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Abstract

The present thesis addressesthree important issuesin modelling spatio-temporal

data: (i) develop a 
exible nonparametricBayesianmethodology for spatial random

e�ect models; (ii) extend the current Bayesian nonparametric approach to model

discretespatial data; and (iii) construct a spatio-temporal point processthat incor-

poratesestablishedscienti�c models into a Bayesianhierarchical model.

The spatial Dirichlet process(SDP)is the �rst attempt to introduce a nonpara-

metric model for a neither Gaussiannor stationary spatial process.The SDP arises

as a probability weighted collection of random surfaces. This can be unattractiv e

for modelling, henceinferential purposessince it insists that a processrealization

is one of thesesurfaces. In Chapter 2, we introduce a generalizedspatial Dirichlet

process(GSDP)model for the spatial e�ects that allows di�erent surfaceselectionat

di�erent sites. Moreover, we can specify the model to preserve the property that the

marginal distribution of the e�ect at each site still comesfrom a Dirichlet process.

The development is o�ered constructively, providing a multiv ariate extensionof the

stick-breaking representation of the weights. We then introduce mixing using this

generalizedspatial Dirichlet process(GSDP). We illustrate the �tting of this novel

model with a simulated data set and demonstratehow to embed the GSDP within a

dynamic linear model.

In Chapter 3, we extend the SDP to a generalizedlinear model(GLM) setting

by proposinga Bayesiannonparametricspatial approach to analyzediseasemapping

data. We develop a hierarchical speci�cation using random e�ects modelled with a

spatial Dirichlet processprior. We introduce a dynamic formulation for the spatial

random e�ects to apply the model to spatio-temporal settings.

Chapter 4 introduces a novel structured model for spatio-temporal point pro-

iv



cesses.We formulate a dynamic Cox processmodel where the evolution of latent

intensity is governed by deterministic and stochastic di�erential equationsdescrib-

ing the population growth mechanisms. We construct a Bayesianhierarchical model

basedon this point processand propose a processconvolution approximation for

statistical inference. We addressthe Bayesianestimation and space-timeprediction

issuesand illustrate with simulated and real houseconstruction data examples.
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Chapter 1

In tro duction

Spatial data are observations associated with a set of geographicallocations in a

certain domain. For example, (i) in environmental science,we may observe pollu-

tant at �xed stations; (ii) in public health, researchersare interestedin geographical

dispersionof cancerrates in di�erent statesand counties; (iii) in real estatemarket,

peopleare interested in how houseprices are related to locations. Spatial data can

be modelled as realizationsof vector valued random �elds at a set of �xed locations.

The spatial correlation structure is introduced through the form of spatial random

e�ects, where a term capturing residual spatial correlation is explicitly introduced.

In this thesis, we will proposea classof very 
exible nonparametric models for the

spatial random e�ects.

There are caseswhere the spatial domain, the set of geographicallocations and

the moments of observations are also random. Theseconstitute a space-timepoint

pattern, which arise in many di�erent settings, e.g., (i) ecologywherewe might seek

the evolution of the range of a speciesover time, (ii) diseaseincidenceexamining

say the pattern of cancer casesover time, (iii) astronomy where the goal is the

ascertainment of newly discoveredstars,and (iv) urban development explainedusing

say the pattern of singlefamily homesconstructedover time. The random locations
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and moments of theserandom events are customarily modelled asa spatio-temporal

point processwith an inhomogeneousintensity surface. The classicalCox model

views the intensity surfaceas a realization of another spatial random process. The

space-timepoint process,in the Cox model framework, can be modelled with the

dynamics of the intensity surface. In this thesis, we introduce a classof stochastic

di�erential equationsto model the dynamicsof the evolving intensity surface.

1.1 Bayesian Nonparametric Spatial Statistics

Spatial random e�ects are traditionally modelledasa mean-zerostationary Gaussian

process(GP). The stationarity or the Gaussianassumptionis inappropriate in many

cases. Flexible and computationally tractable modelling to relax the stationarity

assumption includes the spatially varying kernel approach of Higdon et al. (1999)

and the local stationarity approach of Fuentes and Smith (2001) but both are still

within the setting of GP's. The fundamental paper of Sampsonand Guttorp (1992)

introducesa nonparametricspeci�cation for the covariancefunction, asdoesfollowup

work by Damian et al. (2001) and Schmidt and O'Hagan (2003) but all still employ

a GP in the likelihood.

The Gaussianassumptionis criticized when the spatial variabilit y is attributable

to more than one latent processesso that, for example,a mixture of Gaussianpro-

cesseswould be more appropriate. SeeBrown et al. (2003) for a recent exampleor

Palaciosand Steel(2004)for the development of a classof modelsthat canaccommo-

date heavy tail behaviors. Recently, Gelfandet al. (2005)proposeda spatial Dirichlet

process(SDP) mixture model which adoptsa stationary and Gaussianbasemeasure.

However, the resulting random stochastic processis nonstationary and its joint �-

nite dimensionaldistributions are not normal. The useof the SDP speci�cation to

model the distribution of the spatial component in a spatial random e�ect model
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leads to a fully Bayesiansemiparametricapproach that, for �tting purposes,relies

on well-known results and algorithms developed for Dirichlet process(DP) mixing.

See,among others, Escobarand West (1995) and MacEachern and M•uller (1998).

Becauseour generalizedspatial Dirichlet processmodels are a generalizationof the

SDP, we will �rst brie
y review the SDP models in the following section.

1.1.1 Spatial Diric hlet Pro cess Mo dels

Denote the stochastic processby f Y(s) : s 2 Dg, D � Rd. Within this domain

D, let s(n) = (s1; :::; sn) be a speci�c set of distinct locations at which the ob-

servations are collected. Assume that we have replicate observations available at

each location and therefore that the full data consist of the collection of vectors

Yt = f Yt (s1); :::; Yt(sn )gT , t = 1; :::; T. In fact, imbalance or missingnesscan be

accommodated in Yt (si ) through customary latent variable methods.

For a measurablespace(� ; B), the Dirichlet process(DP), (Ferguson1973,1974)

speci�es random distributions on � denoted by DP(� G0), where � > 0 is a scalar

precisionparameterand G0 a speci�ed basedistribution de�ned on (� ; B). A random

distribution function on (� ; B) arising from DP(� G0) is almost surely discreteand

admits the representation
P 1

l=1 pl � � �
l
, where� � �

l
denotesa point massat � �

l ; p1 = q1,

pl = ql
Q l � 1

r =1 (1 � qr ), l = 2; 3; :::;with qr , r = 1; 2; :::; independently and identically

distributed asBeta(1; � ). The � �
l 's are independent and identically distributed asG0

and also independent of the qr 's, l = 1; 2; ::: (Sethuraman 1994). In this notation, � �
l

is assumedto be scalaror vector-valued, the latter caseleadingto a multiv ariate DP.

To model YD � f Y(s) : s 2 Dg, following Gelfand et al. (2005), one can con-

ceptually extend � �
l to a realization of a random �eld by replacing it with � �

l ;D =

f � �
l (s) : s 2 Dg. For instance, G0 can be a stationary GP, from which each real-

ization � �
l ;D is a surfaceover D. The resulting random processor distribution, G,

3



for YD is denoted by
P 1

l=1 pl � � �
l;D

and the construction is referred to as a spatial

Dirichlet process(SDP) model. The interpretation is that for the s(n) above, G in-

ducesa random probability measureG(s( n ) ) on the spaceof distribution functions for

f Y(s1); :::; Y(sn )g. To simplify our notation, we will useG(n) instead of G(s( n ) ) in as

follows. Thus, we have that G(n) � DP(� G(n)
0 ), whereG(n)

0 , G(s( n ) )
0 is the n-variate

distribution for f Y(s1); :::; Y(sn )g induced by G0. E.g., G(n)
0 is an n-variate normal

distribution if G0 is taken to be a GP.

Gelfand et al. (2005) notice a connectionbetweenthe spatial DP above and the

conceptof a dependent Dirichlet process(DDP) developed by MacEachern (2000).

The DDP providesa formal framework that describesa stochastic processof random

distributions. Thesedistributions are dependent, such that, at each index value, the

distribution is a univariate DP. In the above setting, G inducesa randomdistribution

G(Y(s)) for each s, hencethe set GD � f G(Y(s)) : s 2 Dg which, under su�cien t

conditions (MacEachern 2000)will be a DDP.

For a stationary G0 (i.e., covf � �
l (si ); � �

l (sj )g dependsupon si and sj only through

si � sj ), the choice of the covariance function determineshow smooth the process

realizations are. Kent (1989), for instance, shows that, if the covariance function

admits a secondorder Taylor-seriesexpansionwith a remainderthat goesto 0 at the

rate of 2 + � for some� > 0 then � � (si ) � � � (sj ) ! 0, almost surely, as jj si � sj jj

! 0. But then, in the representation of G as
P

pl � � �
l;D

, the continuity of � �
l ;D implies

that the random marginal distributions G(Y(si )) and G(Y(sj )), are such that the

di�erence betweenthem tends to 0 almost surely, as jj si � sj jj ! 0. This continuity

property implies that we can learn about G(Y(s)) more from data at neighboring

locations than from data at locations further away, as in usual spatial prediction.

For G arising from G0 and � , note that given G, E f Y(s) j Gg =
P

pl � �
l (s) and
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var f Y(s) j Gg =
P

pl � � 2
l (s) � f

P
pl � �

l (s)g2. Moreover for a pair of sitessi and sj ,

covf Y(si ); Y(sj ) j Gg =
X

pl � �
l (si ) � �

l (sj ) �
nX

pl � �
l (si )

o nX
pl � �

l (sj )
o

. (1.1)

Hence,the random processG hasheterogeneousvarianceand is nonstationary. If G0

is a meanzero stationary GP with variance� 2 and correlation function � � (si � sj ),

where the (possibly vector valued) parameter � speci�es � � (�), then, marginalizing

over G, Ef Y(s)g=0, varf Y(s)g= � 2 and covf Y(si ); Y(sj )g= � 2� � (si � sj ). That is,

G is centered around a stationary processwith constant variance but it has non-

constant varianceand is nonstationary. Also, with almost surely continuous process

realizations, (1.1) makes it clear that the SDP is mean squarecontinuous. That is,

given G, lim jj s� s0jj! 0 E[f Y(s) � Y(s0)g2 jG] = 0.

Sincethe almost sure discretenessof G will be undesirablein practice, mixing a

pure error processwith variance � 2 with respect to G createsa random processF

which has continuous support. If � D given G is a realization from G and YD � � D

is a realization from the pure error process,then, operating formally, we �nd that,

marginally, YD arisesfrom the processF which can be de�ned as the convolution

F
�
YD j G; � 2

�
=

Z
K

�
YD � � D j � 2

�
G (d� D ) :

By di�er entiating with respect to YD , we obtain the density,

f
�
YD j G; � 2

�
=

Z
k

�
YD � � D j � 2

�
G (d� D ) : (1.2)

HereK and k denotethe joint distribution function and density function, respectively,

of the pure error processover D. k might denotea N (0; � 2) or t r (0; � 2) density. Hence

for any s, we have

f
�
Y(s) j G; � 2

�
=

Z
k

�
Y(s) � � (s) j � 2

�
G (d� (s)) :

5



In other words,by introducing the normal mixing kernel,we decomposeY(s) into the

sum of � (s) + � (s), where� (s) arisesfrom the above spatial DP prior model and � (s)

is white noisewith N (0; � 2) distribution: similar to the customary partitioning the

spatially correlated residual into a spatial random e�ect and a nugget component.

The processmodel is created by convolving distributions rather than convolving

processvariablesas in Higdon et al. (1999) or Fuentes and Smith (2001).

For the �nite set of locationss(n) = (s1; :::; sn ), (1.2) implies that the joint density

for Y = f Y(s1); :::; Y(sn )gT , given G(n) (where G(n) � DP(� G(n)
0 )) and � 2, is

f
�
Y j G(n) ; � 2

�
=

Z
Nn

�
Y j � ; � 2I n

�
G(n) (d� ) ; (1.3)

where, to simplify the notations, � , �
(s( n ) )

= f � (s1); :::; � (sn )gT and Nn (� j �; �)

denotesthe n-variate normal density/distribution (depending on the context) with

mean vector � and covariance matrix �. Again, the almost sure representation of

G(n) as
P

pl � � �
l
, where� �

l is the vector f � �
l (s1); :::; � �

l (sn )gT , yields that f (Y j G(n) ; � 2)

is almostsurelyof the form
P 1

l=1 plNn (Y j � �
l ; � 2I n ), i.e. a countable location mixture

of normals. In fact, assumingthe existenceof expectationsgivenG(n) and � 2, onecan

obtain that E(Y j G(n) ; � 2) =
P

pl � �
l and the covariancematrix � Y jG( n ) ;� 2 = � 2I n +

� (s( n ) )
� , where(� (s( n ) )

� ) i;j = covf � (si ); � (sj ) j G(n)g is the covariancespeci�ed in (1.1).

A regressionterm, X T � , could typically be added to the kernel of the mixture

model in (1.3) leading to

f
�
Y j G(n) ; � ; � 2

�
=

Z
Nn

�
Y j X T � + � ; � 2I n

�
G(n) (d� ) : (1.4)

That is, E(Y j G(n) ; � ; � 2) = X T � +
P

pl � �
l where X is a p � n matrix and � is a

p � 1 vector of regressioncoe�cien ts.

Considerthe data Yt = f Yt (s1); :::; Yt (sn )gT with associated X t , t = 1; :::; T: Given

X t , the Yt are assumedindependent from f (Yt j G(n) ; � ; � 2) as in (1.4). A DP prior
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is placedon G(n) , i.e., G(n) � DP(� G(n)
0 ) (induced by the spatial DP prior for G in

(1.2)), with G(n)
0 being a multiv ariate normal with meanzeroand covariancematrix

� 2Hn (� ). The full Bayesianmodel is completedby placing (independent) priors on

� , � 2, � , � 2 and � . Associating with each Yt a � t = f � t (s1); :::; � t (sn)gT where the

� t , t = 1,...,T are independent realizations from G(n) , the following semiparametric

hierarchical model is established

Yt j � t ; � ; � 2 � Nn (Yt j X T
t � + � t ; � 2I n ); t = 1; :::; T

� t j G(n) � G(n) ; t = 1; :::; T

G(n) j � ; � 2; � � DP(� G(n)
0 ); G(n)

0 (� j � 2; � ) = Nn (� j 0n ; � 2Hn (� ))

� ; � 2 � Np(� j � 0; � � ) � IGamma(� 2 j a� ; b� )

� ; � 2; � � Gamma(� j a� ; b� ) � IGamma(� 2 j a� ; b� ) � [� ];

(1.5)

where [� ] indicates a prior distribution for � , according to the bracket notation of

Gelfand and Smith (1990).

The hierarchical nature of this modelling framework enablesextensionsby replac-

ing the Gaussiandistribution (the kernel for the DP mixture) in the �rst hierarchy

with other distributions, such as t r (0; � 2) aforementioned. If Yt (s) happens to be

a discrete random variable, its distribution may belong to any of the exponential-

dispersionfamily, hencewe can formulate a semiparametricspatial generalizedlinear

model. This speci�cation extendsthe work in Diggle et al. (1998)wherea stationary

GP was usedfor the spatial random e�ects (seealso, e.g., Heagerty and Lele 1998,

Diggle et al. 1998,and Christensenand Waagepetersen2002). In this spirit, we will

apply the spatial Dirichlet processin the context of GLM to model discretedisease

incidencedata in Chapter 3.
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1.1.2 Generalized Spatial Diric hlet Pro cess Mo dels

We give a brief introduction to the research object of the generalizedspatial Dirich-

let processin this section. The SDP is essentially a Dirichlet processde�ned on

a spaceof surfaces,with probability one, its realizations being discrete probability

measureswith countable support (Ferguson1973;Sethuraman 1994). Mixing against

a Gaussiankernel yields an error speci�cation that can be characterizedas a count-

able location mixture of normals. The SDP insists that Yt = f Yt (s1); :::; Yt (sn )gT at

any t are sampledon only one realization of the random surface. We introduce a

random distribution for the spatial e�ects that allows di�erent surfaceselectionat

di�erent sites. Moreover, we can specify the model to preserve the property that the

marginal distribution of the e�ect at each site still comesfrom a Dirichlet process.

This generalizationof the SDP is done constructively by developing a multiv ariate

extensionof the stick-breaking weights that characterizethe usual Dirichlet process

(Sethuraman 1994). A new classof random probability measuresfor random vec-

tors and processesarisethereof, which is referredas the generalizedspatial Dirichlet

processmodels(GSDP), including the customaryDirichlet processspeci�cation asa

special case. Other extensions,also motivated by the stick-breaking representation

are described in Hjort (2000) and Ishwaran and James(2001).

By relaxing the restriction that two locations in spatial sampleare on the same

random surface,we introducea random distribution for the spatial e�ects such that

surfaceselectioncan vary from location to location and the joint selectionof surfaces

for the n locations can vary with the choice of locations. Moreover, we can still

preserve the property that the marginal distribution at each location comesfrom

a usual univariate Dirichlet Process. This is achieved constructively by de�ning a

new multiv ariate stick-breaking prior in which spatial dependencestructure is also

introducedin the modelling of the weights.
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Accordingly, we start by consideringa baserandom �eld G0, which, for conve-

nience,we assumeto be stationary and Gaussian,and de�ne � �
l = f � �

l (s); s 2 Dg

as a realization from G0, i.e., a samplesurfaceover D. Then, we de�ne a random

probability measureG on the spaceof surfacesover D, whose�nite dimensionaldis-

tributions almost surely have the following representation: for any set of locations

s(n)=( s1; : : : ; sn) 2 D, and any collection of setsf A1; : : : ; Ang in B(R),

prf Y(s1) 2 A1; : : : ; Y(sn ) 2 Ang =
1X

i 1=1

:::
1X

i n =1

pi 1 ;:::;i n � � �
i 1

(s1 )(A1) : : : � � �
i n

(sn )(An );

wherethe � �
j 's are independent and identically distributed asG0, i j is an abbreviation

for i (sj ), j = 1; 2; : : : ; n, and the weights f pi 1 ;:::;i n g, conditionally on the locations,

have a distribution de�ned on the in�nite dimensional simplex P = f pi 1 ;:::;i n � 0 :
P 1

i 1=1 :::
P 1

i n =1 pi i ;:::;i n = 1g independent of that for the � 0s.

