our investigation of growth at sometime point
after the city was founded), which provides necessaryinformation for the initial in-
tensity surface o= f (0;s);s2 Dag.

Suppose we model the initial intensity o as a realization of an log Gaussian

spatial process,

o(s)=exp( (+ (9)), (99 GP(OC (s s )): (4.20)
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(4.10) asfollows:
x;j ; PoissonD; );j=1L:::;d
Xo] o Poisson(D; )

i 1(8)
K (s)

j(s)=1r1(s) j 1(s) 1
K 1
i(s)= o(9)+ 1 (8)
=1
log o(s)= (s; )+ (9
(4.21)
(s) GP(@;C (s s% ));s:sP2D
logr(s)= (s; 1)+ (9
r(s) GP(0;C (s SO; r)) ;5;502 D
logK (s) = «k (s; k)*+ « ()
k() GP(0;Ck (s s% «k));s;s°2D

Do priors
H rs K

where (y is the parametervector in the meansurfacefunction andC(y s s% ()
is the stationary covariancefunction.

In this model, the intensity surfacesare deterministic functionsof r (s), K (s), and
0(s), s2 D. The joint likelihood for the J + 1 conditionally independen spatial

point patterns is

exp j (s)ds i (xji)  exp o(s)ds 0 (Xai) :

(4.22)
The stochastic integralsin (4.22) cannot be worked with directly. In orderto t
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this model, we have to approximate them by Riemannsums. We divide the geograph-
ical region D into M small cells and assumethe point processesiave homogenous
intensity within ead cell. Let ; (m) and (m) be the averageintensity in cell

m. Let the areaof cellm be A (m). The joint likelihood after this discretization is

I
Y P TV N #
exp j (m)A(m) j (m)™m
j=1 m=1 m=1
, (4.23)

hd Y
exp o(m) A (m) o(m)™m ;

m=1 m=1

wheren;, is the number of point in cell m in period j .

If we assumethe growth rate r (s) andthe capacity K (s) ;s 2 D arehomogeneous
in eat cell m, and denotethem asr (m) and K (m), we derive a versionof dynamics
in discretetime and spacefor the intensity,

i 1(m)

(my=r(m) ja(m) 1 S

t: (4.24)

Basedon the assumptionsin model (4.21)that | (s), k (s) and (s) are Gaus-

sian processesye have

logr (m) = (m; )+ . (m);

where = ((1);::5; (M) Nu (ORm ( 1);
logk (m) = «(m; k) + « (M);
(4.25)
where x = («(1);:::; k(M) Num (O;Rm ( k)):
log o(m)= (m; )+ (m);
where = ( (1);:::; (M) Nw (O;Rw ( )
whereRy () istheM M covariancematrix derived from the correlation function

(0}
C s S5 () -
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A criticism of models (4.21) and (4.25) which we noted above is that they are
deterministic conditional on r (s), K (s) and ¢(s). We can relax this restriction
accordingto the mean-reerting Ornstein-Uhlerbed processmodel (4.14). To for-

mulate this model in discretetime and space,we can discretize equation (4.16) into

zi= M ImZ;  t+ (W, W j); (4.26)
X
and logr; = Z; = Zo+ Zy;
1=1

cell m,

M =logr(my= (m; )+ ,(m);

andZo(m) = ,,(m; )+ 4 (m).

In this more exible model, the log growth rate has a state spaceequation (4.26),

(4.14) is a spatial Brownian motion.

4.2.2 Appro ximation Using Kernel Convolution

The computational di cult y in tting this model is the large number of cells (e.g.
2500in the examplesn Section4.4.2)and thereforethe high dimensionof the correla-
tion matrix Ry . There are numerousstrategiesfor handling this \large M" problem
(Vecdia 1998;Furrer et al. 2006;etc.). To reducethe dimensionality of this model,
we usethe kernelconvolution appraximation technique proposedby Xia and Gelfand
(2006) to approximate the distributions of ,, ¢ and . A brief account of this
method is as follow.