The focusof our development is the constructionof the weight pi 1 ;:::;i n , which hasto

satisfy two conditions. First the weights needto satisfy the Kolmogorov consistency

condition in order that wecanproperly de�ne a randomprocessfor Y(�). Speci�cally,

we needthat for any set of locations (s1; : : : ; sn ); n 2 N and for all k 2 f 1; : : : ; ng,

pi 1 ;:::;i k � 1 ;i k +1 ;:::;i n = pi 1 ;:::;i k � 1 ;�;i k +1 ;:::;i n �
1X

j =1

pi 1 ;:::;i k � 1 ;j;i k +1 ;:::;i n :

In addition, for the purposeof spatial modelling, we insist that the weights must

satisfy a continuity property: we desire the random laws associated with locations

s1 and s2 near to each other to be similar. That is, for locations s and s0, as

s ! s0, pi 1 ;i 2 = prf Y(s) = � �
i 1

(s); Y(s0) = � �
i 2

(s0)g, tends to the marginal probability

pi 2 = prf Y(s0) = � �
i 2

(s0)g when i 1 = i2, and to 0 otherwise. If we also assume

the random �eld G0 to be almost surely continuous (a univariate spatial process

� (s); s 2 D is said to be almost surely continuous at a point s0 if � (s) ! � (s0)
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with probability oneas jjs � s0jj ! 0), we want establishthe almost surecontinuity

property. We shall show in Chapter 2 that the consistencyand continuity properties

are satis�ed by our multiv ariate stick-breaking construction of pi 1 ;:::;i n using latent

Gaussianrandom processes.

The goal of our formulation is to establisha setting wherevery few random sur-

facesare neededto achieve an adequate random spatial e�ects model; the novel

modelling ingredient is a latent stochastic processthat determinessurfaceselection.

Therefore,the resultant realizationsare functions of thesesurfaces.As a motivating

example,considera study of performanceof plant species(presence/absence,abun-

dance,growth, etc.) over a speci�ed region. While somelocation-speci�c environ-

mental covariateswould beavailable to explain performance,therewill beunobserved

local covariate information that a�ects suitability of the location for the species. A

latent covariate can be conceptualizedto indicate the selection among suitabilit y

surfaces.As a secondexample,we can considermodelling of selling prices for single

family homes.After adjusting for housecharacteristics,unobservedneighborhood and

preference featuresremain as random e�ects in the desirability of a houselocation.

A latent local indicator that selectsamong desirability surfacesnaturally captures

the random e�ects. We demonstrate in Chapter 2 by simulation examplesthe ad-

vantage of the GSDP over the SDP in a setting wherethere are only a small number

of locations and replicated observations at each location.

Replications are typically neededfor a full nonparametric approach (see, e.g.

Sampsonand Guttorp 1992)and so in our GSDP caseas well. However, with repli-

cationsthat arediscretizedacrosstime, we canshedthe independenceassumptionby

embeddingour methodology within a dynamic model, retaining the temporal depen-

dence.Thesemethods allow the possibility to infer about the (random) distribution

function that is operating at any given location, at any time, in the region. Non-
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parametric spatial prediction under such modelling can be made not only at new

locations for each replicate, but more generally through the generationof an entire

new predictive surfaceat a future time. The GSDP model embeddedin a dynamic

linear model and its Bayesian inferenceis developed in Chapter 2. Also, though

we develop our model in the context of spatial data, the theory is generaland can

be used when our responsesare indexed by covariates in usual regressionsettings.

Hence,we o�er an alternative for most of the problemswheremixtures of products

of Dirichlet processes(Cifarelli and Regazzini1978)and/or the dependent Dirichlet

processes(MacEachern 2000)have beenemployed. See,for example,De Iorio et al.

(2004).

Weareawareof only two other recent approachesthat alsoconsidermixture mod-

elsfor spatial data wherethe weights are allowed to vary acrosslocations. Fernandez

and Green (2002) con�ne their attention to Markov random �elds over lattices and

Poissondistributed data whereonly the weights in the mixture vary from onelocation

to another. Wework with generalpoint referenceddata allowing both the weights and

the parametersof the mixed distribution to vary spatially. Gri�n and Steel (2004)

present an implementation of the dependent Dirichlet processusing Sethuraman's

constructive representation, providing a random marginal distribution at each site.

The components of the marginal stick breaking are the sameat each location, but

they are randomly permuted accordingto the realizationsof a latent point process,

so that at each site the resulting weights are assignedto di�erent surfaces,inducing

spatial dependence.Instead, we de�ne a multiv ariate stick-breaking construction for

any number and choiceof locations,and alsoallow the marginal components to vary

in space. Moreover, in this approach the closenessbetween the random distribu-

tions is ruled directly by the topology of the space,rather than by realizationsof an

underlying point process.
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1.2 Spatio-temp oral Poin t Pro cess Mo dels

The theory of spatial point processesprovides convenient tools for the study of ran-

dom spatial point patterns. The most commonlyusedand easilyinterpretable model

is the spatial Poissonprocess:for any region in the areaunder study, the total num-

ber of observedpoints is a Poissonrandomvariablewith meanequalto the integrated

intensity over that region. Then, the locations of thesepoints, conditioned on the

total number, is selectedby using the intensity surfaceasa (non-normalized)density

function. Again, if the points are emergingdynamically and the exact moments of

their occurrenceare viewed as continuous variables,we turn to the spatio-temporal

versionof the Poissonprocesswhich, in essence,is a three-dimensionalgeneralization

of the spatial Poissonprocesses.

The mathematical theory of point processon a generalcarrying spacehas been

well establishedin the literature (Daley and Vere-Jones1988; Karr 1991). Cressie

(1993)and M�ller and Waagepetersen(2004)discussa larger variety of spatial point

processesin practice, but most of their applicationsare restricted to two-dimensional

spatial point processes.Recent developments in spatio-temporal point processmod-

elling include Ogata (1998) with application to statistical seismologyand Brix and

M�ller (2001) with application in modelling weeds.Brix and Diggle (2001), in mod-

elling a plant disease,extend the log GaussianCox process(M�ller et al. 1998) to a

space-timeversionby using a stochastic di�erential equation model for the spatially

varying relative risk. SeeDiggle (2005b) for a comprehensive review of the current

methods.

The motivating problem for our research is to model the constructions of new

residential houses. One attractiv e method of modelling space-timepoint processis

the Cox process(Cox 1955),which is a Poissonprocesswith inhomogeneousintensity

arising as a realization of another stochastic process. The focus of our research is
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to develop a statistically viable, physically insightful and computationally feasible

stochastic processmodel for this intensity process.When we model urban growth by

the construction of new residential houses,it is natural to assumethesenew houses

would be quickly occupiedby people,or vice versathe constructionsthemselveswere

driven by the population growth. That is, as a measureof urban development, the

construction of new residential housesis a suitable surrogatefor population growth.

Moreover, the former is collectedas spatial point pattern while the latter is not so

easily available at such spatio-temporal resolution. Mathematically the conceptual

connectionbetween urban and population growth suggestadapting the population

growth models in mathematical ecology(Kot 2001) to model the intensity process.

In Chapter 4, spatial stochastic di�erential equationmodelsfor this intensity process

are formulated from three typesof population growth mechanisms.

Here we give a brief overview of the structure of our model. Let D be the study

region,which would besomemetropolitan areaor a portion thereof. Dependingupon

the window of time, it might include primarily urban areaor with a later (or longer)

window, the suburbanand rural areassurrounding it. Let NT (D) be the number of

housesconstructed in the period from t = 0 to T and X T =
n

x1;t 1 ; : : : ; xNT ;tN T

o
be

the set of locationsand times of thesenewconstructions. The intensity of this space-

time point processX T is 
 (t; s) ; s 2 D; t 2 [0; T] ; which is a positive-valuedfunction.


 (t; s) could be viewed as essentially being a nonparametricspeci�cation which, for

instance,couldbea realization of a space-timeprocessover D � [0; T] (Nonparametric

functions usingbasisrepresentations would alsobepossible.)However, in the present

work, we chooseto view 
 (t; s) as having a parametric form that is motivated by

mechanistic considerations.We want to introducespeci�c parametric choiceswhere

the parametersquantify relationshipsand inferenceis sought about theseparameters.

Indeed, theseparametersthemselveswill be associated with spatial locations and so
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will themselves be viewed as realizations of spatial processes;thus, we can seehow

they vary over D.

More speci�cally, let


 (t; s) = f (t; � l (t; s); l = 1; : : : ; p)

where � l (t; s) ; s 2 D; l = 1; : : : ; p are p possibly interdependent space-timepro-

cesses.Again, this general formulation of the spatio-temporal Cox processallows

incorporation of relevant subject matter mechanistic and theoretical behaviors into

the statistical model. Again, the parametersand latent variables in the structured

model, the � l (t)'s, can be shown to capture 
exibly spatial variation and correlation

sincethey are realizationsof spatial processes.

In the urban development problem,the parametric function f (t; � l (t); l = 1; : : : ; p)

can be determinedby a variety of di�erential equationsthat describe di�erent mech-

anismsof development, such as the logistic growth equation:


 (t; s) = r (t; s)
Z t

0

 (� ; s) d�

"

1 �

Rt
0 
 (� ; s)
K (s)

#

;

where r (t; s) and K (s), s 2 D are space-timeprocessesrepresenting local growth

rate and carrying capacity.

The Bayesianinferencefor this space-timepoint processwith dynamic intensity

posesa di�cult problem due to the nonlinearity in the model and the large number

of observations. We will use a processconvolution technique proposedin Xia and

Gelfand (2006) to handle the inferenceproblem. Our houseconstruction data are

discretein time, thereforeit requiresdiscretizing the stochastic di�erential equation

model and henceformulate a \transition model" (Diggle 2005b)betweensuccessive

periods.

Our modelling approach is innovative in a number of respects. First, our model is
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structured in the time dimension,re
ecting physical limitation in density of residen-

tial houses,hencebelongsto the \mechanistic modelling" categoryin Diggle (2005b),

in contrast to the empirical approachesin Brix and M�ller (2001)and Brix and Dig-

gle (2001). The advantage of our approach to the urban development problem is

that the population growth models have been well studied and proved \good" by

ecologists. The model estimation and prediction are more easily interpretable and

can provide insight into the real mechanism of growth. On the other hand, lacking

theory to describe the nature of spatial pattern, we chooseto employ a more empiri-

cal model for it re
ecting only structured dependencebasedupon distance. Second,

we employ a Bayesian hierarchical model to retain the conditional structure from

the urban development mechanism. We do not have to resort to a partial likelihood

as in Diggle (2005a). The estimation and computational di�culties stated in Diggle

(2005b) can be overcomeby implementing a full Bayesianmodel �tting. Third, the

number of points in our example is very large, requiring likelihood approximation.

We introducea kernel convolution approximation (Xia and Gelfand 2006)to achieve

such approximation. To our knowledge,this is the �rst time that this approximation

hasbeenapplied to space-timepoint processmodels.

It is also worth reiterating that we intentionally specify our latent space-time

intensity through a di�erential equation rather than a spatio-temporal process(see,

e.g. Banerjeeet al. 2004and referencestherein). We intentionally seekto introduce

a mechanistic modelling component; we are directly interested in parametersin our

di�erential equation, such as spatially varying growth rates and carrying capacities.

Although space-timeprocessrealizations are 
exible, they do not o�er the physical

interpretation and insight we seek.
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Chapter 2

Generalized Spatial Diric hlet Pro cess
Mo dels

In this chapter, we formally present the constructionand propertiesof the generalized

Dirichlet processmodels. We then employ this model asa mixing distribution against

a Gaussiankernel. We develop a hierarchical Bayesian model and its statistical

inferencebasedon the GSDP. The computational issuesin model �tting arecarefully

presented. We then show how to embed the GSDP within a dynamic linear model.

We demonstrate the 
exibilit y of the GSDP model in data analysis by simulation

examples.

2.1 GSDP and Its Mixture Mo dels

2.1.1 Constructing the GSDP

In the spatial Dirichlet processdeveloped by Gelfand et al. (2005), the random dis-

tribution of the pure spatial e�ect is essentially a Dirichlet Processde�ned on the

spaceof the random surfacesover D generatedby a mean 0 basespatial process.

Then the almost sure characterization of the processimplies that the random G for

s is not the sameas that for s0 since� �
l (s) is not the sameas � �

l (s0). However, each
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distribution hasthe sameset of random stick-breaking probabilities. Indeed, for any

group of n locations, the joint distribution usesthe sameset of stick-breaking proba-

bilities inducing commonsurfaceselectionfor all locations in the group. The spatial

dependenceis introduced only through the underlying basemeasure,and it is not

possibleto capture the situation in which spatial e�ects canbeselectedfrom di�erent

surfacesat di�erent locations. This limitation of the SDP is commonto other recent

work relating to the so-calleddependent Dirichlet process(MacEachern 2000). See,

for example,De Iorio et al. (2004).

We introduce a random distribution for the spatial e�ects that allows di�erent

�nite dimensional distributions acrosslocations in the sensethat surfaceselection

can vary with location and that the joint selectionof surfacesfor the n locations

can vary with the choiceof locations. Moreover, we still preserve the property that

the marginal distribution at each location comesfrom a usual univariate Dirichlet

Process.This is achievedconstructively by de�ning a newmultiv ariate stick-breaking

prior in which spatial dependencestructure is alsointroducedin the modeling of the

weights. SeeIshwaran and Zarepour (2002b)for a reviewof stick-breakingunivariate

priors.

Accordingly, we start by considering a base random �eld G0, which, for con-

venience, we take to be stationary and Gaussian, and indicate its sample with

� �
l = f � �

l (s); s 2 Dg, i.e., a surfaceover D. Then, wede�ne a randomprobability mea-

sureG on the spaceof surfacesover D, whose�nite dimensionaldistributions almost

surely have the following representation: for any set of locations (s1; : : : ; sn ) 2 D,

and any collection of setsf A1; : : : ; Ang in B(R),

prf Y(s1) 2 A1; : : : ; Y(sn ) 2 Ang =
1X

i 1=1

:::
1X

i n =1

pi 1 ;:::;i n � � �
i 1

(s1 )(A1) : : : � � �
i n

(sn )(An );

(2.1)
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wherethe � �
l 's are independent and identically distributed asG0, i j is an abbreviation

for i (sj ), j = 1; 2; : : : ; n, and the weights f pi 1 ;:::;i n g, conditionally on the locations,

have a distribution de�ned on the in�nite dimensional simplex P = f pi 1 ;:::;i n � 0 :
P 1

i 1=1 :::
P 1

i n =1 pi i ;:::;i n = 1g independent of that for the � �
l 's.

The generalizationof the usual Dirichlet processsetting is evident becausewe

allow the possibility of selecting di�erent surfacesat di�erent locations. We will

return to this point later in this section. The weights needto satisfy a consistency

condition in order to properly de�ne a random processfor Y(�). Speci�cally, we need

that for any set of locations s(n)=( s1; : : : ; sn ); n 2 N and for any k 2 f 1; : : : ; ng,

pi 1 ;:::;i k � 1 ;i k +1 ;:::;i n = pi 1 ;:::;i k � 1 ;�;i k +1 ;:::;i n �
1X

j =1

pi 1 ;:::;i k � 1 ;j;i k +1 ;:::;i n : (2.2)

In addition, for the reasonof spatial modelling, we insist that the weights must satisfy

a continuity property: we want the distributional laws associated with locations s1

and s2 near to each other to be similar. Equivalently, for locations s and s0, as

s ! s0, pi 1 ;i 2 = prf Y(s) = � �
i 1

(s); Y (s0) = � �
i 2

(s0)g, should convergeto the marginal

probability pi 2 = prf Y(s0) = � �
i 2

(s0)g when i 1 = i2, and to 0 otherwise. Analogously,

if we considerthree locations (s1; s2; s3), if s3 is closeto say, s2, we require pi 1 ;i 2 ;i 3 to

be closeto pi 1 ;i 2 if i2 = i3 and to 0 otherwise. Extension to n locations is similar; we

avoid introducing further notations, and from now on refer to this property simply

as almost sure continuity of the weights. The name is suggestedby the almost sure

continuity of the paths of a univariate spatial process,as de�ned in Kent (1989)

or Banerjee et al. (2003a). If we also assumethe random �eld G0 to be almost

surely continuous(a univariate spatial process� (s); s 2 D is said to be almost surely

continuous at a point s0 if � (s) ! � (s0) with probability one as jjs � s0jj ! 0), we

are able to establishthe following proposition.
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Pr oposition 1 Let f Y(s); s 2 Dg be a random �eld, whoserandom �nite dimen-

sional distributions are given by (2.1) for all n 2 N. If the set of weightsf pi 1 ;:::;i n g

and the baserandom�eld G0 are almost surely continuous, then for all s0 2 D, Y(s)

convergesweakly to Y(s0) with probability one as jjs � s0jj ! 0.

Pro of. Considertwo sitess;s0 in D. According to (2:1) the joint distribution of

the processis almost surely a realization of the random element

prf Y(s) 2 A; Y(s0) 2 Bg =
1X

l=1

1X

m=1

pl ;m (s;s0) � � �
l (s) (A) � � �

m (s0 )(B );

for all A; B 2 B(R). Notice that

lim
jj s� s0 jj! 0

pl (s) = lim
jj s� s0 jj! 0

1X

m=1

pl ;m (s;s0) =
1X

m=1

lim
jj s� s0 jj! 0

pl ;m (s;s0) = pl (s0);

becauseof the almost sure continuity property of the weights. The interchangebe-

tween limit and sum operations in the equation above follows from the dominated

convergencetheorem,sincepl ;m (s;s0) � pm (s0) for all m. Since0 � pl (s) � � �
l (s) (A) �

pl (s) and
P 1

l=1 pl (s) = 1 for all s, we canapply Fatou's Lemmafor the seriesin order

to justify

lim
jj s� s0 jj! 0

prf Y(s) 2 Ag = lim
jj s� s0 jj! 0

1X

l=1

pl (s) � � �
l (s) (A) =

1X

l=1

pl (s0) � � �
l (s0)(A)

= prf Y(s0) 2 Ag;

which shows the almost sureconvergenceof the marginal random distributions.

In fact, the proof demonstratesalmostsureconvergenceof the randomprobability

measures.Note that Proposition 1 is an extensionto our caseof analogousresults

stated in MacEachern (2000) and Gelfand et al. (2005).
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Conditional on the realizeddistribution G, the processhas �rst and secondmo-

ments given by

Ef Y(s)jGg =
1X

l=1

pl (s) � �
l (s) (2.3)

varf Y(s)jGg =
1X

l=1

pl (s) � � 2

l (s) �

(
1X

l=1

pl � �
l (s)

) 2

; (2.4)

and, for a pair of sitessi ; sj ,

covf Y(si ); Y(sj )jGg =
1X

l=1

1X

m=1

pl ;m (si ; sj ) � �
l (si ) � �

m (sj )+

�

(
1X

l=1

pl (si ) � �
l (si )

) (
1X

m=1

pm (sj ) � �
m (sj )

)

:

(2.5)

Equation (2.5) showsthat with almostsurelycontinuousrealizationsfrom the base

processand of the weights, the GSDP is meansquarecontinuous. Again, the process

Y(s) hasheterogeneousvarianceand is nonstationary. However, whenwemarginalize

over G, we can seemore clearly the di�erence betweenthe GSDP and SDP models.

SupposeG0 is a meanzero stationary Gaussianprocesswith �nite variance � 2 and

correlation function � � (si � sj ). Then, Ef Y(s)g = 0 and varf Y(s)g = � 2 as before,

but now

covf Y(si ); Y(sj )g = � 2� � (si � sj )
1X

l=1

Ef pl l (si ; sj )g: (2.6)

Notice that
P 1

l=1 Ef pl l (si ; sj )g < 1, unlesspl l0(si ; sj ) = 0; l 6= l0, as it is in Gelfand

et al. (2005)or, more generally, in the single-pdependent Dirichlet processdiscussed

by MacEachern (2000). We can interpret this limiting situation as the oneof maxi-

mum concordanceamongthe surfaceschosenat the two locations. In all other cases,

the association structure is diminished by the amount of massthat the process(2.1)

is expected to placeon the not equally indexed � � 's. Moreover, from (2.6) it follows
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that, although the basemeasureG0 is stationary, the processY(s) is centered around

a stationary processonly when Ef pl l (si ; sj )g is a function of si � sj for all si and sj .

Wenow turn to the speci�cation of pi 1 ;:::;i n for any choiceof n ands1; :::; sn through

a multiv ariate stick-breaking construction. For the sake of simplicity, we present our

approach in a bivariate setting, consideringthe random measure

prf Y(si ) 2 A i ; Y(sj ) 2 A j g =
1X

l=1

1X

m=1

pl ;m � � � �
l (si )(A i )� � �

m (sj )(A j ); (2.7)

for a pair of sites si ; sj , providing details on extension to the generalmultiv ariate

casewhen necessary. First, we de�ne a convenient processwhich retains the same

Dirichlet processstructure marginally at each site and then wemoveto a moregeneral

setting.

Sethuraman's univariate stick-breaking construction has weights pl de�ned by

p1 = q1, pl = ql
Q l

m=1 (1 � qm ); l � 2 where, for all l � 1, ql are independent

Beta(1; � ) random variables. Denote the random events f Y = � �
l g by � 1

l (with

their complements � 0
l ) and interpret the sequenceof weights f p1; p2; : : :g as arising

from q1 = prf � 1
l g, ql = prf � 1

l j�
0
m ; m < lg = prf Y = � �

l jY 6= � �
m ; m < lg, l = 1; 2; : : :.

Turning back to our model, at each location s we can de�ne events � u
l (s); u = 0; 1,

such that � 1
l (s)= f Y(s) = � �

l (s)g and � 0
l (s)= f Y(s) 6= � �

l (s)g. Then, for any two

locations si ; sj , we can considerthe probabilities q1;u;v (si ; sj ) = prf � u
1(si ); � v

1(sj )g,

ql ;u;v (si ; sj ) = prf � u
l (si ); � v

l (sj )j� 0
m (si ); � 0

m (sj ); m < lg, l � 2, u; v 2 f 0; 1g. For all

l = 1; 2; : : :, we can enter these probabilities in the form of Table 2.1. Note that,

formally, e.g., ql ;1;1(si ; sj ) + ql ;1;0(si ; sj ) = ql ;1;+ (si ; sj ) and we need to argue that

ql ;1;+ (si ; sj ) = ql (si ). Similarly, ql ;+ ;1(si ; sj ) = ql (sj ). The argument is supplied in

Lemma 1.
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� 1
l (sj ) � 0

l (sj )
� 1

l (si ) ql ;1;1(si ; sj ) ql ;1;0(si ; sj ) ql (si )
� 0

l (si ) ql ;0;1(si ; sj ) ql ;0;0(si ; sj ) 1 � ql (si )
ql (sj ) 1 � ql (sj ) 1

Table 2.1: Relevant probabilities in the multiv ariate stick-breaking construction in
the special caseof n = 2 locations, for l = 1; 2; : : :.

Lemma 1 The probabilities q1;u;v (si ; sj ) = prf � u
1(si ); � v

1(sj )g and

ql ;u;v (si ; sj ) = prf � u
l (si ); � v

l (sj )j� 0
m (si ); � 0

m (sj ); m < lg; l � 2; u; v 2 f 0; 1g;

are suchthat ql ;1;+ (si ; sj ) = ql (si ) and ql ;+ ;1(si ; sj ) = ql (sj ); for any l = 1; 2; : : :.

Pro of. By de�nition of the q's,

ql ;1;+ (si ; sj ) = prf � u
l (si )j� 0

m (si ); � 0
m (sj ); m < lg; l � 2; u; v 2 f 0; 1g:

But � u
l (si ) is independent of f � 0

m (sj ); m < lg given f � 0
m (si ); m < lg by the de�nition

of stick-breaking. Sinceql (si ) = prf � u
l (si )j� 0

m (si ); m < lg, we are done.

Then, accordingly, we can de�ne the weights pl ;m in (2.7) as

pl ;m = prf Y(si ) = � �
l (si ); Y(sj ) = � �

m (sj )g

= prf � 1
l (si ); � 1

m (sj ); � 0
k(si ); k < l; � 0

r (sj ); r < mg

=

8
><

>:

Q l � 1
k=1 qk;0;0 ql ;1;0

Q m� 1
r = l+1 (1 � qr ) qm if l < m

Q m� 1
r =1 qr ;0;0 qm;0;1

Q l � 1
k= m+1 (1 � qk) ql if m < l

Q l � 1
r =1 qr ;00 ql ;11 if l = m

;

(2.8)

wherewe have suppressedsi and sj .

Inspection on expression(2.8) reveals that the weights are determined through

a partition of the unit squaresimilar to the one induced on the unit segment by

22



Figure 2.1: An exempli�cation of the multiv ariate stick-breaking procedurefor the
special caseof n = 2 locations

the usual stick-breaking construction. At the �rst stage, if both the events � 1
1(si )

and � 1
1(sj ) are true, we break o� a region of the unit squareof the samesize as

the realizedvalue of q1;1;1(si ; sj ). This is region A in Figure 2.1. If only � 1
1(si ) (or

� 1
1(sj )) is true, we remain only with a piececorresponding to region B (D). In fact,

given � 1
1(si ) (� 1

1(sj )), we go on with a univariate stick-breakingproceduresothat we

break o� a part of regionB (C) accordingto the valuesof ql (sj ) (ql (si )), l = 2; 3; : : :.

If neither � 1
1(si ) nor � 1

1(sj ) are true, then we discard all regionsA, B , and D and

remain only with region C, whosesizeis determinedby q1;0;0(si ; sj ). Then, at stage

two, we repeat the samearguments as above for region C, and so on.

For n locations we require an n-dimensionalstick breaking construction on the

unit n-dimensionalhypercube, i.e., werequirethe speci�cation of probabilities ql ;u1 ;:::;un ,

uj 2 f 0; 1g, j = 1; 2; : : : ; n, whereuj is an abbreviation for u(sj ), at any set of loca-

tions (s1; : : : ; sn). This entails de�ning a spatial processwhich, conditionally on the

locations, has valueson the simplex Q = f ql ;u1 ;:::;un � 0 :
P 1

u1 ;:::;un =0 ql ;u1 ;:::;un = 1g,

and alsosatis�es consistencyconditions of the type (2.2) for all l = 1; 2; : : : and any
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set of locations (s1; : : : ; sn ); n 2 N and for all k = 1; : : : ; n, that is

ql ;u1 ;:::;uk � 1 ;uk +1 ;:::;un = ql ;u1 ;:::;uk � 1 ;�;uk +1 ;:::;un =
1X

uk =0

ql ;u1 ;:::;uk � 1 ;uk ;uk +1 ;:::;un :

In the next section, we o�er a 
exible construction under which this can be done

consistently. For the remainderof this section,asa special case,supposethe process

retains the samemarginal distribution at any location. This can be achieved by im-

posing ql (s) = ql , together with the symmetry condition ql ;1;0(si ; sj ) = prf Y(si ) =

� �
l (si ); Y(sj ) 6= � �

l (sj )g = prf Y(si ) 6= � �
l (si ); Y(sj ) = � �

l (sj )g = ql ;0;1(si ; sj ), for all

l = 1; 2: : : and s 2 D. But, given ql , if we can computesay ql ;1;1(si ; sj ) asa function

of ql , the remainder of Table 2.1 is determined. Then, according to Sethuraman's

construction, if we allow ql to be Beta(1; � ), we get a processwhich marginally is a

Dirichlet processwith precision parameter � and basemeasureG0. Together with

(2.8), this illuminates the role of the distribution of the q's in specifying the depen-

dencestructure in a multiv ariate Dirichlet process.

Notice that there are other ways of achieving this particular result. For example,

wemight considera processsuch that each ql givenql ;0;0 hasa Beta-Stacydistribution

with parameters1; � � 1, 1 � ql ;0;0. If ql ;0;0 is assumedto be Beta(1; � ), then ql is

Beta(1; � ). The model we present in section4 o�ers an alternative spatially-explicit

way to specify ql and ql ;1;1. For the n-dimensionalcase,symmetry conditions similar

to the one stated above must be assumedin order to obtain the same marginal

behavior at each site.

Modelling the marginals to be Dirichlet processesallows direct comparisonwith

the models described by Gelfand et al. (2005) and De Iorio et al. (2004). However,

it is worth noting that, though we employ a generalizedstick-breaking construction

and achieve DP marginal distributions, our model doesn't generallydescribe a joint

Dirichlet processfor a collection of locations. In particular, it follows that, given the
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dependencebetweenthe � � 's in the sumrepresentation (2.1), we arenot able to trace

a joint urn scheme,but only a marginal one. The SDP model described in Gelfand

et al. (2005) stands as a particular caseof the model described here, where we set

ql ;0;1 = ql ;1;0 = 0 and ql ;1;1 = ql for all locations and for all l .

We can seethe generalizationfrom the SDP model alsoby looking at the random

conditional distribution associated with Y(si )jY(sj ) for any pair of locationssi ; sj . In

fact, in the SDP this is just a randomindicator function. In our model, it turns out to

be another random measure.In fact, the random distribution Y(si )jY(sj ) = � �
m (sj )

is discretewith probability oneand of the form
P 1

l=1 pl jm (si ; sj )� � �
l (si ) , where

pl jm (si ; sj ) = prf Y(si ) = � �
l (si )jY(sj ) = � �

m (sj )g =

=
plm (si ; sj )

Q m� 1
k=1 f 1 � qk(sj )gqm (sj )

;

since
P

l pl ;m (si ; sj ) = pm (sj ) due to marginal stick-breaking. But, substituting the

expressionsin (2.8),

pl jm =

8
><

>:

Q l � 1
k=1

qk ;0;0

(1� qk )
ql; 1;0

1� ql
if l < m

Q m� 1
k=1

qk ;0;0

(1� qk )
qm; 0;1

qm

Q l � 1
k= m+1 (1 � qk) ql if m < l

Q l � 1
k=1

qk ;0;0

(1� qk )
ql; 1;1

ql
if l = m:

(2.9)

If we proceedalong the lines that lead us to (2.8), we can show that for any given

m, basedon conditional reasoning, (2.9) de�nes a stick-breaking partition of the

unit segment. However, this is not obtained through the usual Beta(1; � ) random

variables, even if the processis marginally Dirichlet. In fact, the random measure

arising from (2.9) can be seenas a generalizedDirichlet process,in the spirit of the

more generalde�nitions of Hjort (2000) and Ishwaran and James(2001).

As a �nal remark, notice that de�ning a stick-breaking construction does not

necessarilyguarantee that the random weights sum to one with probability one.
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This dependson the distribution of the weights. In the context of univariate stick-

breakingpriors, however, it is possibleto provide a necessaryand su�cien t condition

for that to happen (seeLemma 1 in Ishwaran and James2001). We can expect that

this condition holds for our model too, as long as we marginally get a DP prior (or,

morein general,a stick-breakingprior). The preciseargument is a direct extensionof

the result of Ishwaran and James(2001)and is given for the bivariate casein Lemma

2.

Lemma 2 For any given si , sj in D,

1X

l=1

1X

m=1

pl ;m (si ; sj ) = 1 if and only if
1X

l=1

E [logf 1 � ql (si )g] = �1 : (2.10)

Pro of. Necessity follows after noticing that, if we marginalize with respect to

si , condition (2.10) reducesto condition (5) in Ishwaran and James(2001). Now,

considerfor any N; M = 1; 2; : : :, the remainder term

RN ;M (si ; sj ) = 1 �
NX

l=1

MX

m=1

pl ;m (si ; sj );

and assume(2.10) holds. We needto prove that RN ;M (si ; sj ) ! 0 with probability

oneasN; M ! 1 . Write RN ;M (si ; sj ) = R1 + R2 + R3, where

R1 =
NX

l=1

1X

m= M +1

pl ;m (si ; sj );

R2 =
MX

m=1

1X

l= N +1

pl ;m (si ; sj );

R3 =
1X

l= N +1

1X

m= M +1

pl ;m (si ; sj ):

Sinceall the terms in the sumsare positive, it is necessaryand su�cien t that all the

seriestend to zero, as N; M ! 1 . Consider �rst R1 and substitute (2.8) into all
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pl ;m (si ; sj ), so that

NX

l=1

1X

m= M +1

pl ;m (si ; sj ) =
NX

l=1

l � 1Y

k=1

qk;0;0(si ; sj ) ql ;1;0(si ; sj )
1X

m= M +1

m� 1Y

r = l+1

f 1� qr (sj )g qm (sj ):

Since
P 1

m= M +1

Q m� 1
r = l+1 f 1� qr (sj )g qm (sj ) =

� P 1
m= M +1 pm (sj )

�
=

�
1 �

P l
m=1 pm (sj )

�
,

for any l = 1; 2; : : : ; N , it tendsto 0 asM ! 1 againbecauseof condition (5) in Ish-

waranandJames(2001). Sincethe result is true for all N ,
P N

l=1

P 1
m= M +1 pl ;m (si ; sj ) !

0, with a similar argument for R2. Now considerR3. Let � = min(N; M ). Then,

R3 �
P 1

l= � +1

P 1
m= � +1 pl ;m (si ; sj ) =

Q �
k=1 qk;00(si ; sj ) �

Q �
k=1 f 1 � qk(si )g, since

qk;0;0(si ; sj ) < 1 � qk(si ), k = 1; : : : ;. Then the desired result follows again from

the Lemma 1 in Ishwaran and James(2001) for the marginal model in si .

2.1.2 Mixing Using a Generalized Spatial Diric hlet Pro cess.

The GSDP will be usedto model the distribution of the spatial component � (s) in a

random e�ect model of the type

Y(s) = � (s) + � (s) + "(s);

where � (s) is a mean term, typically assumedto be a regressionterm X (s)T � for

somevector of covariates X (s) and somevector of parameters� , and "(s) is a white

noise(nugget) component with mean zero and variance � 2. Again, if we denoteby

G(n) the �nite dimensionaldistributions de�ned by (2.1), for any �nite setof locations

s(n) = (s1; : : : ; sn ), n 2 N, the joint distribution for Y = f Y(s1); : : : ; Y(sn )gT , given

G(n) , � and � 2 is given by

f
�
yjG(n); �; � 2

�
=

Z
Nn

�
yj � + �; � 2I n

�
G(n)(d� ): (2.11)

where� = f � (s1); : : : ; � (sn )gT , � = f � (s1); : : : ; � (sn )gT . As with the SDP, sinceG(n)

is almost surely discrete, with probability one the conditional density (2.1) can be

27



rewritten asa countable location mixture of normals,

f
�
yjG(n); �; � 2

�
=

1X

i 1=1

:::
1X

i n =1

pi 1 ;:::;i n Nn (yj � i 1;:::;i n + �; � 2I n );

where, for simplicity, we have suppressedi j (sj ), j = 1; : : : ; n in pi 1 ;:::;i n and set the

vector � i 1 ;:::;i n = f � i 1 (s1); : : : ; � i n (sn )gT . Immediately we know Y is a random vector

which has a density absolutely continuous with respect to the Lebesguemeasureon

(Rn ; B(Rn )) with probability one. Its expectedvalue is

E(YjG(n) ; �; � 2) =
1X

i 1=1

:::
1X

i n =1

pi 1 ;:::;i n � i 1 ;:::;i n + �;

and covariancematrix

� Y jG( n ) ;�;� 2 = � 2 I n + � s
� ;

where(� s
� ) i;j = cov

�
� (si ); � (sj )jG(n)

	
is given by (2.5).

Under the assumptionsof Proposition 1, if, in addition, the mean vector � de-

scribesa continuous surfaceover D, it is easyto prove that an analogousstatement

holds for the convoluted processY. In fact, the normal density is a bounded con-

tinuous function of the mean. Then the bounded convergencetheorem applies to

(2.11). Togetherwith almost sure convergenceof the random probability measures

G(n) proved in Proposition 1, this implies that, with probability one,Y(s) converges

weakly to Y(s0) for any s;s0 2 D, as jjs � s0jj ! 0.

2.2 The Spatially Varying Probabilities Mo del

Usinglatent variablesweprovide a constructiveapproach to specify the stick-breaking

components in a way that is appealing for modelling purposesand ensuresthe ex-

istenceof the processessampledfrom G. In its implementation, using MCMC, we

never needto sampleor even estimate the ql 's or pl 's.
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For any n = 1; 2; : : : and any l = 1; 2; : : : the stick-breaking components

ql ;u1 ;:::;un (s1; : : : ; sn), uj 2 f 0; 1g; j = 1; 2; : : : ; n arisethrough probabilities associated

with the events � u j
l (sj ), l = 1; 2; : : :. So, we can induce a distribution to the stick-

breaking components by directly specifying a law for theseevents. In particular, we

can considerthe processf � � 1
l (s) ; s 2 D; l = 1; 2; : : : ; g, such that at any l = 1; 2; : : :,

� � 1
l (s) = 1 if � 1

l (s), � � 1
l (s) = 0 if � 1

l (s) doesnot occur. Suppose� 1
l (s) occurs if and

only if Z l (s) 2 A l (s). Then, we can work with the equivalent stochastic process

f � �
A l (s) ; s 2 D; l = 1; 2; : : :g de�ned by

� �
A l (s) = 1 if Z l (s) 2 A l (s);

� �
A l (s) = 0 if Z l (s) 62A l (s)

wheref Z l (s); s 2 D; l = 1; 2; : : :g is a latent random �eld. Furthermore,

ql ;u1 ;:::;un (s1; : : : ; sn) = prf � � 1
l (s1) = u1; : : : ; � � 1

l (sn ) = un j � � 1
i (sj ) = 0; i < l; j = 1; : : : ; ng

= prf � �
A l (s1 ) = u1; : : : ; � �

A l (sn ) = un j � �
A i (sj ) = 0; i < l; j = 1; : : : ; ng:

It is easyto seethat such a characterization guaranteesthat (2.2) holds, hencethe

existenceof the processessampledfrom the random distribution (2.1).