We de ne aregionD, that coversthe regionD under study. We divide the region
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V, is asseiated with block | and let ' (s s,) be the kernel function. The kernel
convolution approximation to a Gaussianrandom eld = f (s);s2 Dgis de ned

as

X p___
“(s) = A() (s s; )M;s2D (4.27)
=1

The original Gaussianrandom eld is assumedto be mean-zeroand have a
stationary covariancefunction C (s s® ), whosespectral density is € (! ; ). For ~

to approximate |, the kernelin (4.27) is shavn to be the inverseFourier transform

q
of C(;):

Z q
! (S SO; ): (2 ) 2 e it T(s ) C(I ; )d' (428)

R?2

For example,the Matern classcovariancefunction in R? is

Cii(W)=5— (+1) 2 C jjuip € jui) (4.29)

wherethe variance 2 is proportional to = 2. The kernel mixture approximation

to arandom eld with Matern classcovariance hasthe following kernel:
T 55 )= (@2) TC oy (W)
1=2 (4.30)

T A 92 & (i) 2 ¢ p=2( jjuil):

Note that (4.30) requiresthat the smoothnessparameter > 1. Xia and Gelfand
(2006) alsodiscusshow to selectthe covering regionD, and the number of blocks in
D,.

If we useMatern covariancein our Model (4.25), we can approximate ,,  and

with the kernelin (4.30) and 3L independen standard normal random variables:

VIEON(O; 1) Ve N(@©O;IL);V N(O1L):
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DeneaM L matrix H( )
p
H( )= AW0) (sm s; )sm=1::5M;1=1:05L
wheres,, is the certroid of cell m and §, the certroid of block |. The kernel mixture
approximation to (m), ¢ (m)and (m);m=1;:::;M is

TEH()V Xk =H(k)VST=H( )V. (4.31)

Because~, 7, are linear conbinations of a much lower dimensionalindependen

setof V/, VK,V (L M), computation is expedited.

4.3 Bayesian Inference and Prediction

We provide brief details on both inferenceand prediction assaiated with the models

in Section4.2.1.

4.3.1 Bayesian Inference

With regardto inferencefor model (4.21) and (4.25), there are three latent surfaces
discretizedover the grid M: r (m), K (m) and o(m). The parametersand latent
variablesin this model include the ,, k and in the parametric trend surfaces,
the discretizedspatial randome ects  (m), x (m), (m), m= 1;:::;M and the
parameters ,, , in the covariance functions. As in the previous section, we

usethe kernel corvolution processes;, %, ~ to approximate ,, ,
logr () + 7 logK  «(k)+ ; log o ( )+ 7 (4.32)

The priors and hyper-priors for the model parametersand latent variables are

assumedto take the form

6K () () ()
6K () (k) () (4.33)
VEVE:VY N (0:1.) N(©O;1.) N(;I.)
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where speci cation of the hyper-priors for (y and () dependson the particular
application. For example,the trend surfacefor the log growth rate may take the
linear regressiorform: ( ;) = X (s) ., then we canspecify a dispersenormal prior
N O; 2= 10 for ,. The parameterin the correlation function , may represen
a value proportional to the variance, hencewe can specify a Inverse-Gammaprior
for it. Note that i and o in the discretizedlikelihood (4.23) are deterministic
functions of the parametersand latent variablesde ned by (4.24), (4.31) and (4.32).

Thereforethe joint posterior is proportional to

" ! #
Y X W o
exp j (m)A(m) j (m)™m
ji=1 m=1 m=1
|
’ (4.34)
exp o(m) A (m) o(m)"er
m=1 m=1
() (k) C INOIDON@OI)N@ 1) () (k) )
Furthermore, eadh of ,, «, , , k., may represehn multiple parameters;for
example,we have , = f |; ;; ;g if we useMatern classcovariance and kernel for

the spatial random e ect in the log growth rate.