We employ Gaussianthresholding to provide binary outcomes.This is routinely

donein binary regressionmodelling (Alb ert and Chib 1993),is computationally con-

venient and, asa model for secondstagerandom e�ects, there will be little posterior

sensitivity to this choice. In fact, we assumethat f Z l (s); s 2 D; l = 1; 2; : : :g is a

countable collection of independent stationary Gaussianrandom �elds on D having

variance1 and correlation function � Z (�; � ). We further assumethat the meanof the

l-th process,say � l (s), is unknown and we put a convenient prior on it, so that the

distribution of Z l (s) (and henceof the ql 's) canbe viewed asrandom. We alsochoose

A l (s) = f Z l (s) � 0g. With theseassumptions,it follows that

ql ;u1 ;:::;un (s1; : : : ; sn) = prf � �
f Z l (s1 )� 0g = u1; : : : ; � �

f Z l (sn )� 0g = un j � l (s1); : : : ; � l (sn )g;

29



becauseof the independenceof the processesf Z l (s)g over the index l. For example,

for n = 2, weget ql ;0;1 = prf Z l (s1) < 0; Z l (s2) � 0j� l (s1); � l (s2)g. If the � l (s) surfaces

are independent, l = 1; 2; :::, then also the ql ;u1 ;:::;un (s1; : : : ; sn )'s are.

SinceZ l (s) is assumedto be Gaussian,at any location s we obtain

ql ;1(s) = prf Z l (s) � 0g = 1 � � f� � l (s)g = � f � l (s)g ;

where �( �) denotes the univariate standard normal cumulative distribution func-

tion(cdf ). If the � l (s) are such that the � f � l (s)g are independent Beta(1; � ), l =

1; 2; : : :, then for each s, the marginal distribution of � (s) is a DP with probabilities

that vary with location. In the special casethat � l (s) = � l , for all s, with �( � l ) inde-

pendent Beta(1; � ) then, again marginally, the � (s) follow a DP wherethe marginal

weights are samefor each s but the marginal distributions are not the samesince

� �
l (s) 6= � �

l (s0).

Marginal reduction to a DP is not necessaryfor the de�nition of the GSDP (al-

though it can be useful for purposesof comparisonwith the SDP or other competing

approaches). For instance, if we retain the � l (s), then, since we would like to en-

courageZ l (s) to resemble Z l (s0) when s is closeto s0, we could take � l (s) to be a

realization of say a Gaussianspatial processrather than say independent as above.

To summarize,we let

pi 1 ;:::;i n = pr
h
Z1(s1) < 0; : : : ; Z i 1 � 1(s1) < 0; Z i 1 (s1) � 0;

Z1(s2) < 0; : : : ; Z i 2 � 1(s2) < 0; Z i 2 (s2) � 0; : : : ;

Z1(sn ) < 0; : : : ; Z i n � 1(sn ) < 0; Z i n (sn ) � 0jf � l (si )g
i
;

(2.12)

Again, we will never actually calculate the random weights pi 1 ;:::;i n in practice. Fi-

nally, following the discussionabove Proposition 1, we require two properties for this

construction: (i) the random �nite dimensionaldistribution G(n) satis�es the Kol-

mogorov consistencycondition and (ii) the continuity property should be satis�ed,
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that is, if location s is nears0, the probability of choosingthe samesamplesurfacefor

s and s0 is high. In Propositions2 and 3 we prove that theseconditions are satis�ed.

Pr oposition 2 Let f Y(s1); Y(s2); : : : Y(sn ); si 2 D; i = 1; : : : ng haverandom �nite

dimensionaldistribution givenby (2.1), for n = 1; 2; : : :. If the setof weightsf pi 1 ;:::;i n g

is de�ned bymeansof a latent processasin (2.12), then the collection of random�nite

dimensionaldistributions de�ne a random �eld Y(s) on D.

Pro of. First we show that for any l = 1; : : : ; n,

pi 1 ;:::;i l � 1 ;i l +1 ;::: i n = pi 1 ;:::;i l � 1 ;�;i l +1 ;:::i n =
1X

k=1

pi 1 ;:::;i l � 1 ;k ;i l +1 ;:::i n : (2.13)

In fact, let Z (si ) = f Z1(si ); : : : ; Zk(si ); : : :g, i = 1; : : : ; n. Note that if � (si ) =

� �
k (si ), then Z(si ) 2 Si;k , whereSi;k = (�1 ; 0)1 � � � � � (�1 ; 0)k� 1 � [0; 1 )k � R� � � � .

By the continuity of the probability measure,

1X

k=1

pi 1 ;:::;i l � 1 ;k ;i l +1 ;:::i n = pr
n

Z(s1) 2 S1;i 1 ; : : : ; Z (sl � 1) 2 Sl � 1;i l � 1 ; Z (sl ) 2
1[

k=1

Sl ;k

Z(sl+1 ) 2 Sl+1 ;i l +1 ; : : : ; Z (sn) 2 Sn;i n

o
;

with straightforward calculation, since
1
[

k=1
Sl ;k =

1N

k=1
R.

The theorem is proven, after showing that for any A i 2 B(R); i = 1; : : : ; k, we
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have

prf � (s1) 2 A1; : : : ; � (sl � 1) 2 A l � 1; � (sl ) 2 R; � (sl+1 ) 2 A l+1 ; : : : ; � (sn ) 2 Ang

=
X

(i 1 ;:::;i n )2f 1;2;:::gn

pi 1 ;:::;i n � � �
i 1

(s1)(A1) � � � � � �
i l

(sl ) (R) � � � � � �
i n

(sn )(An )

=
X

(i 1 ;:::;i l � 1 ;i l +1 ;:::;i n )2f 1;2;:::gn � 1

� � �
i 1

(s1)(A1) � � � � � �
i n

(sn )(An )

 
1X

k=1

pi 1 ;:::;i l � 1 ;k ;i l +1 ;:::i n

!

=
X

(i 1 ;:::;i l � 1 ;i l +1 ;:::;i n )2f 1;2;:::gn � 1

pi 1 ;:::;i l � 1 ;i l +1 ;:::;i n � � �
i 1

(s1)(A1) � � � � � �
i n

(sn )(An )

= prf � (s1) 2 A1; : : : ; � (sl � 1) 2 A l � 1; � (sl+1 ) 2 A l+1 ; : : : ; � (sn) 2 Ang:

Pr oposition 3 Let f Y(s); s 2 Dg be as in Proposition 2. If the baserandom �eld

G0 is almost sure continuous, then for all s0 2 D, Y(s) convergesweakly to Y(s0)

with probability one as jjs � s0jj ! 0.

Pro of. The proof follows immediately from Proposition 1, oncewe notice that,

under our assumptions, for any n = 1; 2; : : :, lim jj sn � sn � 1 jj! 0 pi 1 ;:::;i n = pi 1 ;:::;i n � 1 if

in = in� 1; = 0 otherwise, independently of the particular mean around which we

center the processZ , i.e. the weights are almost surely continuous.

Spatially varying weights have recently been consideredby Gri�n and Steel

(2004), who work in the framework of dependent Dirichlet processes. They pro-

ceedfrom the assumption that the distribution of a DP(� G0) is una�ected by a

permutation of the atoms f � �
l (�); ql (�); l = 1; 2; : : :g in Sethuraman's constructive

representation. Then, if f � (s); s 2 Dg is a processof permutations of the set of

integers f 1; 2; : : :g, it is possibleto de�ne an order-baseddependent stick-breaking

prior over D, abbreviated � DDP as a processf F� (s); s 2 Dg, such that at any

s 2 D, given a realization of the process� (s), F� (s) =
P 1

l=1 pl (s) � � l (s) ; where

pl (s) = q� l (s)
Q

j <l

�
1 � q� j (s)

	
.
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With regard to surfaceselection,the di�erence betweentheir approach and ours

is as follows. We de�ne a joint random distribution for any grouping of the locations

(s1; : : : ; sn ), n = 1; 2; : : : and the probabilities of picking up the di�erent surfacesare

directly assigned.For instance,for n=2 and any integersl and m, we have seenthat

pr f Y(si ) = � �
l (si ); Y(sj ) = � �

m (sj )g = pl ;m (si ; sj ). For Gri�n and Steel's� DDP, this

probability is given by

pr f Y(si ) = � �
l (si ); Y(sj ) = � �

m (sj )g =
Z

pl (si ) pm (sj ) dH(� (si ); � (sj )) ;

that is, as the expected value of the marginal probabilities with respect to the dis-

tribution of the permutation �eld at the two locations. By the de�nition of � DDP,

it follows that the dependenceamongthe marginal random distribution functions is

directly deducedby the permutation at each s. In particular, this is given by means

of an auxiliary latent point processZ . In fact, Gri�n and Steel �rst associate each

atom f � �
i (s); qi g with a realization zi from Z, for i = 1; 2; : : :. Then, at any s, the

� DDP is de�ned permuting the set of q0s accordingto the realizationsof the latent

point processZ . In fact, � (s) is de�ned to satisfy jj s � z� 1(s) jj < jj s � z� 2 (s) jj < : : :.

It follows that a realization from this processwill necessarilybe the samefor some

regionsof D, while allowing di�erent stick-breakingconstructionsfor points far apart

from each other. However, the representation at any s dependson how the processZ

is associated with the atomsof the process,so that the representation doesnot seem

to be invariant to a reorderingof the z's. Moreover, for practical purposesit can be

di�cult to model the type of dependenceinduced by the point processmechanism,

unlesswe choosesimpleprocesses,such asa stationary Poissonprocess.On the other

hand, in our approach the spatial behavior of the stick-breakingcomponents depends

on the distribution of the latent GaussianprocessZ and can vary acrosslocations if

this is true for the meanof Z .
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2.3 Simulation Based Mo del Fitting for the GSDP

Assembling Section2.1 and 2.2, we work with the following spatial model. Let the

vectorsYt= f Yt (s1); Yt (s2); : : : ; Yt (sn )gT , t = 1; : : : ; T denoteT groupsof independent

observations collectedat the sameset of locations (s1; : : : sn ) 2 D � R2. The mean

surfaceu (s) ; s 2 D is modelled by a linear regressionu (s) = X (s)T � . The spatial

random e�ect � (s); s 2 D has the GSDP rule de�ned in Section 2.2. The overall

model has the following hierarchical structure

Yt j � t ; � ; � 2 � Nn (yt j X T
t � + � t ; � 2I n ); t = 1; :::; T

� t j G(n) � G(n) ; t = 1; :::; T

G(n) j pi 1 ;:::;i n ; � �
l =

1X

i 1 ;:::;i n =1

pi 1 ;:::;i n � � �
i 1

(s1)(�) � � � � � �
i n

(sn )(�); l = 1; 2; : : :

pi 1 ;:::;i n = pr f Z i l (sl ) < 0; : : : ; Z i l (sl ) � 0; l = 1; : : : ; ng; i l = 1; 2; : : :

f � �
l (s1) ; : : : � �

l (sn )gT � Nn

�
0; � 2Rn (� )

�
; l = 1; 2; : : :

f Z t;l (s1); : : : ; Z t;l (sn )gT � Nn (� l1n ; Hn (� )) ; l = 1; 2; : : : ; t = 1; 2; :::T

� l s.t. � (� l ) � Beta(1; � ); l = 1; 2; : : :

� ; � 2 � Np(� j � 0; � � ) � IGamma(� 2 j a� ; b� )

� 2; �; � � IGamma(� 2 j a� ; b� ) � [� ] � [� ] ;
(2.14)

The priors for � and � depend on the speci�c form of covariancefunction in Rn (� )

and Hn (� ). For convenience,in our exampleswe have set � = 1. In the versionwith

� l (s) replacing � l , for each l, we obtain a realization from a Gaussianprocesswith

mean 0 and stationary covariance function C(�;  ). In either case,the replications

acrosst enableus to learn about the � l or the processdriving the � l (s).

Although in (2.14) the marginal random distribution at an individual location s

follows a Dirichlet process,the joint random distribution G(n) doesnot; we can not
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marginalizeover G(n) . Instead, we approximate G(n) with a �nite sum

G(n)
K =

X

(i 1 ;:::;i n )2f 1;2;:::;K gn

pi 1 ;:::;i n � � �
i 1

(s1 )(�) � � �
i 2

(s2 )(�) : : : � � �
i n

(sn )(�); (2.15)

for K suitably large. In this �nite mixture model, we only need� �
l , l = 1; : : : ; K and

Z l , l = 1; : : : ; K � 1. Note that pK (s) = pr f Z1(s) < 0; : : : ; ZK � 1(s) < 0g.

Again, we samplethe latent variables Z l 's directly to avoid computation of the

weights pi 1 ;:::;i n in (2.15). We eliminate the sampling of the conditional distribution

[� t jG
(n)
K ] by referring to the following equivalent structure:

� t (s) = � �
1(s) I Z t; 1(s) + � �

2(s) I Z t; 2(s) + : : : + � �
K (s) I Z t;K (s) : (2.16)

In equation (2.16), � t (s) is a deterministic function of � �
l (s), l = 1; : : : ; K and Z l

t (s),

l = 1; : : : ; K � 1. We rewrite the �rst stageof the hierarchical model as [Yt j�; � t ] =

[Yt j�; � � ; Z t ]: Then, the likelihood function for Yt can be expressedas

[Yt j�; � � ; Z t ] / exp

"

�
1

2� 2

nX

i =1

n
yt (si ) � X t (si )

T � � � t (si )
o2

#

/ exp

"

�
1

2� 2

KX

l=1

nX

i =1

n
yt (si ) � X t (si )

T � � � �
l (si )

o2
I Z t;l (si )

#

/
nY

i =1

 
KX

l=1

exp
�
�

1
2� 2

n
yt (si ) � X t (si )

T � � � �
l (si )

o2
�

� I Z t;l (si )

!

;

The posterior distributions for the latent variablesand parametersare proportional

to this likelihood function multiplied by the priors,

TY

t=1

[Yt j� � ; Z t ; � 2] �
KY

l=1

[� �
l j� 2; � ] �

TY

t=1

K � 1Y

l=1

[Z t;l j� t;l ; � ] [� t;l ]

� [� 2][� ][� 2][� ]:

This model can be �tted by a Gibbs sampler. The details of all the full conditional

distributions are given in Appendix A.
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2.4 An Illustrativ e Example

We illustrate the �tting of (2.14) with a simulated data set from a �nite mixture

model of Gaussianprocessesthat allows di�erent joint multi-modal distributions for

di�erent pairs of locations. We �rst draw a speci�ed number of locations in a given

region. They are denotedas(s1; : : : ; sn). Supposethere are T independent replicates

f yt (s1) ; : : : ; yt (sn )g ; t = 1; : : : ; T. We proceedas follows. For t = 1; : : : ; T, let

�
� 1

t (s1) ; : : : ; � 1
t (sn )

	 T
� N (1)

n

�
� � 1n ; � 2

1Rn (� 1)
�

and
�

� 2
t (s1) ; : : : ; � 2

t (sn )
	 T

� N (2)
n

�
� 1n ; � 2

2Rn (� 2)
�

Also, let f Z t (s1) ; : : : ; Z t (sn )gT � Nn (0; Hn (� )). Then, for i = 1; : : : ; n, if Z t (si ) �

0, we set yt (si ) = � 1
t (si ); if Z t (si ) < 0, we set yt (si ) = � 2

t (si ).

Each yt (si ) hasa bimodal distribution of the form

1
2

N (1)
�
� �; � 2

1

�
+

1
2

N (2)
�
�; � 2

2

�
:

For two locations si and sj near each other, the strong association between Z t (si )

and Z t (sj ) makes yt (si ) and yt (sj ) very likely to be from the same component

N (k) (� k ; � 2
k) ; k = 1; 2. If si and sj are distant, the linkage between Z t (si ) and

Z t (sj ) is weak, therefore the component choices for yt (si ) and yt (sj ) are almost

independent.

We simulate at 50 designlocations in a rectangular region shown in Figure 2.2.

Then, 40 independent replicatesare sampledfor these50 locations. We choosethe

values of the parametersas � 1 = � � 2 = 3, � 1 = 2� 2 = 2, � 1 = � 2 = 0:3 and

� = 0:3 in the mixture model above. We �t the model in (2.14) to this data set.

We approximate G(n) with a �nite sum of K = 20 components. To focus on the

modelling of spatial dependence,we �xed the meanstructure of f yt (s1) ; : : : ; yt (sn )g
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Figure 2.2: The DesignLocations for the Simulation Example.

to be zero. For comparison,we consideredthe analogousSDP, using the samebase

measureand the sameprior for all the parameters.

Performanceis examinedthrough the posteriorpredictivedensities,both marginal

and joint. In Figure 2.3, for four selectedlocations(s26; s33; s49; s50), we plot the true

posterior predictive density, the predictive density estimated under the SDP and

the posterior predictive density estimated under the GSDP. The values of the 40

observations at each of these4 locations are shown along the x-axis. It is evident

that the GSDP estimatesmore closely agreewith the true densitiesof the model.

Next, we select 3 pairs of sites and for each pair we show three predictive joint
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Figure 2.3: Posterior Predictive Densities for the GSDP (thick line � ) and SDP
(dashedline �� ) model for the locations indicated in Figure 2.2. The dotted line (� )
is the estimated true density, and the observed sampleis reported on the x-axis.

densities. In Figure 2.4, the �rst pair f y (s50) ; y (s26)g are very closeto each other,

the secondpair f y (s50) ; y (s33)g slightly distant and the third pair f y (s50) ; y (s49)g

very distant (seeFigure 2.2). Again, the GSDP is evidently much better than the

SDP in capturing the local details and in particular the heights of the local modes.

Figure 2.5 plots the probability that a commonsamplesurfaceis selectedfor a

pair of locations against the distance between the two locations. We can seethe

decay in this probability as locationsbecomefurther apart. Finally, for the SDP, we

seeno clustering; essentially a separatesurfaceis neededfor each replication. For
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Figure 2.4: Predictive Bivariate Posterior Distributions for the GSDP (on the left)
and SDP (on the right) models and the data. The middle column shows the true
bivariate posterior distribution from a samplefrom the true model.

the GSDP, the modal number of surfacesis 3 and the maximum number of surfaces

is 5. Clearly, the GSDP is able to respond to the local surfaceselection,while the

SDP is not.
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Figure 2.5: Decay in Probability of Common SurfaceSelectionas a Function of
Distance(SeeSection2.4 for details)

2.5 A Spatio-temp oral Dynamic Mo del Version

In Section2.3 and 2.4, we assumedthe Yt = f yt (s1) ; : : : ; yt (sn )gT ; t = 1; : : : ; T to

be independent replicates. In practice, these observations are usually made in T

consecutive time periods, so it is more realistic to model the evolution of the spatial

processover time. In this sectionwepresent a versionof the spatio-temporal model by

embedding the GSDP in a dynamic linear model. We illustrate this spatio-temporal

model alsoby �tting it to a simulated data set.
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Preservingthe notation in (2.12), the observations at time t can be modelled by

the following dynamic linear model structure:

Yt = X T
t � + � t + " t ; " t � N

�
0; � 2I n

�

� t = 
 � t � 1 + ! t ; ! t � GSDP (� G0)
(2.17)

Thesedynamicsyield spatial randome�ects � t that evolve auto-regressively over time

with autocorrelation coe�cien t, 
 (j
 j � 1). Only the secondhierarchical speci�ca-

tion in (2.14) changesto re
ect (2.17). Updating of the full conditional distributions

and the associated MCMC algorithm for the dynamic version is straightforward but

careful attention to bookkeepingis required. We detail it in Appendix A.