We simulate the posterior distributions of the model parametersand latent vari-
ablesin (4.34) usinga Markov Chain Monte Carlo algorithm. Becausehe intensities
in the likelihood function are very irregular nonlinear functions of the model parame-
ters and latent variables,it is very di cult to obtain derivatives,and hencea directed
MCMC (e.g.,Langevindi usions in Beneset al. 2002and Robert and Casellal1999),
we usethe random-walk Metropolis-Hastingsalgorithm in the posterior simulation.
Ead parameteris updated in turn in ewery iteration of the simulation and the latent

variables V";VK:;V  are sampledin three blocks.
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4.3.2 Prediction

The prediction problemin the context of our spatio-temporal model is about forecast-
ing the future intensity and point pattern for the spatial point process.Indeed,we can
hold out the obsened point pattern in a future time period. Then, if we obtain ex-
pectedgrowth for that period, we can comparewith obsened growth to validate our
model. The predictive intensity relieshighly onthe model speci cation. For the logis-
tic growth function, conditioning on the posterior samplesoff ,; «; ; r; k; 0
and V";VK:;V | wecanextrapolatethe intensity ;.1 (S) in period J + 1 at any
location s 2 D by calculating

Sy 1)y k(s k) (si )

X
()= H(s s )V
=1
x
(= H(s s; «)V
=1
X
"= H(s s; Vi

=1

and then using(4.18) and (4.19) recursiwely. Becausewe canobtain a predictive sam-
ple for ;41 (S) from the posterior samples,we can easily compute any quartity of
interest pertaining to the predictive distribution of ;.1 (S), sudhasE|[ ;+1 (9)],
Median[ ;41 (S)] and a predictive interval for 341 (S).

For any subregionD; D of interest, we can aggregate ;.1 (S) overs 2 D;
to obtain the predictive distribution of the Poissonintensity ;.1 (D1):

Z X
3+1 (D1) = 3+1 (S)ds 3+1 (M) .

D1 m\ D16

We can then use the predictive distribution of 3+1 (D7) to nd the predictive
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distribution for N;j.;  Po( ;+1 (D31)). And, asabove, with holdout data, we can

compareobsened growth with predicted.

4.4 Examples and Results

4.4.1 Simulation Example

In order to seehow well we can learn about the true process,we rst illustrate the
tting of models(4.21) and (4.25) with a simulated data set. In a study regionD of
24 24 squaremiles shavn asthe certral block in Figure 4.2, we simulate an initial
point pattern represeting the locations of the existert housesin a city, and 16 con-
secutiwe yearsof growth. Figure 4.3 displays the growth of the simulated urban area,
wherethe rst plot shaws the existert housesat the time we start our obsenation,
and the other v e show the locations of new housesin the next 5 successie years.

The data are simulated asfollows. As in the real houseconstruction data set, the
obsened spatio-temporal point processis discretein time (we useannual data here).
The point patterns in our simulation comprise locations of new buildings in ead
year. The intensity for the dewelopmen of these point patterns has the transition
model de ned by (4.25), wherewe needthree spatial processes (s), K (s) and (S),
s 2 D. The initial intensity o(s), s 2 D also generatesthe initial point pattern,
e.g. the locations of the existert houseswhen we start our obsenation.

In practice, we can only simulate the latent spatial processest a nite number
of grid points. We thereforedivide the regioninto 1600(40 40) equally spacedgrid
cells. In order to usethe kernel corvolution methods in Section4.2.2, we put our
study regionin alargerareaD, of 40 40squaremiles (seeXia and Gelfand 2006for
justi cations for the selectionof the areaand grid). We overlay the region D, with
a 10 10grid at spacingof 4 miles and thus obtain 100 blocks shown in Figure 4.2,
eat of which has an areaof 16 squaremiles. The latent variablesV', VK and V
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Figure 4.2: The region under study and the bigger area and grid for the kernel
convolution approximation (seeSection4.4.1).

are de ned at the certroid (seeFigure 4.2) of ead square.

The latent variablesr (m), K (m) and o(m) of eat cell in D are de ned in
(4.25). The log initial intensity log o(m) has a meansurface  of the following
structure: if the certroid of m is lessthan 4 miles from the certer of the ertire
region, we let (m) = 4, otherwise we let (m) = o, where ; > . By
doing so, we generatea denselypopulated \downtown" areawith the diameter of 4
miles, and lesspopulated\suburbs”. The spatial randome ect isassumedo bea
isotropic Gaussianprocesswith Matern classcovariancefunctionC( ; ; ) de ned

by (4.29). The vectoroff (m), m= 1;:::;160Q is then simulated usingthe kernel
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Figure 4.3: Existing housesat time 0 and new housesconstructedin 5 successig
yearsfor the simulated example.

convolution method with the correspnding Matern kernel. We assumedogr (m) has
a homogeneousnean , and , hasa Matern classcovarianceC ( ; ; ). Finally

logK (m) has the homogeneousmean ¢ and ¢ has a Matern class covariance

kernel corvolution method. The actual valuesof these parametersare presened in
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Table4.2. We x the smoothnessparameter to be %

At the certroid of eat cell m, we usethe simulated r (m), K (m) and o(m) and
the transition equation (4.24) recursiwely to obtain the intensity ~ ; (m) for ead of
the following years. Within ead cell, we simulate the points using a Poissonprocess
with homogeneousntensity equalto  j (m). We simulate the initial point pattern
with intensity o (m) and then 16 point patterns with j(m),j =1;:::,16. We
use the initial point pattern and the next 15to t our model and leave the 16th
period out for prediction and model validation. Table 4.1 summarizesthe number of

points in eat of the following years.

Year Initial One Two Three Four Five Six

# of houses 4914 224 236 227 214 226 237
Year Sewen Eight  Nine Ten Eleven Twelve Thirteen
# of houses 262 267 261 286 293 300 309
Year Fourteen Fifteen Sixteen

# of houses 311 341 347

Table 4.1: Number of new housesin 16 years.

We t the discretizedmodel with the same40 40grid to the data obtainedabove.
We use very vague priors for the parametersin the meanfunction. Because and
are weakly identied (Zhang 2004), we only use vaguesprior for (y's and very
informative priors for (y's:
(o): (0™NOG2°®; () NOGIF; (k) NOIC;
( ) log-N 0;10° ; ( ) log-N 0;1¢° ;: ( ,) log-N 0;10° ;

() log-N( 252); (k) Ilog-N( 252); («) log-N( 2:52);

wherelog-norm( 2:5;1) hasthe mean=0.223and variance=0.318.

Our posterior is proportional to (4.34) by the kernel corvolution approximation.

We usethe random-walk Metropolis-Hastingsmertioned in Section4.3.1to simulate
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posterior samples. The algorithm is tuned to obtain acceptancerates closeto the
theoretically optimal valuesin Robert and Casella(1999). We obtain 50,000samples
from the algorithm and discardthe rst 20,000asburn-in. For the posteriorinference,
we use 3,000subsampledrom the remaining 30,000samples,with a thinning equal
to 10. The posterior median and 95% equal-tail quartile for the model parameters
are presented in Table 4.2. Evidently we are recovering the true parameter values
very well. Figure 4.4 displays the cortour plot of the posterior median surfacesfor
the initial intensity, growth rate and carrying capacity, comparedwith the actual
surfaces. Up to the uncertainty in the model we seemto approximate the actual

intensity surfacequite well.

Model Parameters True Value Posterior Median 95% Equal-tail Interval

0 3.0 2:998 (2:815 3:211)
1 1.0 0:897 (0:741,1:091)
r 3.0 2:991 ( 3135 2:855)
K 5:0 5:011 (4:844 5:188)

20 10° 237 103 (1:62 10 3323 10 °3)
1:0 10°3 1:35 10°3 (9:07 10 3195 10 3)

-

K 1.0 10°3 746 10 ° (791 10 %218 103
0:2 0:204 (0:172,0:251)

r 0:2 0:288 (0:21;0:376)

K 0:6 0:241 (0:148 0:505)

Table 4.2: Simulation exampleparametersand their posterior inference.

We usethe Bayesian prediction in Section4.3.2to obtain the predictive distri-
butions for the intensity 3+1 (M) in ead cell. In Figure 4.5 we display the true
intensity surfaceat period J + 1= 16 and the predictive intensity surface,using the
mediansof the predictive samplesfor j+1 (M), m = 1;:::;M. We can seethe

prediction capturesthe major spatial variation of the actual intensity surface.
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Figure 4.4: Actual and posterior-medianinitial intensity, growth rate and carrying
capacity in the simulated example.
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Figure 4.5: Actual and predicted intensity surfacesfor period J+1 in the simulated
example

4.4.2 Residential House Construction Data for Irving, TX

Our real houseconstruction data consistof the geo-caled locations and yearsof the
newly constructed residertial housesin Irving, TX from 1901to 2002. Figure 4.1

demonstrateshow the city dewlopsfrom early 1950'sto late 1960's. It seemsthat

99



Figure 4.6: New residertial housesconstructedin Irving, TX from 1952to 1957.