We illustrate the model above by with a simulated data set. We still use the

region and the 50 locations given in Figure 2.2. However, we add 4 new locations

(with no observations) labelled 51-54wherewe seekto predict. Also, a simple linear

regressionof � 0 + � 1X (si ) is added to the model. X (si ) denotesthe distancefrom

location si to a �xed point sourcerepresented by the diamond in Figure 2.2.

The simulated observations f yt (s1) ; : : : ; yt (sn )gT , t = 1; : : : ; T are sampledagain

from a mixture of two distributions as follows. Following the speci�cations from the

previoussection,now consider
�

! 1
t (s1) ; : : : ; ! 1

t (sn )
	

� N (1)
n

�
� � 1n ; � 2

1Rn (� 1)
�

and
�

! 2
t (s1) ; : : : ; ! 2

t (sn )
	

� N (2)
n

�
� 1n ; � 2

2Rn (� 2)
�

:

Also, let f Z t (s1) ; : : : ; Z t (sn )g � Nn (0; Hn (� )). Then, for i = 1; : : : ; n, if Z t (si ) � 0,

we set � t (si ) = 
 � t � 1 (si ) + ! 1
t (si ); if Z t (si ) < 0, � t (si ) = 
 � t � 1 (si ) + ! 2

t (si ) for

i = 1; : : : ; n. Then we obtain yt (si ) = � 0 + � 1X (si ) + " t (si ), where" t (si ) is sampled

independently from the normal distribution N (0; � 2).

We choosethe samevaluesfor the parametersof � 1 = � � 2 = 3. � 1 = 2� 2 = 2,

� 1 = � 2 = 0:3 and � = 0:3 as in Section2.4. Also, 
 is chosenas0:7, � 2 is 9. � 0 and

� 1 are 2 and � 1 respectively, and T is equal to 40.
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In �tting a model to the data, we usethe sametruncated GSDP for ! t as given

in Section2.4 with K = 20 components. The Bayesianposterior meanof 
 is found

to be 0:8 in our experiment. The Bayesian goodnessof �t is again illustrated by

the posterior predictive densitiesat T + 1. We show not only the marginal posterior

predictive density at each location, but also the joint posterior predictive densities

for two locations.
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Figure 2.6: Posterior Predictive Densities,True Densities for Two Locations with
Observations and Two New Locations at T+1 (Seetext for details)

In Figure 2.6 we plot the posterior predictive density at T + 1(= 41) for two

locations with observation (labelled 6 and 12 on Figure 2.2) and two new locations
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(labelled 51 and 54 on Figure 2.2). The thick density curves are the predictive

densities estimated from our model. The thin density curves represent the true

densitiesof the model from which we simulated the data. The results are interesting

in that, despitethe small samplesizeand the introduction of bimodality only through

the innovations at the secondstage,we �nd bimodal behavior at 6 and 12. Location

51 is not very close to any of the sampled locations and, in the absenceof data,

yields a uni-modal predictive density. However, location 54 is very closeto sampled

locations and, re
ecting the mean squarecontinuity of the GSDP, an indication of

two modesemerges.

Turning to bivariate predictive densities,we select 2 pairs of sites to show the

predictive joint density at T + 1. The �rst pair s50; s26 are closeto each other. The

secondpair s50; s49 aremuch farther apart. In Figure 2.7,weprovide perspectiveplots

of the predictive and true joint densities.The �rst pair revealsa bimodal joint density

while the secondpair shows a density with four modes. If one were interested in

developing simultaneoushighest posterior density (HPD) con�dence sets,oneneeds

to identify the \fo otprint" associated with a level surfaceof the joint density. In

particular, onemust choosethe level to provide a speci�ed posterior probability. Of

course,thesebivariate densitiesare unavailable analytically so, using the posterior

samples,we obtain a bivariate kerneldensity estimator. However, sincelevel surfaces

associated with this density estimate are still di�cult to obtain, we evaluate the

density estimate at the observed samples,providing an ordering for the samples.

Then, accordingto the desiredprobability, we choosethe density ordinate such that

the proportion of the samplewith ordinate above this valueis the probability weseek.

Figure 2.8 provides illustrativ e 80 % (inner curve) and 95 % (outer curve) HPD's for

the site pairs in Figure 2.7.
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Figure 2.7: Predictive and True Bivariate Predictive Distribution at T+1 for the
Simulated Data Example of Section2.5 (Seetext for details)

2.6 Discussion and Summary

We have introducedthe GSDP as a more 
exible successorto the SDP proposedby

Gelfand et al. (2005). However, any multiv ariate density can be approximated by a

suitable countable mixture of multiv ariate normal densities. Since,for any �nite set

of locations,with probability onethe SDP mixture model is such a countable mixture

model, what practical advantagescan the GSDP o�er over the SDP?Why would we

takethe trouble to implement the much morecomputationally demandingGSDP?For

example,with a bivariate distribution that is the product of two bimodal univariate
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(SeeSection2.5 for details)

distributions, while the GSDP might capturesuch a distribution usingessentially two

components, wouldn't the SDP be able to do it with four components?

In fact, while, in principle, the SDP can equally well �nd multiple modesin say

a bivariate distribution, it will have a more di�cult time distinguishing the joint

distribution for points closeto each other than from the joint distribution for points

far apart. In other words, in practice, the normal mixture model in (2.14) can more

quickly adapt to the data. Expressedin di�erent terms, in requiring additional com-

ponents, the SDP will run into the, a priori, geometricallydecaying weights, soit may
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struggle to properly allocatemassto the modes. Furthermore, considerthe situation

wherewe might have varying numbers of mixing components and thesemight vary

with spatial location. The GSDP, which allows di�erent marginal distributions at

each s, is better suited to handle this situation.

Other extensionsof the SDPcanbeenvisioned. For instance,in a future manuscript

wewill report on the useof the representation of IshwaranandZarepour (2002a),The-

orem 3 rather than the Sethuraman representation, to createa di�erent constructive

formulation. Other future investigation will take us to the caseof modelling discrete

data, e.g.,binary or count data at the �rst stagewith a GSDP to model the spatial

structure in the meanon a transformedscale.Wearealsointerestedin the casewhere

we observe multiv ariate data at each location. GSDP's centered around multiv ariate

spatial processmodelsprovide an obvious placeto start.
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Chapter 3

Mo delling Disease Incidence Data with
Spatial and Spatio-temp oral Diric hlet
Pro cess Mixtures

In this chapter, we will extend the spatial Dirichlet processto model discretespatial

observations using the exampleof diseaseincidencedata. As stated in Chapter 1, we

canreplacethe Gaussianassumptionin the �rst hierarchy of the SDP model with any

exponential family and still model the spatial random e�ect by the spatial Dirichlet

process. We will �rst review the diseasemapping problem, and then formulate the

spatial and spatio-temporal Dirichlet processmodels for it. This model is motivated

by the lung cancerincidencedata in 88 counties of Ohio.

3.1 Disease Mapping Problem

Data on diseaseincidence(or mortalit y) are typically available as rates or summary

counts for contiguous geographicalregions, e.g., censustracts, post or zip codes,

districts, or counties, and collected over time. Hence,though casesoccur at point

locations (residences),the available responsesare associated with entire subregions

in the study region. We denote the diseaseincidencecounts (number of cases)by
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yit , where i = 1; :::; n indexes the regions B i , and t = 1; :::; T indexes the time

periods. In practice, we may have covariate information associated with the region,

e.g., percent African American, median family income, percent with somecollege

education. In somecases,though we only know the areal unit into which a case

falls, we may have covariate information associated with the case,e.g.,sex,race,age,

previous comorbidities. Moreover, any of this covariate information could be time

dependent. We devote Section 3.2.3 below to a discussionof how to accommodate

such information in our modelling framework. However, the focushere is on 
exible

modelling of arealunit spatial random e�ects and so, to avoid obscuringour primary

contribution, we do not considercovariates elsewhere.

A primary inferential objective in the analysisof diseaseincidencedata is summa-

rization and explanation of spatial and spatio-temporal patterns of disease(disease

mapping); alsoof interest is spatial smoothing and temporal prediction (forecasting)

of diseaserisk. The �eld of spatial epidemiology hasgrown rapidly in the past �fteen

yearswith the introduction of spatial and spatio-temporal hierarchical (parametric)

models; see,e.g., Elliott et al. (2000), and Banerjee et al. (2004) for reviews and

further references.

The typical assumption (for rare diseases)is that the diseasecount yit , condi-

tionally on parametersRit , are independent Po(yit j E it Rit ) (we will write Po(� j m)

for the Poissonprobability massfunction/distribution with mean m). Here, E it is

the expected diseasecount, and Rit is the relative risk, for region i at time period

t.1 E it is obtained as R� nit , with R� an overall diseaserate, using either external or

internal standardization, the former developing R� from referencetables (available

for certain typesof cancer), the latter computed from the given data set, e.g.,R � =
P

it yit =
P

it nit . Next, the relative risks Rit are explained through di�erent typesof

1Below we will use an alternativ e and, we assert, preferable, speci�cation, writing n it pit for the
Poissonmean, where n it is the speci�ed number of individuals at risk in region i at time t and
pit is the corresponding diseaserate.
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random e�ects. For instance, a speci�cation with random e�ects additive in space

and time is logRit = � it + ui + vi + � t , where � it is a component for the regional

covariates(e.g., � it = x0
it � for regressioncoe�cien ts � ), ui areregionalrandome�ects

(typically, the ui are assumedi.i.d. N(0; � 2
u)), vi are spatial random e�ects, and � t

are temporal e�ects (say, with an autoregressive prior).

The most commonly usedprior model for the vi is basedon someform of a con-

ditional autoregressive (CAR) structure (see,e.g.,Clayton and Kaldor 1987;Cressie

and Chan 1989;Besaget al. 1991;Bernardinelli et al. 1995;Besaget al. 1995;Waller

et al. 1997; Pascutto et al. 2000). For instance, the widely-usedspeci�cation sug-

gestedby Besaget al. (1991) is characterizedthrough local dependencestructure by

consideringfor each regioni a set,#i , of neighbors, which, for example,canbede�ned

asall regionscontiguous to regioni . Then the (improper) joint prior density for the vi

is built from the prior full conditionals [vi j vj ; j 6= i ]. Theseare normal distributions

with meanm� 1
i

P
j 2 # i

vj and variance�m � 1
i , where � is a precisionhyperparameter

and mi is the number of neighbors of region i . Alternativ ely, a multiv ariate normal

distribution for the vi , with correlationsdriven by the distancesbetweenregion cen-

troids, has beenused(see,e.g., Wake�eld and Morris 1999;Banerjeeet al. 2003b).

A di�erent hierarchical formulation, discussedin B•ohning et al. (2000), involves re-

placing the normal mixing distribution with a discretedistribution taking values' j ,

j = 1; :::; k (that represent the relative risks for k underlying time-spaceclusters)

with corresponding probabilities pj , j = 1; :::; k. Hence,marginalizing over the ran-

dom e�ects, the distribution for each regioni and time period t emergesasa discrete

Poissonmixture,
P k

j =1 pj Po(yit j E it ' j ). See,also,Schlattmann and B•ohning (1993)

and Militino et al. (2001) for use of such discrete Poissonmixtures in the simpler

setting without a temporal component. In this setting, related is the Bayesianwork

of Knorr-Held and Rasser(2000)and Giudici et al. (2000)basedon spatial partition
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structures, which divide the study region into a number of clusters(i.e., setsof con-

tiguous regions) with constant relative risk, assuming,in the prior model, random

number, size,and location for the clusters. Further related Bayesianwork is that of

Greenand Richardson(2002).

When spatio-temporal interaction is sought, the additive form vi + � t is replaced

by vit . The latter has been modelled using independent CAR models over time,

dynamically with independent CAR innovations, or asa CAR in spaceand time (see

Banerjeeet al. 2004).

Rather than modelling the spatial dependencethrough the �nite set of spatial

random e�ects, one for each region, an alternative prior speci�cation arisesby mod-

elling the underlying continuous-spacerelative risk (or rate) surfaceand obtaining

the induced prior models for the relative risks (or rates) through aggregationof the

continuoussurface.This approach is lesscommonlyusedin modelling for diseasein-

cidencedata (amongthe exceptionsareBest et al. 2000;Kelsall and Wake�eld 2002).

However, it arguably o�ers a morecoherent modelling framework, sinceby modelling

the underlying continuous surfaces,it avoids the dependenceof the prior model on

the data collection procedure,i.e., the number, shapes,and sizesof the regionscho-

senin the particular study. It replacesthe speci�cation of a proximit y matrix, which

spatially connectsthe subregions,with a covariancefunction, which directly models

dependencebetweenarbitrary pairs of locations (and inducesa covariancebetween

arbitrary subregionsusing block averaging).

In this research, we follow this latter approach, our main objective being to

develop a 
exible nonparametric model for the neededrisk (or rate) surfaces. In

particular, denote by D the union of all regions in the study area and let zt;D =

f zt (s) : s 2 Dg be the latent diseaserate surfacefor time period t, on the logarithmic

scale.Hence,zt (s) = logpt (s), wherept (s) is the probability of diseaseat time t and
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spatial location s. (With rare diseases,the logarithmic transformation is practically

equivalent to the logit transformation). We proposespatial and spatio-temporal non-

parametric prior modelsfor the vectorsof log-rateszt = (z1t ; :::; znt ), which we de�ne

by block averagingthe surfaceszt;D over the regionsB i , i.e., zit = jB i j � 1
R

B i
zt (s)ds,

where jB i j is the area for region B i . We develop the spatial prior model by block

averaginga Gaussianprocess(GP) to the areal units determinedby the regionsB i ,

and then centering a Dirichlet process(DP) prior (Ferguson1973;Antoniak 1974)

around the resulting n-variate normal distribution. We show that the model is equiv-

alent to the prior model that is built by block averaginga spatial DP (Gelfand et al.

2005). To model the zt , we can specify them to be independent replications under

the DP or we canadd a further dynamic level to the model with zt evolving from zt � 1

through independent DP innovations. We usethe former in our simulation example

in Section3.4.1;we usethe latter with our real data examplein Section3.4.2.

With regard to the existing literature, our approach is, in spirit, similar to that

of Kelsall and Wake�eld (2002) wherean isotropic GP was usedfor the log-relative

risk surface. However, as exempli�ed in Section 3.2.2, we relax both the isotropy

and the Gaussianity assumptions. In addition, we develop modelling for disease

incidencedata collectedover spaceand time. Moreover, aswe show in Section3.2.1,

our nonparametric model has a mixture representation, which is more generalthan

that of B•ohning et al. (2000) as it incorporates spatial dependenceand it allows

model-basedidenti�cation of the extent of clustering through the structure of the

DP prior.

The plan of the chapter is as follows. Section3.2 developsthe methodology for

the spatial and spatio-temporal modelling approaches. Section3.3discussesmethods

for posterior inferencewith more details given in Appendix B. Section3.4 includes

illustrations motivated by a previously analyzeddata set involving lung cancersfor
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the 88 counties in Ohio over a period of 21 years. In fact, in Section3.4.1we develop

a simulated data set for thesecounties which is analyzedusing both our modelling

speci�cation as well as a GP model, revealing the bene�t of our approach. We also

reanalyzethe original data in Section3.4.2. Finally, Section3.5 providesa summary

and discussionof possibleextensions.

3.2 Bayesian Nonparametric Mo dels For Disease

Incidence Data

The spatial prior model is discussedin Section 3.2.1. Section 3.2.2 demonstrates

how the useof the SDP providesfoundation for the modelling approach presented in

Section3.2.1. Section3.2.3 discusseshow to include di�erent typesof covariate in-

formation. Lastly, Section3.2.4developsa nonparametricspatio-temporal modelling

framework.

3.2.1 The Spatial Prior Probabilit y Mo del

Here,we treat the log-rate surfaceszt;D as independent realizations(over time) from

a stochastic processover D. We build the model by viewing the counts yit and

the log-rates zit as aggregatedversionsof underlying (continuous-space)stochastic

processes.The �nite-dimensional distributional speci�cations for the yit and the zit

are induced through block averagingof the corresponding spatial surfaces.

For the �rst stageof our hierarchical model, weusethe standardPoissonspeci�ca-

tion working with the nit pit form for the mean,following the footnote in Section3.1.

We note that this parametrization seemspreferableto the E it Rit form, sinceit avoids

the needto develop the E it through standardization; the overall log-rate emergesas

the intercept in our model. Thus, the yit are assumedconditionally independent,

given zit = logpit , from Po(yit j nit exp(zit )).
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This speci�cation can be derived through aggregationof an underlying Poisson

processunder assumptionsand approximations as follow. For the time period t,

assumethat the diseaseincidencecases,over region D, are distributed accordingto

a non-homogeneousPoissonprocesswith intensity function nt (s)pt (s), wheref nt (s) :

s 2 Dg is the population density surfaceand pt (s) is the diseaserate at time t and

location s. If we assumea uniform population density over each region at each time

period (this assumptionis, implicitly , present in standard modelling approachesfor

diseasemapping), we can write nt (s) = nit jB i j � 1 for s 2 B i . Hence,aggregatingthe

Poissonprocessover the regionsB i , we obtain, conditionally on zt;D , that the yit are

independent, and each yit followsa Poissondistribution with mean
R

B i
nt (s)pt (s)ds =

nit p�
it , where p�

it = jB i j � 1
R

B i
pt (s)ds. If we approximate the distribution of the p�

it

with the distribution of the exp(zit ), we can write yit j zit
ind:� Po(yit j nit exp(zit ))

for the �rst stage distribution. We note that the stochastic integral for p�
it is not

accessibleanalytically. Moreover, using Monte Carlo integration to approximate the

p�
it is computationally infeasible (Short et al. 2005). Also, Kelsall and Wake�eld

(2002) use a similar approximation working with relative risk surfaces. Brix and

Diggle (2001) do so as well, using a stochastic di�erential equation to model pt (s).

To build the prior model for the log-rates zt , we begin with the familiar form,

zt (s) = � t (s) + � t (s), for the log-rate surfaceszt;D . Here, � t (s) is the meanstructure

and � t;D = f � t (s) : s 2 Dg arespatial randome�ects surfaces.As discussedin Section

3.2.3, the surfacesf � t (s) : s 2 Dg can be elaborated through covariate surfacesover

D. In the absenceof such covariate information, we might set � t (s) = � , for all t,

and usea normal prior for � . Alternativ ely, we could set � t (s) = � t , where the � t

are i.i.d. N(0; � 2
� ) with random hyperparameter� 2

� . In what follows for the spatial

prior model, we illustrate with the common� speci�cation.

To develop the model for the spatial random e�ects, �rst, let the � t;D , t = 1; :::; T,
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given � 2 and � , be independent realizations from a mean-zeroisotropic GP with

variance� 2 and correlation function � (jj s � s0jj ; � ) (say, � (jj s � s0jj ; � ) = exp(� � jj s�

s0jj ) as in the examplesin Section3.4). Henceby aggregatingover the regionsB i , we

obtain zit = � + � it , where� it = jB i j � 1
R

B i
� t (s)ds is the block averageof the surface

� t;D over region B i . The induced distribution for � t = (� 1t ; :::; � nt ) is a mean-zeron-

variate normal with covariancematrix � 2Rn (� ), wherethe (i; j )-th element of Rn (� )

is given by

jB i j � 1jB j j � 1
Z

B i

Z

B j

� (jj s � s0jj ; � ) dsds0:

Next, considera DP prior for the spatial random e�ects � t with precisionparameter

� > 0 and centering (base)distribution Nn (� j 0; � 2Rn (� )) (we will write Np(� j �; �)

for the p-variate normal density/distribution with meanvector � and covariancema-

trix �). We denotethis DP prior by DP(� ; Nn (� j 0; � 2Rn (� ))). The choiceof the DP

in this context yields data-driven deviations from the normality assumptionfor the

spatial random e�ects; at the sametime, it allows relatively simple implementation

of simulation-basedmodel �tting.

Note that the above structure implies for the vector of counts yt = (y1t ; :::; ynt ) a

nonparametricPoissonmixture model givenby
RQ n

i=1 Po(yit j nit exp(� + � it ))dG(� t ),

where the mixing distribution G � DP(� ; Nn(� j 0; � 2Rn (� ))). Under this mixture

speci�cation, the distribution for the vectorsof log-rates,zt = � 1n + � t , is discrete(a

property inducedby the discretenessof DP realizations),a feature of the model that

could be criticized. Moreover, although posterior simulation is feasible, it requires

more complexMCMC algorithms (e.g., the methods suggestedby MacEachern and

M•uller 1998and Neal 2000)than the standardGibbs samplerfor DP basedhierarchi-

cal models (e.g., West et al. 1994;Bush and MacEachern 1996). Thus, to overcome
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both concernsabove, we replacethe DP prior for the zt with a DP mixture prior,

zt j �; � 2; G ind:�
Z

Nn (zt j � 1n + � t ; � 2I n )dG(� t );

where,again, G � DP(� ; Nn (� j 0; � 2Rn (� ))). That is, we now write zit = � + � it +

uit , with uit i.i.d. N(0; � 2). Introduction of a heterogeneity e�ect in addition to the

spatial e�ect is widely employed in the diseasemapping literature dating to Besag

et al. (1991) and Bernardinelli et al. (1995), though with concernsabout balancing

priors for the e�ects (see,e.g.,Banerjeeet al. 2004and referencestherein). Here, in

responding to the above concerns,we serendipitouslyachieve this bene�t.

Hence,the mixture model for the yt now assumesthe form

f (yt j �; � 2; G) =
Z nY

i =1

p(yit j �; � 2; � it )dG(� t );

wherep(yit j �; � 2; � it ) =
R

Po(yit j nit exp(zit ))N( zit j � + � it ; � 2)dzit is a Poisson-log-

normal mixture. Equivalently, the model can be written in the following semipara-

metric hierarchical form

yit j zit
ind:� Po(yit jnit exp(zit )) ; i = 1; :::; n; t = 1; :::; T

zit j �; � it ; � 2 ind� N(zit j � + � it ; � 2); i = 1; :::; n; t = 1; :::; T

� t j G i:i:d:� G; t = 1; :::; T

G j � 2; � � DP(� ; Nn(� j 0; � 2Rn (� ))) :

(3.1)

The model is completedwith independent priors p(� ), p(� 2) and p(� 2), p(� ) for � ,

� 2, and for the hyperparameters� 2, � of the DP prior. In particular, we usea normal

prior for � , inversegammapriors for � 2 and � 2, and a discreteuniform prior for � .

Although not implemented for the examplesof Section3.4,a prior for � canbeadded,

without increasingthe complexity of the posteriorsimulation method (Escobar1994).
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In practice, we work with a marginalizedversionof model (3.1),

p(� )p(� 2)p(� 2)p(� )p(� 1; :::; � T j � 2; � )
nY

i =1

TY

t=1

Po(yit jnit exp(zit ))N( zit j � + � it ; � 2);

(3.2)

which is obtained by integrating the random mixing distribution G over its DP prior

(Blackwell and MacQueen1973). The resulting joint prior distribution for the � t ,

p(� 1; :::; � T j � 2; � ), is given by

Nn (� 1 j 0; � 2Rn (� ))
TY

t=2

�
�

� + t � 1
Nn (� t j 0; � 2Rn (� )) +

1
� + t � 1

X t � 1

j =1
� � j (� t )

�
;

(3.3)

where� a denotesa point massat a. Hence,the � t are generatedaccordingto a P�olya

urn scheme;� 1 arisesfrom the basedistribution, and then for each t = 2; :::; T, � t is

either set equal to � j , j = 1; :::; t � 1, with probability (� + t � 1)� 1 or is drawn from

the basedistribution with the remaining probability.

Note that we have de�ned the prior model for the spatial random e�ects � t by

starting with a GP prior for the surfaces� t;D , block averaging the associated GP

realizations over the regionsto obtain the Nn (0; � 2Rn (� )) distribution, and, �nally ,

centering a DP prior for the � t around this n-variate normal distribution. This

approach might suggestthat the DP prior is dependent, in an undesirablefashion,

on the speci�c choiceof the regions(e.g., their number and size). The next section

addressesthis potential criticism by connectingthe model in (3.1) with the spatial

DP (SDP) from Gelfand et al. (2005).
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3.2.2 Form ulation of the Mo del through Spatial Diric hlet

Pro cesses

The SDP can be proposedas the prior for the spatial random e�ects surfaces� t;D

to replace the isotropic GP prior that we used to build the DP model in Section

3.2.1. Therefore,now the model is developed by assumingthat the � t;D , t = 1; :::; T,

given GD , are independent from GD , whereGD , given � 2 and � , follows a SDP prior

with precisionparameter� and baseprocessG0D = GP(0; � 2� (jj s � s0jj ; � )) (i.e., the

sameisotropic GP usedin Section3.2.1).

Next, we block averagethe � t;D over the regionsB i with respect to their distribu-

tion that results by marginalizing GD over its SDP prior. Recall that for any set of

spatial locations sr , r = 1; :::; M , over D, the random distribution G(M ) induced by

GD followsa DP with basedistribution G(M )
0 inducedby G0D . Becausewe canchoose

M arbitrarily large and the set of locations sr to be arbitrarily denseover D, using

the P�olya urn characterization for the DP, we obtain that, marginally, the � t;D arise

accordingto the following P�olya urn scheme. First, � 1;D is a realization from G0D ,

and then, for each t = 2; :::; T, � t;D is identical to � j;D , j = 1; :::; t � 1, with probability

(� + t � 1)� 1 or is a new realization from G0D with probability � (� + t � 1)� 1.

Hence, if we block average� 1;D , we obtain the Nn (0; � 2Rn (� )) distribution for

� 1. Then, working with the conditional speci�cation for � 2;D given � 1;D , if we block

average� 2;D , � 2 arisesfrom Nn (0; � 2Rn (� )) with probability � (� + 1)� 1 or � 2 = � 1 with

probability (� + 1)� 1. Analogously, for any t = 2; :::; T, the inducedconditional prior

p(� t j � 1; :::; � t � 1; � 2; � ) is a mixed distribution with point massesat � j , j = 1; :::; t � 1,

and continuous piece given by the Nn(0; � 2Rn (� )) distribution; the corresponding

weights are (� + t � 1)� 1, j = 1; :::; t � 1, and � (� + t � 1)� 1. Thus, the prior

distribution for the � t in (3.3) can be obtained by starting with a SDP prior for the

� t;D (centered around the sameisotropic GP prior usedin Section3.2.1for the � t;D ),
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and then block averaging the (marginal) realizations from the SDP prior over the

regions.

As in Section3.2.1,we extend zt = � 1n + � t to zt = � 1n + � t + ut , wherethe ut

are independent Nn (0; � 2I n ). Hence,model (3.2) is equivalent to the marginal version

of the model above, i.e., with GD marginalizedover its SDP prior.

The argument above, basedon SDPs,providesformal justi�cation for model (3.1)

{ (3.3). The SDP is a nonparametricprior for the continuous-spacestochastic process

of spatial random e�ects; regardlessof the number and geometryof regionschosento

partition D, it inducesthe appropriate corresponding versionof the model in (3.2).

3.2.3 In tro ducing Covariates

As noted in Section3.1, often in looking at diseaseincidence/mappingdata we will

seek to bring in covariate information. Here, we indicate how we would do this

in the context of the model given in (3.1). Our approach is to consider how we

would handlethe idealizedsituation of point-referencedcase/non-casedata and then

propagate the e�ect of the assumptionsand approximations in Section 3.2.1. Our

approach is similar in spirit to that of Wake�eld and Shaddick (2006). In particular,

illustrating with a single covariate surfacef X t (s) : s 2 Dg, supposezt (s) = � 0t +

� 1t X t (s) + � t (s).

If X t (s) is an arealunit level covariate, i.e., X t (s) = X it , for all s 2 B i , then p�
it =

exp(� 0t + � 1t X it ) jB i j � 1
R

B i
exp(� t (s))ds. So, for such covariates, no approximation

beyond that of Section3.2.1 is required.

Next, associate with each of the nit individuals at risk in areal unit i at time t an

(unknown) location sij , j = 1; 2; :::; nit , and covariate level X t (sij ) (suppressingtime

t in the notation for sij ). At each location there is a Bernoulli trial with probability

pt (X t (sij )). (Here, we write pt (X t (sij )), instead of pt (sij ), to emphasizethe depen-
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denceon the covariate.) Sinceincidenceratesare usually very small, we canenvision

a Poissonapproximation to the sum of the nit Bernoulli trials in areal unit i at time

t with expectation equal to pit =
P n it

j =1 pt (X t (sij )).

Supposethat X t (s) is categorical,in fact, for convenience,binary. Then, though

we do not know where they occur, we do know that n0it of the X t (sij ) are 0 and

n1it of the X t (sij ) are 1. So, in the absenceof spatial e�ects,
P n it

j =1 pt (X t (sij )) =

n0it pt (0) + n1it pt (1) = nit p�
it where p�

it = n� 1
it (n0it pt (0) + n1it pt (1)). With spatial

e�ects and with locations assignedat random, we obtain

n itX

j =1

pt (X t (sij )) =
X

f sij :X t (sij )=0 g

exp(� 0t + � t (sij )) +
X

f sij :X t (sij )=1 g

exp(� 0t + � 1t + � t (sij )) :

Again, we know the number of 0s and 1s but can only assumethey are randomly

assignedto the sij . Hence,for ` = 0; 1,

X

f sij :X t (sij )= `g

exp(� t (sij )) �
n`it

nit

n itX

j =1

exp(� t (sij )) � n`it jB i j � 1
Z

B i

exp(� t (s))ds;

and, thus,
P n it

j =1 pt (X t (sij )) � nit p�
it , with

p�
it =

n0it

nit
exp(� 0t )jB i j � 1

Z

B i

exp(� t (s))ds+
n1it

nit
exp(� 0t + � 1t )jB i j � 1

Z

B i

exp(� t (s))ds:

Finally, makingthe sameintegral approximation (i.e., exp(� it ) � jB i j � 1
R

B i
exp(� t (s))ds),

we can write p�
it � exp(� 0t + � it )f 1 + n� 1

it n1it [exp(� 1t ) � 1]g � exp(� 0t + � it )[1 +

n� 1
it n1it � 1t ] � exp(� 0t + n� 1

it n1it � 1t + � it ).

Lastly, with a continuous covariate, we may envision two scenarios{ (i) that it

is available for each of the nit individuals at risk in areal unit i at time t or (ii)

more generally, that it is available as a surfaceknown over the entire study region.

Again, the quantit y of interest is
P n it

j =1 pt (X t (sij )) =
P n it

j =1 exp(� 0t + � 1t X t (sij ) +
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� t (sij )) = nit p�
it where p�

it = n� 1
it exp(� 0t )

P n it
j =1 exp(� 1t X t (sij ) + � t (sij )). In case(i),

let Vit = n� 1
it

P n it
j =1 X t (sij ) while in case(ii) let Vit = jB i j � 1

R
B i

X t (s)ds; under our

assumptions,in either case,Vit can be calculated. Then, as earlier, we approximate

the distribution of p�
it by the distribution of exp(zit ). In either case,we obtain p�

it �

exp(� 0t + � 1t Vit + � it ).

3.2.4 A Spatio-temp oral Mo delling Framew ork

To extendthe spatial model (3.1) of Section3.2.1to a spatio-temporal setting, wecast

our modelling in the form of a dynamicspatial processmodel (seeBanerjeeet al. 2004

for parametric hierarchical modelling in this context, and for related references).We

now view the log-rate processzt;D = f zt (s) : s 2 Dg asa temporally evolving spatial

process.

To developa dynamic formulation, webegin,asin Section3.2.1,by writing zt (s) =

� t + � t (s) and add temporal structure to the model through transition equations for

the � t (s), say,

� t (s) = � � t � 1(s) + � t (s); (3.4)

where,in general,j� j < 1, and the innovations � t;D = f � t (s) : s 2 Dg are independent

realizationsfrom a spatial stochastic process.We can now de�ne the nonparametric

prior for the block averages� it = jB i j � 1
R

B i
� t (s)ds of the � t;D surfacesfollowing the

approach of Section3.2.1or, equivalently, of Section3.2.2. Proceedingwith the latter,

we assumethat the � t;D , givenGD , are independent from GD , and assigna SDP prior

to GD with parameters� and G0D = GP(0; � 2� (jj s � s0jj ; � )). Marginalizing GD over

its prior, the induced prior, p(� 1; :::; � T j � 2; � ), for the � t = (� 1t ; :::; � nt ) is given by

(3.3) (with � t replacing � t ). Block averagingthe surfacesin the transition equations

(3.4), we obtain � t = � � t � 1 + � t , where � t � 1 = (� 1;t � 1; :::; � n;t � 1). Adding, as before,

the i.i.d. N(0; � 2) terms to the zit , we obtain the following general form for the
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spatio-temporal hierarchical model

yit j zit
ind:� Po(yit jnit exp(zit )) ; i = 1; :::; n; t = 1; :::; T

zit j �; � it ; � 2 ind� N(zit j � + � it ; � 2); i = 1; :::; n; t = 1; :::; T

� t = � � t � 1 + � t

� 1; :::; � T j � 2; � � p(� 1; :::; � T j � 2; � ):

(3.5)

The speci�cation for the � t will dependon the particular application. For instance,

the � t couldbei.i.d., say, from a N(0; � 2
� ) distribution (with random� 2

� ), or they could

beexplainedthrough a parametric function h(t; � ), say, a polynomial trend, h(t; � ) =

� 0 +
P m

j =1 � j t j , or the autoregressive structure could be extendedto include the � t ,

say, � t = � � � t � 1 + 
 t , with j� � j < 1, and 
 t i.i.d. N(0; � 2
� ). For the Ohio state lung

cancerdata (discussedin Section3.4.2), we work with a linear trend function � t =

� 0 + � 1t. We set � 1 = � 1, i.e., � 0 = 0 (alternatively, an informative prior for � 0 can

be used). We choosepriors for � 2, � 2 and � as in model (3.2); we take independent

normal priors for the components of � ; and a discreteuniform prior for � .

3.3 Posterior Inference and Prediction

We discusshere the typesof posterior inferencethat can be obtained basedon the

models in Section 3.2. In particular, Section 3.3.1 comments on the (smoothed)

inferencefor the diseaserateswhile, under the dynamicmodel, Section3.3.2discusses

forecastingof diseaserates using the extensionof Section3.2.4.

3.3.1 Spatial Mo del

As is evident from expression(3.3), the DP prior inducesa clustering in the � t (in

their prior and hencealso in the posterior for model (3.2). Let T � be the number of

distinct � t in (� 1; :::; � T ) and denoteby � � = f � �
j : j = 1; :::; T � g the vector of distinct
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values. De�ning the vector of con�guration indicators, w = (w1; :::; wT ), such that

wt = j if and only if � t = � �
j , (� � ; w; T � ) yields an equivalent representation for

(� 1; :::; � T ). Denoteby  the vector that includes(� � ; w; T � ) and all other parameters

of model (3.2). Draws from the posterior p( j data), where data = f (yit ; nit ) : i =

1; :::; n; t = 1; :::; Tg, can be obtained using the Gibbs samplerdiscussedin Appendix

B.

The multiv ariate density estimate for the vector of log-ratesassociated with the

subregionsB i is given by the posterior predictive density for a new z0 = (z10; :::; zn0),

p(z0 j data) =
Z Z

p(z0 j � 0; �; � 2)p(� 0 j � � ; w; T � ; � 2; � )p( j data): (3.6)

Here, p(z0 j � 0; �; � 2) is a Nn (� 1n + � 0; � 2I n ) density, � 0 = (� 10; :::; � n0) is the vector

of spatial random e�ects corresponding to z0, and

p(� 0 j � � ; w; T � ; � 2; � ) =
�

� + T
Nn (� 0 j 0; � 2Rn (� )) +

1
� + T

T �X

j =1

Tj � � �
j
(� 0); (3.7)

whereTj is the sizeof the j -th cluster � �
j . Therefore,p(z0 j data) arisesby averaging

the mixture

�
� + T

Nn (z0 j � 1n ; � 2I n + � 2Rn (� )) +
1

� + T

T �X

j =1

Tj Nn (z0 j � 1n + � �
j ; � 2I n )

with respect to the posterior of  . Hence,the model has the capacity to capture,

through the mixing in the � �
j , non-standard featuresin the distribution of log-rates

over the regions.