Irving started to dewelop after WWI 1. The current outline of the city is not much
di erent from that of late 1960'sbecausecity had beenalmost fully deweloped by

the early 1970's. For our data analysis,we selectthe period from 1951through 1968
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whenthe urban dewelopmen was substartial. The number of new residerial houses
for eat of the 18 year is recordedin Table 4.3. Figure 4.6 shaws the geographical
distribution and locations of new housesin six consecutie years(1952{1957)during
that period. In our analysis,we usethe data for year 1951{1966to t our model and

leave year 1967and 1968out for prediction and model validation.

Year Before1951 1952 1953 1954 1955 1956 1957
# of houses 1957 747 1006 1288 1332 807 629
Year 1958 1959 1960 1961 1962 1963 1964
# of houses 910 759 950 918 860 954 1034
Year 1965 1966 1967 1968
# of houses 851 531 654 583

Table 4.3: Number of new housesfrom 1952to 1968.

As shawvn in the certral block of Figure 4.7, our study regionD in this exampleis a
squareof 5.6 5.6 squaremileswith Irving, TX in the middle. This regionis selected
to excludeother urban areasof Dallas courty. We divide the regioninto 2500(50 50)
equally spacedgrid cells. In order to usethe kernel convolution approximation, we
put our study regionin the middle of a larger areaD, of 10 10 squaremiles. We
again overlay the regionby a 10 10 grid at spacingof 1 mile and de ne the latent
variablesV'", VK andV at the certroids (certroids shavn assmall circlesin Figure

4.7) of the resulting 100 blocks.

The log initial intensity, log o(m), in this caseis assumedto have a constart

mean surface . We also assumea constart mean, ., for the log growth rate
and g for the log carrying capacity. , , and g have Matern classcovariance
C( ; ; )»C(y; r;)andC( k; k; ) respectively, with equalto %

We again use very vague priors for the parametersin the mean function. For

the samereasonasin the simulated example,we only usevaguepriors for (,'s and
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Figure 4.7: The gridded study regionencompassindrving, TX and the biggerarea
for the kernel corvolution appraximation.

informative priors for (y's:
() NQG10°®; () NO1C; («x) N 0G10 ;
( ) log-N 0;10* ; ( x) log-N 0;10° ;: ( ,) log-N 0;1C° ;

() log-N(0:51); (k) log-N(O51); (k) log-N(0:51);

We usethe samerandom-walk Metropolis-Hastingsalgorithm asin the simulation
exampleto simulate posterior sampleswith the sametuning of acceptancerates. We
obtain 250,000samplesfrom the algorithm and discard the rst 100,000as burn-
in. For the posterior inference,we use5,000subsampledrom the remaining 150,000
sampleswith athinning equalto 30. The posterior mean,medianand 95%equal-tail
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quartile for the model parametersare presetied in Table 4.4. Figure 4.8 displays the
cortour plot of the posterior median surfacedor the initial intensity, growth rate and

carrying capacity.

Model Parameters Posterior Mean Posterior Median 95% Equal-tail Interval
0:6464 0:5764 ( 1:254Q 0:2013)
r 2:6467 2:6458 ( 28476 2:4582)
K 27747 2:6049 (1:7955 4:5789)
1:3456 1:3578 (1:1964 1:5210)
r 3:2675 3:2839 (2:9858 3:4921)
K 354332 380502 (0:7739 67:4488)
0:04231 0:04399 (0:037650:05109)
r 0:4765 0:4808 (0:31190:6320)
K 0:6429 0:6578 (0:4197 0:8953)

Table 4.4: Posterior inferencefor Irving, TX data

In Figure 4.9 we display the predictive intensity surfacein year 1967 and 1968,
using the mediansof the predictive samplesfor .1 (M), m=1;:::;M. Wealso
overlay the actual point patternsin 1967and 1968on the predictive intensity surface.
Figure 4.9 shows our model canforecastthe major areasof high intensity, hencehigh

growth very well.