3.3.2 Spatio-temp oral Mo del

Turning to the spatio-temporal model of Section 3.2.4, let � t = � 0 + � 1t (as in

the example of Section 3.4.2). Denoting by  = (� 0; � 1; � 2; � ; � 2; �; f (zt ; � t ) : t =
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1; :::; Tg) the parametervector corresponding to model (3.5), the posterior p( jdata)

is proportional to

p(� 0)p(� 1)p(� )p(� 2)p(� 2)p(� )�

p(� 1; :::; � T j � 2; � )
TY

t=1

Nn (zt j� t ; � 2I n )
nY

i =1

TY

t=1

Po(yit jnit exp(zit )) ;
(3.8)

where� t = (� 0 + � 1t)1n +
P t

`=1 � t � ` � ` . The Gibbs samplergiven in Appendix B can

be usedto obtain draws from p( jdata). For instance,of interest might be inference

for zt , the vector of log-rates corresponding to speci�c time periods t. Moreover,

given the temporal structure of model (3.5), our interest is temporal forecastingfor

diseaserates at future time points. In particular, the posterior forecastdistribution

for the vector of log-rateszT +1 at time T + 1,

p(zT +1 jdata) =

Z
p(zT +1 j� 1; :::; � T ; � T +1 ; � 0; � 1; � ; � 2)p(� T +1 j� 1; :::; � T ; � 2; � )p( jdata)

where p(zT +1 j� 1; :::; � T ; � T +1 ; � 0; � 1; � ; � 2) is an n-variate normal distribution with

mean vector (� 0 + � 1(T + 1))1n +
P T +1

`=1 � T +1 � ` � ` and covariance matrix � 2I n , and

p(� T +1 j� 1; :::; � T ; � 2; � ) can be expressedas in (3.7) by replacing � 0 with � T +1 and

using the, analogousto (� � ; w; T � ), clustering structure in the (� 1; :::; � T ).

3.4 Data Illustrations

Our data consistsof the number of annual lung cancer deaths in each of the 88

counties of Ohio from 1968to 1988. The population of each county is alsorecorded.

Figure 3.1 depicts the geographicallocations and neighborhood structure of the 88

counties in Ohio. The county location, area, and polygons are obtained from the

\map" packagein R.
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Figure 3.1: Map of the 88 counties in the state of Ohio.

Regarding prior speci�cation, for both models (3.1) and (3.5) we work with an

exponential correlation function, � (jj s � s0jj ; � ) = exp(� � jj s � s0jj ). For both data

examples,the discreteuniform prior for � takesvaluesin [0:001; 1], corresponding to

the rangefrom 3 to 3000miles; � � 2 and � � 2 have gamma(0:1; 0:1) priors (with mean

1); and � is setequalto 1 (results werepractically identical under � = 5 and � = 10).

Finally, the normal priors for � (Section3.3.1)and for � 0 and � 1 (Section3.3.2)have

mean 0 and large variance (there was very little sensitivity to choicesbetween 102

and 108 for the prior variance).
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We observed very good mixing and fast convergencein the implementation of the

Gibbs samplersdiscussedin Appendix B. In both of our simulation and Ohio lung

cancerexamplebelow, weobtain 15,000samplesfrom the Gibbs sampler,and discard

the �rst 3,000samplesasburn-in. Weuse3,000subsamplesfrom the remaining12,000

samples,with thinning equal to 4, for our posterior inference.

3.4.1 Simulation Example

We illustrate the �tting of our spatial model in (3.1) { (3.3) with a simulated data

set for the 88 counties of Ohio. We simulate the areal incidencerate from a two-

component mixture of multiv ariate normal distributions whosecorrelation matrix

is calculated by block averaging isotropic GPs. The GPs cover the entire area of

Ohio. The induced correlation matrix of the 88 blocks is computedby Monte Carlo

integration.

In particular, we proceed as follows. For i = 1; :::; 88 and t = 1; :::; T (with

T = 40), we �rst generatezit independent N(� + � it ; � 2) and, then, yit indepen-

dent Po(ni exp(zit )), where ni is the population of county i in 1988. The distri-

bution of the spatial random e�ects � t = (� 1t ; : : : ; � nt ) arisesthrough a mixture of

two block-averagedGP's. In particular, for ` = 1; 2, let � (` ) =
�

� (` )
1 ; : : : ; � (` )

n

�
�

Nn (( � 1)` � � 1n ; � 2
` R), with the (i; j )-th element of the correlation matrix R given by

jB i j � 1jB j j � 1
R

B i

R
B j

exp(� � jj s � s0jj ) dsds0. Then, each � t is independently sampled

from 0:5� (1) + 0:5� (2) . The valuesof the parametersare � = � 6:5, � � = 0:5, � 2
1 =

� 2
2 = 1=32, � 2 = 1=256,and � = 0:6. Under thesechoices,marginally, each � it has a

bimodal distribution of the form 0:5N(� � � ; � 2
1) + 0:5N(� � ; � 2

2).

We �t model (3.1) to this data set. The Bayesiangoodnessof �t is illustrated

with univariate and bivariate posteriorpredictivedensitiesfor the log-rates,which are

estimatedusing (3.6). In Figure 3.2 we comparethe true densitiesof the model from
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Figure 3.2: For the simulation examplein Section3.4.1,posterior predictive densi-
ties for the log-rates,corresponding to four counties, basedon the SDP model (thick
curves) and the GP model (dashedcurves). The true densitiesare denotedby the
thin curves,and the observed log-ratesby \+".

which we simulated the data with the SDP model posterior predictive densitiesfor

four selectedcounties. They are \Delaware" and \F ranklin" in central Ohio, \Hamil-

ton" in southwest, and \Stark" in northeast. \F ranklin" includes Columbus and

\Hamilton" includesCincinnati so theseare highly populated counties. \Delaware"
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is more suburbanand \Stark" is very rural (seeFigure 3.1).

The \+" mark the valuesof the 40 observed log-rateslog(yit =ni ) in each of these

four counties. In addition, Figure 3.2 includes posterior predictive densities from

a parametric model basedon a GP(0; � 2 exp(� � jj s � s0jj )) for the spatial random

e�ects surfaces. This speci�cation results in a limiting version of model (3.1) (for

� ! 1 ) where the � t , given � 2 and � , are i.i.d. Nn (0; � 2Rn (� )). The SDP model

clearly outperformsthe GP model with regard to posterior predictive inference.

Next, we pair the four counties above to show in Figure 3.3 the predictive joint

densities,basedon the SDP model, and, again, to comparewith the true joint den-

sities (using samplesin both cases). The �rst pair \Delaware" and \F ranklin" are

next to each other. The secondpair \Hamilton" and \Stark" are distant. We note

that, with only 40 replications,our model capturesquite well both marginal and joint

densitiesfor the log-rates.

3.4.2 Ohio Lung Cancer Data

The exploratory study of the Ohio lung cancer mortalit y data reveals a spatio-

temporal varying structure in the incidencerates. We display the observed log-rates

log(yit =nit ) for the aforementioned four counties in Figure 3.4. This plot shows clear

evidenceof an increasing,roughly linear, trend in the log-rate. Thereforewe apply

the dynamic SDP model (3.5) with a linear trend over time, setting � t = � 0 + � 1t.

Moreover, becausenegative valuesfor � do not appear plausible, we usea discrete

uniform prior on [0; 1) for � .

The time t is normalized to be from year t = 1 to 21. In order to validate

our model, we leave year 21 (year 1988) out in our model �tting and predict the

log-rates for all 88 counties in that year, using the posterior forecast distribution

developed in Section 3.3.2. Posterior point (posterior medians) and 95% equal-
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Figure 3.3: For the simulation exampleof Section3.4.1,posterior predictive densi-
ties (left column) and true bivariate densities(middle column) for log-ratesassociated
with two pairs of counties. The right column includesplots of the corresponding ob-
served log-rates.

tail interval estimates for � 0, � 1 and for � are given by � 8:208 (� 8:319; � 8:100),

0:0367(0:0292; 0:0448)and 0:7 (0:6; 0:8), respectively. There was also prior to pos-

terior learning for the other hyperparameters,in particular, point and interval es-

timates were 0:0586 (0:0552; 0:0656) for � ; 0:104 (0:0855; 0:113) for � 2; and 0:133
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Figure 3.4: Observed log-ratesfor four counties from 1968to 1988for the Ohio data
exampleof Section3.4.2.

(0:101; 0:152) for � 2.

In Figure 3.5 we display the marginal posterior forecastdensity of the log-rate for

the earlier four counties in the hold-out year 1988. We alsocalculated95%marginal

predictive intervals for all 88 counties in 1988and found that 83 out of 88 observed

log-rates (94.3 %) are within their 95% interval; we do not seemto be over�tting

or under�tting. In Figure 3.6 we provide the contour plot of the predictive log-

rate surfacefor 1988,using mediansfrom the posterior forecastdistribution for each

county.
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Figure 3.5: Posterior forecast densities for the log-rate of four counties in the
hold-out year (year 1988) for the Ohio data example of Section 3.4.2. The verti-
cal line in each plot is the observed log-rate.

3.5 Discussion

We have argued that, with regard to diseasemapping, it may be advantageousto

conceptualizethe model asa spatial point processrather than through morecustom-

ary areal unit spatial dependencespeci�cations. Aggregation of the point process

to suitable spatial units enablesus to use it for the observable data. Specifying a

non-homogeneouspoint processrequiresa model for the latent risk surface. Here,
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Figure 3.6: For the Ohio data exampleof Section 3.4.2, mediansof the posterior
forecastdistribution for the log-rate in each county for year 1988.

we have argued that there are advantages to viewing this surfaceas a processre-

alization rather than through parametric modelling. But then, the 
exibilit y of a

nonparametricprocessmodel asopposedto the limitations of a stationary GP model

becomesattractiv e. The choiceof a spatial DP �nally yields our proposedapproach.

We applied the modelling to both real and simulated data. With the simulated data

we clearly demonstratedthe advantage of such 
exibilit y.

Extensionsin several directions may be envisioned. Three examplesare the fol-

lowing. In treating the speci�cation for the � t we could provide a nonparametric
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model aswell through i.i.d. realizationsobtained under DP mixing or the associated

dynamic version with independent innovations under such a model. Next, we often

study concurrent diseasemaps to try to understand the pattern of joint incidence

of diseases. In our setting, for a pair of diseases,this would take us to a pair of

dependent surfacesfrom a bivariate spatial process. We could envision modelling

basedupon a bivariate SDP centered around a bivariate GP. Finally, how would we

handle misalignment issuesin this nonparametric setting? That is, what should we

do if diseasecounts are observed for oneset of arealunits while covariate information

is supplied for a di�erent set of units? Banerjeeet al. (2004) suggeststrategiesfor

treating misalignment but exclusively in the context of GP. Extensionsto our SDP

setting would be useful.
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Chapter 4

Space-time Mo delling Using Di�eren tial
Equations with Application to Urban
Dev elopmen t

In this chapter, we develop our spatio-temporal point processwhosedynamic inten-

sity is modelled with stochastic di�erential equations. In Section4.1, we �rst review

the Cox processmodel, then proposea structured model for the evolution of latent in-

tensity surfacesover time. Deterministic and stochastic di�erential equationversions

of the growth mechanism are introduced and discussed. In Section 4.2, we formu-

late a Bayesianhierarchical model basedon the theory in Section4.1 and proposea

processconvolution approximation. Section 4.3 addressesBayesianestimation and

space-timeprediction issues. Section 4.4 provides two illustrativ e examples,one of

which is the real urban growth data of Irving, TX. We concludewith a discussionon

future extensionsof the current model in Section4.5.
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4.1 Spatio-temp oral Poin t Pro cessesMo dels with

Dynamic In tensit y

4.1.1 Space-time Cox Pro cess Mo del

The motivating problem for our research is to model urban development by the

construction of new residential houses.Figure 4.1 shows the residential buildings in

Irving, TX from 1951{1968in four di�erent years. The exact locations and times of

new constructionsform a point pattern over spaceand time.

Our fundamental approach to the urban development problem is the space-time

Cox process(Cox 1955), i.e,. conditioning on a realization of a positive-valued

stochastic process,in a �xed region, the emergenceof newly observed points over

a certain period of time behavesaccordingto an inhomogeneousPoissonprocess.If

we only model the locations, we can use the univariate Cox Process. However, we

might have additional information at the locations, a so-calledmarked point pro-

cess.For instance,we might note whether the construction wasa singlefamily home,

an apartment building, a commercial site, etc. We might expect that commercial

buildings have a di�erent distributional pattern over spaceand time from residen-

tial buildings. These associated overlapping and correlated point patterns can be

modelled by the multiv ariate Cox processes.Here, we will only consider the uni-

variate case. The multiv ariate version is a conceptually straightforward extension

though computation will be much moredemanding(and �tting our univariate model

is already quite challenging).

Focusing on the urban development setting, let D be the study region, which

would be somemetropolitan areaor a portion thereof. Dependingupon the window

of time, it might include primarily urban area or with a later (or longer) window,

the suburban and rural areassurrounding it. Let NT (D) be the number of houses
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Figure 4.1: Residential housesin Irving, TX.

constructedin the period from t = 0 to T and X T =
n

x1;t 1 ; : : : ; xNT ;tN T

o
be the setof

locationsand times of thesenewconstructions. The intensity of the space-timepoint

processmodel for X T is 
 (t; s) ; s 2 D; t 2 [0; T] ; which is a positive-valued function.


 (t; s) could be viewed as essentially being a nonparametricspeci�cation which, for

instance,couldbea realization of a space-timeprocessover D � [0; T] (Nonparametric
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functions usingbasisrepresentations would alsobepossible.)However, in the present

work, we chooseto view 
 (t; s) as having a parametric form that is motivated by

mechanistic or theoretical considerations.We want to introducespeci�c parametric

choiceswhere the parametersquantify relationships and inferenceis sought about

theseparameters.Indeed,theseparametersthemselveswill beassociatedwith spatial

locations and so will themselvesbe viewed as realizationsof spatial processes;thus,

we can seehow they vary over D.

More speci�cally, let


 (t; s) = f (t; � l (t; s); l = 1; : : : ; p) (4.1)

where � l (t; s); l = 1; : : : ; p are p possibly dependent space-timeprocesses.Again, at

any location s, the � l (t; s) are the valuesof the parametersor latent variableswhich

determine 
( t; s). Since they are realizations of spatial processes,the � l (t; s) can


exibly capture spatial variation and correlation .

The emergenceof newhousesis conceptuallya problemof continuous-timespatio-

temporal point process,becausea houseis virtual ly there when the land is acquired

and the blueprint drawn. However, asbuildings are not constructedinstantaneously,

we only observe new construction over an interval of time. Therefore when using

space-timepoint processesto model houseconstruction, we discretizetime and pre-

sumethat there are only a �nite number of periods. In each period there is a �nite

random set of observed locations,which, altogether, can be treated asa spatial point

process.The intensity surfacegoverning that processcanstill be consideredasevolv-

ing over continuous time. Expressedin mathematical terms, the chanceof an event

occurring at any speci�ed time is 0; in order to observea point pattern we have to

consideran interval of time.

If we discretizethe space-timepoint processin time, the intensity for any spatial

point process,say X [t1 ;t2 ] consistingof locations emergingin a sub-period t 2 [t1; t2)
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(t1 � 0 and t2 � T ) is

Z t2

t1


 (t; s) dt =
Z t2

t1

f (t; � l (t; s); l = 1; : : : ; p) dt (4.2)

Temporally dependent spatial point processesX [t1=0 ;t 2 ]; X [t2 ;t3 ]; : : : ; X [tJ � 1 ;t J = T ] will

provide a good approximation to the spatio-temporal point processX T , when the

time intervals are su�cien tly small. Moreover, this alsoallows us to approximate the

intensity (4.2) by

Z t2

t1


 (t; s) dt � (t2 � t1) 
 (t1; s) = (t2 � t1) f (t1; � l (t1; s); l = 1; : : : ; p) (4.3)

In the next subsectionwe introducethe dynamicsfor the cumulative spatial inten-

sity � (t; s) =
Rt

0 
 (� ; s) d� and usethe approximation (4.3) to deducethe dynamics

for the discrete-timespatial point process.

4.1.2 Mo delling In tensit y Surface Dynamics

Theory from mathematical ecologyand sociology arguesthat the growth of human

population, despite the transcendent intricacies of its infrastructure, bears resem-

blancein the macro scaleto that of any other biological species.We do not attempt

to model arrival of people to a metropolitan area using our space-timepoint pro-

cess.Rather, we usethe construction of single family homesas a surrogateprocess.

Moreover, urban growth is customarily described in aggregate,e.g.,at the city-level

(e.g. Glaeser2003; Rossi-Hansberg and Wright 2005 and the referencestherein).

We would arguethat providing point referencedmodelling for such building enables

assessment of urban development at previously unachievable spatial resolution. Ad-

ditionally, although we do not connectthe intensity surfacefor our \house-building"

Cox processto population growth, it is plausibleto assumethat the spatial intensity

evolveswith dynamicssimilar to thoseof population growth.
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Three typical growth models used in ecologyand described through di�erential

equations(indexed by location) are

� Exponential growth

d� (t; s)
dt

= r (s) � (t; s) (4.4)

� Logistic growth

d� (t; s)
dt

= r (s)� (t; s)
�
1 �

� (t; s)
K (s)

�
(4.5)

� Gompertz growth

d� (t; s)
dt

= r (s)e� � (s)t � (t; s) (4.6)

By introducing a point-referencedspatial component into theseequations,there

is a di�erential equationat every spatial location. Moreover, each of thesedi�erential

equationsis random. Our modelling will ensurethat the di�erential equationsfor lo-

cationscloseto each other will tend to bemoresimilar than thosefor locationsfarther

apart. Note further that thesedi�erential equationmodelsfor the cumulative spatial

intensity � (t; s) imply integral equation models for the space-timeintensity 
 (t; s).

For example,the logistic growth can be viewed as a nonlinear integral equation:


 (t; s) = r (s)
Z t

0

 (� ; s) d�

"

1 �

Rt
0 
 (� ; s)
K (s)

#

: (4.7)

In all three of the modelsabove, r (s) denotesthe local growth rate acrossspace.

The apparent shortcomingof exponential growth with regard to houseconstruction

is that the cumulative intensity is not bounded. The logistic growth model usesa

carrying capacity K (s) to bound this intensity by making the growth rate decreaseto

zero when the intensity approachesthe capacity. For residential houseconstruction

78



such a model seemsto beplausibleand the notion of a carrying capacity hasa natural

interpretation sowe adopt it asour illustrativ e focus. The Gompertz growth instead

usesan intrinsic decay parameter � to control for the in�nite growth problem and

could be consideredas well (seeSection4.1.3 for further discussion).