4.5 Discussion

In our data analysis, we apply the parsimoniousmodel (4.21) without the time-
varying growth rate to a simulated exampleand the Irving, TX data. In the short
term, when the fundamenal elemens in the structured model are stable, this is
advantageousaswe demonstrateits functionality through the real houseconstruction
data for Irving, TX. In the long term, the growth rate r (t; ) is expectedto change,
and therefore we will have to employ model (4.14) for the growth rate. But in this

case,the more complicated model can be tted since many more periods of data
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Figure 4.8: Posterior-medianinitial intensity, growth rate and carrying capacity in
the Irving, TX example.

will be available. Of course,(4.14) is only an idealized model for the growth rate,
presuminga stable meanand stationary processin both time and space.Howe\er, if
the dampinge ect of growth is cortrolled by the logistic model, it is not unreasonable
to assumethe growth rate is mean-rewerting. Additionally the logistic model, in a
xed functional form, may betoo restrictive aswell asthe time-independern carrying

capacity. Theseissueswill be consideredin future researa.
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Figure 4.9: Predicted intensity surfacesand actual point patterns for year 1967and
1968in the Irving, TX example.

We demonstratein our data analysisthat the Bayesian hierarchical model can
presene the complicated model structure and achieve good estimation and predic-
tion. The major challengesin tting our proposedmodel are: (i) the handling of a
large data set that hasthousandsof spatially correlated obsenations; (ii) the eval-
uation of a likelihood that involves stochastic integrals to be approximated with

discretization; and (iii) a likelihood that does not allow an easyformulation of an
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e cient Metropolis-Hastingsalgorithm. In dealingwith rst two challenges,we use
the process-cowolution appraximation in Xia and Gelfand (2006) and the discretiza-
tion method in Beneset al. (2002). Though the simulation results are encouraging,
further investigation of these appraximations or alternatives would be helpful. For
(i), we apply the random-walk Metropolis algorithm to the posterior simulation,
which is liable to createlarge auto-correlation in the sampling chain. The nonlinear
and recursiwe structure of our likelihood makesmost of the currert Metropolis meth-
odsinapplicable,encouragingfuture researt for a moree cien t Metropolis-Hastings
algorithm for this classof problems.

Despiteall theseconcernsthe current model is the rst attempt to incorporate a
structured growth modelinto a spatial-temporal point process.The structured model
and its statistical inferencea ords valuableinsights into the medanism of the urban
dewelopmen problem. We hope our approad will spark more researt related to the
integration of scieri c medanismsand statistical models, and the dewelopmen of

novel statistical methodologiesin this eld.
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App endix A

Gibbs Sampler for the GSDP Mo dels

1. Full conditionals for the Z's.

To write the full conditionals for the Z's, we rst write the conditional distributions

[Ze1(S)iZu(S));0 803 13 1 N(=:Hi());
foralli=2:::;n,1=2%1:::;K 1,t=1;:::;T, where
“{;I = 1 h( )TH( l|)( )Zt(;| .);

E
I

1 hi( )TH( 1|)( hi();

in which h;( ) is the i-th columnvectorof H, ( ), H¢ »( )the(n 1) (n 1) sub-

matrix obtainedfrom H, ( ) by deletingthe i-th row and column,and Zt(;l Visthen 1
dimensionalvector obtained from Z;, by deleting the i-th elemen. Notice that both
~, and H;( ) are scalars. Let usindicate with = fX; ; ; % 2%; ;1>1 g
the vector of parametersof the model other than the Z,'s. Then, the full conditional
of Z,(s;) is given by

[Z41(S)iYe: Zey (S)) s Zym (Si);m 6 1] 6 0y [/ [Ze(S)iZui(s)):] 605 ]

X n 0,

1
exp 55 ils) Xi(s)' n(S) Nz s

m=1
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where Zym(si);m 6 | are all known. If Zyny(Si) 0; for somem < [, then
t(si) = n(si) and Z(s;) is sampleddirectly from the unrestricted distribution
N (~it;| IH|( ))

Otherwiseif Z.n (si) < 0; for all m < |, the full conditional is a binary mixture of

truncated normals. If Zi«(s;)) Oforthe rst k> I, let

1
I = exp ﬁfYt(Si) Xi(si)"  (si) g
1
1" = exp ﬁf)’t(si) Xi(si)" «(s)F
and
| ’“{ﬂ |+ Nit;l
P Hi() Hi()
= - - and = S N
tl + l tl + tl
' mO PFO) | mO A0

The full conditional for Z,(s;) is a mixture of two truncated normals. In partic-
ular, with probability |, we sampleZ;,(s;) from the truncated normal distribution
N (~{;I JHi( )iz, si) ogs With probability , we sampleZ, (s;) from the truncated
normal distribution N (~}, ; Hi( )1z, (s)<0g-

The modi cation for the full conditionals for the Z's in the spatio-temporal dy-
namic model is asfollows: for t = 1, follow the samestepsasin the original sampler
of the independen-sample case. SupposeZn,, | = 1;:K  1;m= 1;:::;t 1lare
already sampled. Calculate ! , by Zp,y and . Fort, let s = y; :n=1 tmy
With w replacingy, follow the samestepsasin the independen samplerto getZy,,
and calculate! ;.

2. Full conditional for the S.

We can update all the 's at oncefor all locations. Let us considerat ead point
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s 2 D the partition induced on the spaceof the Z 's by the allocation process,that

( 1 X : 1
exp 55 e X{ DT EZa)y:e X! 1) exp 52 RO
t=1
i 1 P T 1 1 !
!
H 2. 2 1 X T
[1iYsZot=100T, 05 51 N = 1(Ze) i X¢o
t=1
Oncewe know | and Z; for all | = 1;:::;K andt = 1;:::; T, we can compute

eah . asafunction of ( ,;Z;). The full conditionalsfor |'s in the spatio-temporal
dynamical model are far more complicated. We are still able to update |, at all
locations, but it hasto be conditioned on all the other value ;'s with j 6 I.

For the dynamic linear model (2.17), we expand accunulated spatial random e ect

Xt
Yi(s) = Xi(s)" + M (s) + "i(s)

m=1

Then, if we write ! ,, asa function ,'s and Z's, we obtain

Xt K1
Yi(s) = X(s)T + em | 1 (Zm;) (S)+ "i(9)
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Hence,the likelihood prior can be written as proportional to

2 ( )
1 X X K X T '
exp4 22 Yt L 1 (Zm) | T EZm) X
t=1 m=1 i6l=1 m=1
O x X 1 X ?
yt tm I(Zmy]) j ! ml(zm:l) | xtT
m=1 jgl=1 m=1

1
exp ﬁ|TR ()

Let usde ne
Xt ( K1 )
¥ = Vi em 1 (Zmj) 5 X{
m=1 jgl=1
The expressionabove becomes
2 2 O x )i ) 3
exp4 52 Yt CM(Zmg) Yt CM(Zmg)
t=1 m=1 m=1
1
exp 52 TRA)
from which we can deduce
I
H H . . . . 2. 2. 1 XT ()(t t m ) .
[ |J ] (J 6 I)yztlyty ty ’ ’ ] N _2 |(Zm,l) yty )
t=1 m=1
h P P |
with = L T "t tmpze) Y+ AR ()
3. Full conditionals for : 2 2:: and
Assume Np( o; o). Then, [ jXe;YeZ ¢ 21 N(N™ ), where
Xt o
1 1
"= > XtTXt"' ol and "= " EXtT(Yt ) + 01 0
t=1
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4. Full conditional for 2.

Assume 2 1Gamma( ; ):Then[ 3XyYy v 1 1G(~; ™) where

X

nT - 1
~ = +7and = +3 yo  X{ v X[ ¢
t=1
5. Full conditional for 2.
Assume 2 IG( ; ):Then,[ % ,; ] |Gamma(~ ;™) where
nK - 1 X
- = +7and =t R ()

=1

6. Full conditional for
Dependingon the prior [ ], the full conditional of canbe sampledwith a Metropolis

within Gibbs step

P 2 ( 1 X< T 1 )
(371 T exp o5 R()
1=1
7. Full conditional for
Generally we must use a Metropolis step for |, | = 1;:::K 1, unlessthe in

the Beta(l; ) is equalto 1. Note that prfZ(s) 0Og= () andprfz(s) Og
Beta(l; ) inducea prior for |/ f1 ()g ' exp % 2 _If = 1,the prior

for | is but a normal distribution thus conjugate. The full conditional for | is

. 1
gz 1 f1 0 ()g b oexp S5

( )
XT
exp % (Zy 1) H () (Zy 11n)

t=1

111



8. Full conditional for
Dependingon the prior [ ], the full conditional of canbe sampledwith a Metropolis
within Gibbs step

( )

. 1 X X1 .
[ Z ] [] exp 5 (Zy 1) Ho ') (Zg L)

t=1 I=1
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App endix B

Posterior Simulation for the SDP Disease
Mapping Mo dels

Here, we provide the details for MCMC posterior simulation for the spatial and
spatio-temporal modelsdiscussedn Sections2.1and 2.4, respectively. In both cases,
the posterior of the model canbe exploredusinga Gibbs samplerthat combinesstan-
dard MCMC techniquesfor DP mixtures (West et al. 1994; Bush and MacEadern
1996)with updatesfor the latent z; .

1. Spatial model

Under model (3.2), the full conditional for eat z; can be expresseds
p(zi j :;data) / exp( ni exp(zi))N(zie ] + i« + 2Yiti 2):

We can samplefrom this full conditional introducing an auxiliary variable uj;, with
positive values,sud that

P(ze;uy jndata) / N(zw ] + &+ Yo 2)Lio<uy<exp( np expzi) -

The Gibbs sampleris extendedto draw from p(u;; j zy; data) and p(z; j ui;:::; data).

The former is a uniform distribution over (0;exp( ni exp(zi))). The latter is a
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N( + i+ 2yq; 2) distribution truncated over the interval (1 ;log( n,*logui)).
Alternativ ely, adaptive rejection sampling can be usedto draw from the full condi-
tional for z; noting that its density is log-concae.

Having updated all the z;, the mixing parameters , t = 1;:::; T, and hyperpa-
rameters , 2, 2, , canbe updated asin the spatial DP mixture model, with z
playing the role of the data vector y;. (We referto the Appendix in Gelfand et al.
2005for details.) All theseupdatesrequire computationsinvolving the matrix R,( ).
To approximate the ertries of this matrix, we use Monte Carlo integrations based
on sets of locations distributed independerly and uniformly over ead region Bj,
i = 1;::;;n. Note that, with the discreteuniform prior for , thesecalculationsneed

only be performedonceat the beginning of the MCMC algorithm.

2. Spatio-temp oral model

The posterior for model (3.5) is given by expression(3.8). The form of the full
conditionals for the z; is similar to the one for the spatial model, and, thus, ei-
ther auxiliary variablesor adaptive rejection sampling can be usedto update these
parameters.

Foreah t = 1;:::; T, the full conditional for ¢,

Y \
p( dsdata)/ p(f i 6tg %) Na(zjd+ ' 2ln)
=t
. P. \ . :
whered = ( o+ 1)+ [ imer " ms = G T. The product term aboveis
P . P .
proportional to a No( «j «; ) densi, with = ( L, 291 T~ Yz d)
P - : :
and = 2( o, 2 9) Y, LetT bethe number of distinct ; inf ; :j 6

tg, ; ,j = L:uuT , be the distinct values,and T, be the size of the cluster

correspnding to . The prior full conditional p( «jf ; :j & tg; % ) is a mixed

i

distribution with point massesT; ( + T 1) 1 at the and cortinuous mass

i
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( +T 1) !'onthe N,(0; 2R,( )) distribution. Hence,p( j:::;data) is also a

mixed distribution with point massesproportional to T; g, at the and cortinuous

j
mass,proportional to ¢, on an n-variate normal distribution with covariancematrix
He=( '+ 2R, )) !and meanvectorH; ' .. Here, q is the value of the

Nn( ¢; ) densily at , and

j
z
®= N0, *Rn( )Nn(uj ; ¢)du;

an integral that is available analytically.

Updating 2 and proceedsasin the spatial model. The full conditional for 2 is
an inversegammadistribution, and  and ; have normal full conditionals. Finally,
working with a discrete uniform prior for , we sampledirectly from its discretized

full conditional.
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