So, in using the logistic growth model for the intensity, we proposea local growth

rate r (s) and carrying capacity K (s) and imposespatial processmodels on these

parameters. In reality, the local growth rate r (s), the local carrying capacity K (s)

and the intensity � (t; s) only have physical interpretations when associated with a

region. If we considerthe regional growth rate r (D) as the averageof the local rate

r (D) =
1

jD j

Z

D
r (s) ds

where jD j denotesthe area of D; and the regional capacity is the aggregateof the

local capacity

K (D) =
Z

D
K (s) ds

the global growth in the regionalD should have the following dynamics:

d� (t; D)
dt

= r (D)� (t; D)
�
1 �

� (t; D)
K (D)

�
(4.8)

where

� (t; D) =
Z

D
� (t; s) ds:

Our local model for onelocation s canbe consideredthe limit of this global model

when the area surrounding the location s goesto zero. Let � s be the neighborhood
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of s. The limits of the terms in the equation are

lim
j� s j! 0

� (t; � s)
j� sj

= lim
j� s j! 0

1
j� sj

Z

� s

� (t; s0) ds0 = � (t; s) ;

lim
j � s j! 0

K (� s)
j� sj

= lim
j� s j! 0

1
j� sj

Z

� s

K (s0) ds0 = K (s) ;

lim
j � s j! 0

r (� s) = lim
j� s j! 0

1
j� sj

Z

� s

r (s0) ds0 = r (s) :

Thereforethe limit of the global growth equation (4.8) is

lim
j � s j! 0

d� (t; � s) =j� sj
dt

= lim
j � s j! 0

r (� s)
� (t; � s)

j� sj

�
1 �

� (t; � s) =j� sj
K (� s) =j� sj

�
)

d� (t; s)
dt

= r (s)� (t; s)
�
1 �

� (t; s)
K (s)

�

which is exactly our local model. In other words, our interpretations for r (s), K (s)

and � (t; s) provide coherent behavior when integrated acrossD or any portion of D.

In order to capture the spatial variation and suitable dependencefor inhomoge-

neousgrowth, we assumethe local growth rate and capacity have very 
exible spatial

processmodels:

r (s) = exp(� r (s; � r ) + � r (s)) (4.9)

K (s) = exp(� K (s; � K ) + � K (s)) (4.10)

where� r (s; � r ) and � K (s; � K ) are trend surfacesand � r (s) and � K (s) are mean-zero

spatial random e�ects modelled as realizations of certain spatial processes,such as

stationary Gaussianrandom �elds (Cressie1993;Banerjeeet al. 2004) or nonpara-

metric spatial Dirichlet processes(Gelfand et al. 2005).

Returning to (4.4), (4.5) and (4.6) above, we assumethe intensity at any loca-

tion follows the sametype of dynamics with spatially varying parameters,such as
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r (s) and K (s). The resulting models for the entire study region emergeas in�nite-

dimensional dynamic systems(It ô 1984). In practice, we approximate them with

spatially discretizedversions,hencereducethem to multiv ariate dynamic systems.

Computationally, for the large number of houseswe will be working with, it will

not be tractable to work with the point processlikelihood; rather, we will have to

introducea partition of D and employ a Poissonlikelihood for the number of points

observed in a given cell of the partition in a given time period. So, consider a

subdivision of the study region D into M cells. For each cell m 2 f 1; : : : ; M g, the

averageintensity in this cell can be modelled with the averagespatial parameters.

For examplethe logistic model can be approximated by

d� (t; m)
dt

= r (m)� (t; m)
�
1 �

� (t; m)
K (m)

�
(4.11)

where r (m) and K (m) are averagegrowth rate and carrying capacity in each cell.

The spatial variation and correlation of r (m) and K (m) are inherited from their

spatial processes.Conversely, the continuousspacemodel (4.5) can be viewed asthe

in�nitesimal versionof (4.11).

4.1.3 Di�usion Equation Mo dels for the Gro wth Rate

Given r (s) and K (s), model (4.5) yields a deterministic space-timemodel for the

evolution of the spatial and space-timeintensity. That is, though we have a spatial

processof curves �( t; s), at any location, given the rate and the carrying capacity,

the resulting growth tra jectory is �xed. To enrich this behavior, we could try to

introduce uncertainty into these tra jectories. However, for the houseconstruction

problem, we insist that the cumulative intensity must always be nonnegative. A

di�usion equationfor the intensity achieved by adding a stochastic component to the

di�erential equation neednot preserve nonnegativity. Furthermore, not only must
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� (t; s) be nonnegative, but 
 (t; s) must be nonnegative as well. A typical di�usion

equation, such as Feller's branching process:

d� (t; s) = r (s)� (t; s)
�
1 �

� (t; s)
K (s)

�
dt + � �

p
� (t; s)dWt (s) (4.12)

whereWt (s) is a spatial Brownian motion, can not guarantee this for the space-time

intensity 
 (t; s). Thereforewe choosenot to apply a stochastic di�erential equation

to the intensity itself, but instead to add temporal structure to the growth rate and

thus formulate a spatial di�usion equation model for r (s).

Let r (t; s) be the time-varying growth rate. Becauser (t; s) is also positive, we

will model the log growth rate Z (t; s) = logr (t; s). The Gompertz growth model

can be viewed asan extensionof the simplest exponential growth with the following

di�erential equation for Z (t; s):

dZ (t; s) = � � (s) dt, with z (0; s) = logr (0; s) : (4.13)

If we add a stochastic component with spatial Brownian motion to (4.13), we have

the following di�usion equation for Z (t; s):

dZ (t; s) = � � (s) dt + � zdWt (s) , with Z (0; s) = logr (0; s) :

This resulting model for the growth rate r (t; s) is the geometric Brownian motion:

r (t; s) = r (0; s) exp
��

� a (s) +
1
2

� 2
z

�
t + � zW (t; s)

�
;

which is not stationary.

For the logistic growth, becausethe crowding e�ect [1 � � (s) =K (s)] alreadycon-

trols for the decreasinggrowth, it is much easierto specify a stationary model for the

growth rate. We do soby letting Z (t; s) = logr (t; s) be a stationary mean-reverting

82



Ornstein-Uhlenbeck process(SeeRossi-Hansberg and Wright 2005for economicjus-

ti�cations.):

dZ (t; s) = [� (s) � � Z (t; s)] dt + � Z dWt (s) : (4.14)

The physical interpretation of this model is that the log growth rate will eventually


uctuate about the deterministic level � (s) =� . As a result, Z (t; s) is stationary

space-timeprocesswith the following separablecovariancefunction

cov(Z (t1; s1) ; Z (t2; s2)) = � 2
Z exp(� � jt1 � t2j) � (s1 � s2; � ) (4.15)

where� (s1 � s2; � ) is the correlation function of the spatial Brownian motion Wt (s).

For the spatially discretemodel (4.11), the corresponding discreteversionfor the

log growth rate over a subdivision of M cells is

dZ (t; m) =
�
� M � � I M Z (t; m)

�
dt + � Z dWt (m) (4.16)

where � M is an M -dimensionalvector with each element � M
m being the averageof

� (s) in cell m and I M is an M � M identit y matrix. For more properties of the

multiv ariate Ornstein-Uhlenbeck process,seeSchach (1971). For a generaltreatment

of multiv ariate stochasticdi�erential equations,seeGard (1988),It ô (1984),Karatzas

and Shreve (1991) and Oksendal(2002).

If after a su�cien tly long time, Z (t; s) will have convergedand will only 
uctuate

slightly around � (s) =� , our deterministic model (4.5) with

Z (t; s) � � (s) =� � � r (s) + � r (s)

is a good approximation to the space-timemodel. Note this approximation reduces

the space-timemodel for the growth rate to the more parsimoniousmodel (4.9). In

the examplesthat we will present in Section4.4, we only have very few periods (less

than 20) of growth data that is insu�cien t to �t the model in (4.14), therefore the

more parsimoniousmodel (4.9) is deliberately selected.If the data camewith many
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periods (say more than 350 periods as in the simulated data example in Brix and

Diggle 2001),we could attempt to �t the full model with dynamic growth rate. The

following sectionswill focus on the logistic growth model (4.5) with only spatially

varying growth rate.

4.2 Statistical Mo del Fitting and Inference

The dynamic Cox Processmodelsproposedin Section4.1.2 imply the following sta-

tistical hierarchical model: At the �rst stage, the space-timepoint patten xT is a

realization of a spatio-temporal PoissonProcessX T . The intensity 
( t; s) is a func-

tion of the initial intensity

� (0; s) =
Z 0

�1

 (� ; s) d� (4.17)

and the latent parameterprocessesdescribingthe growth rate, such asr (t; s), K (s)

etc. The latent parameter processesare realizations of exponential Gaussianpro-

cesses.

The multi-p eriod spatial Cox Processversionof this dynamicmodel canbeviewed

asa temporally discretizedapproximation to the space-timeCox Processabove. If we

assumethere areJ evenly spacedperiods f t1; : : : ; tJ g in t 2 [0; T], the corresponding

sequential spatial point pattern x t j is a realization of the spatial PoissonProcesswith

the intensity �� (t j ; s) =
Rt j; 2

t j; 1

 (� ; s) d� . In the following subsections,we discussthe

approximation and discretization of the dynamic spatial intensity �� (t j ; s) and the

statistical inferencefor the latent parameterprocessesthat de�ne �� (t j ; s).

4.2.1 The Discretized Cox Pro cess Mo del

As noted in Section4.1.2, if we observe the spatial point processesin evenly spaced

time intervals � t and the time intervals are small, the spatial intensity in period t j
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can be approximated as

�� (t j ; s) =
Z t j; 2

t j; 1


 (� ; s) d� � 
 (t j; 1; s) � t:

From (4.5), the dynamics of the discretized spatial intensity can be derived as a

di�erence equation

�� (t j ; s) = r (s)� (t j � 1; s)
�
1 �

� (t j � 1; s)
K (s)

�
� t; (4.18)

where

� (t j ; s) =
Z t j

0

 (� ; s) d� � � (0; s) +

jX

l=1

�� (t l ; s) : (4.19)

�� (t j ; s) de�nes the intensity surfacefor the conditionally independent point pro-

cessesX (t j ) ; j = 1; : : : ; J in the disjoint periods f t1; : : : ; tJ g. Equation (4.18) o�ers

an explicit transition model for the intensity over time. The realization of X (t j )

is a set x (t j ) with the total number of points nj = jx (t j )j. We will now sup-

press the index t to use x j =
�

x j 1; : : : ; x j n j

	
as the points in period t j and let

�� j = f �� (t j ; s) ; s 2 Dg be its intensity surface. Note that we begin with x0, the

initial point pattern (i.e., we begin our investigation of growth at sometime point

after the city was founded), which provides necessaryinformation for the initial in-

tensity surface� 0 = f � (0; s) ; s 2 Dg.

Suppose we model the initial intensity � 0 as a realization of an log Gaussian

spatial process,

� 0 (s) = exp(� � (s) + � � (s)) , � � (s) � GP (0; C� (s � s0; � � )) : (4.20)

Then, we can construct a Bayesianhierarchical model for x0; : : : ; xJ with (4.9) and

85



(4.10) as follows:

x j j�� j � Poisson(D; �� j ) ; j = 1; : : : ; J

x0j� 0 � Poisson(D; � 0)

�� j (s) = r (s)� j � 1 (s)
�
1 �

� j � 1 (s)
K (s)

�
� t; s 2 D; j = 1; : : : ; J

� j (s) = � 0 (s) +
j � 1X

l=1

�� l (s)

log� 0 (s) = � � (s; � � ) + � � (s)

� � (s) � GP (0; C� (s � s0; � � )) ; s;s0 2 D

logr (s) = � r (s; � r ) + � r (s)

� r (s) � GP (0; Cr (s � s0; � r )) ; s;s0 2 D

logK (s) = � K (s; � K ) + � K (s)

� K (s) � GP (0; CK (s � s0; � K )) ; s;s0 2 D

� � ; � r ; � r

� � ; � r ; � K
� priors

(4.21)

where� (�) is the parametervector in the meansurfacefunction and C(�)

�
s � s0; � (�)

�

is the stationary covariancefunction.

In this model, the intensity surfacesaredeterministic functionsof r (s), K (s), and

� 0 (s), s 2 D. The joint likelihood for the J + 1 conditionally independent spatial

point patterns is

JY

j =1

(

exp
�

�
Z

D
�� j (s) ds

� n jY

i =1

�� j (x j i )

)

� exp
�

�
Z

D
� 0 (s) ds

� n0Y

i =1

� 0 (x0i ) :

(4.22)

The stochastic integrals in (4.22) cannot be worked with directly. In order to �t
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this model, wehave to approximate them by Riemannsums. Wedivide the geograph-

ical region D into M small cells and assumethe point processeshave homogenous

intensity within each cell. Let �� j (m) and � 0 (m) be the averageintensity in cell

m. Let the areaof cell m be A (m). The joint likelihood after this discretization is

JY

j =1

"

exp

 

�
MX

m=1

�� j (m) A (m)

!
MY

m=1

�� j (m)n j m

#

� exp

 

�
MX

m=1

� 0 (m) A (m)

!
MY

m=1

� 0 (m)n0m ;

(4.23)

wherenj m is the number of point in cell m in period j .

If weassumethe growth rate r (s) and the capacity K (s) ; s 2 D arehomogeneous

in each cell m, and denotethem asr (m) and K (m), we derive a versionof dynamics

in discretetime and spacefor the intensity,

�� j (m) = r (m)� j � 1 (m)
�
1 �

� j � 1 (m)
K (m)

�
� t: (4.24)

Basedon the assumptionsin model (4.21) that � r (s), � K (s) and � � (s) are Gaus-

sian processes,we have

logr (m) = � r (m; � r ) + � r (m) ;

where� r = (� r (1) ; : : : ; � r (M )) � NM (0; RM (� r )) ;

logK (m) = � K (m; � K ) + � K (m) ;

where� K = (� K (1); : : : ; � K (M )) � NM (0; RM (� K )) ;

log� 0 (m) = � � (m; � � ) + � � (m) ;

where� � = (� � (1); : : : ; � � (M )) � NM (0; RM (� � ))

(4.25)

whereRM

�
� (�)

�
is the M � M covariancematrix derived from the correlation function

C
�
s � s0; � (�)

�
.
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A criticism of models (4.21) and (4.25) which we noted above is that they are

deterministic conditional on r (s), K (s) and � 0 (s). We can relax this restriction

according to the mean-reverting Ornstein-Uhlenbeck processmodel (4.14). To for-

mulate this model in discretetime and space,we can discretizeequation (4.16) into

a di�erence equation for period j = 1; : : : ; J :

� Z j =
�
� M � � I M Z j

�
� t + � Z (Wj � Wj � 1) ; (4.26)

and logr j = Z j = Z0 +
jX

l=1

� Z l ;

where � Z j = f Z j (m) ; m = 1; : : : ; M g, Wj = f Wj (m) ; m = 1; : : : ; M g, and for any

cell m,

� M
m = logr (m) = � r (m; � r ) + � r (m) ;

and Z0 (m) = � z0 (m; � z) + � z0 (m) .

In this more 
exible model, the log growth rate has a state spaceequation (4.26),

whereWj � Wj � 1; j = 1; : : : ; J are independent Gaussianrandom �elds sinceWt in

(4.14) is a spatial Brownian motion.

4.2.2 Appro ximation Using Kernel Convolution

The computational di�cult y in �tting this model is the large number of cells (e.g.

2500in the examplesin Section4.4.2)and thereforethe high dimensionof the correla-

tion matrix RM . There are numerousstrategiesfor handling this \large M" problem

(Vecchia 1998;Furrer et al. 2006;etc.). To reducethe dimensionality of this model,

we usethe kernelconvolution approximation techniqueproposedby Xia and Gelfand

(2006) to approximate the distributions of � r , � K and � � . A brief account of this

method is as follow.

We de�ne a regionD r that coversthe regionD under study. We divide the region

D r into L blocks, each of which has centroid s�
l and area A (l), l = 1; : : : ; L . We
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de�ne Vl ; l = 1; : : : ; L to be independent standard-normal random variables, where

Vl is associated with block l and let ' (s � s�
l ) be the kernel function. The kernel

convolution approximation to a Gaussianrandom �eld � = f � (s) ; s 2 Dg is de�ned

as

~� (s) =
LX

l=1

p
A (l)' (s � s�

l ; � ) Vl ; s 2 D (4.27)

The original Gaussianrandom �eld � is assumedto be mean-zeroand have a

stationary covariancefunction C (s � s0; � ), whosespectral density is Ĉ (! ; � ). For ~�

to approximate � , the kernel in (4.27) is shown to be the inverseFourier transform

of
q

Ĉ (! ; � ):

' (s � s0; � ) = (2� ) � 2
Z

R 2
e� i! T (s� s0)

q
Ĉ (! ; � )d! (4.28)

For example,the Mat�ern classcovariancefunction in R 2 is

C ;� ;� (u) =
�  

2� � 1� (� + 1) � 2�
(� jjujj)� � � (� jjujj) (4.29)

wherethe variance� 2 is proportional to  =� � 2� . The kernel mixture approximation

to a random �eld with Mat�ern classcovariancehas the following kernel:

' (u;  ; � ; � ) = (2� )� 1 C 1=2 ;� ;(� � 1)=2 (u)

=
�  1=2

2(� � 3)=2�
�

� +1
2

�
� � � 1

(� jjujj)
� � 1

2 � ( � � 1)=2 (� jjujj) :
(4.30)

Note that (4.30) requires that the smoothnessparameter � > 1. Xia and Gelfand

(2006)alsodiscusshow to selectthe covering region D r and the number of blocks in

D r .

If we useMat�ern covariancein our Model (4.25), we can approximate � r , � K and

� � with the kernel in (4.30) and 3L independent standard normal random variables:

V r � N (0; I L ) ; V K � N (0; I L ) ; V � � N (0; I L ) :
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De�ne a M � L matrix H (� )

H (� )ml =
p

A (l)' (sm � s�
l ; � ) ; m = 1; : : : ; M ; l = 1; : : : ; L

wheresm is the centroid of cell m and ŝl the centroid of block l. The kernel mixture

approximation to � r (m), � K (m) and � � (m) ; m = 1; : : : ; M is

~� r = H (� r ) V r ; ~� K = H (� K ) V K ; ~� � = H (� � ) V � . (4.31)

Because~� r , ~� r , ~� � are linear combinations of a much lower dimensionalindependent

set of V r , V K , V � (L � M ), computation is expedited.

4.3 Bayesian Inference and Prediction

We provide brief details on both inferenceand prediction associated with the models

in Section4.2.1.

4.3.1 Bayesian Inference

With regard to inferencefor model (4.21) and (4.25), there are three latent surfaces

discretizedover the grid M : r (m), K (m) and � 0 (m). The parametersand latent

variables in this model include the � r , � K and � � in the parametric trend surfaces,

the discretizedspatial random e�ects � r (m), � K (m), � � (m), m = 1; : : : ; M and the

parameters� r , � K , � � in the covariance functions. As in the previous section, we

usethe kernel convolution processes~� r , ~� K , ~� � to approximate � r , � K , � � :

logr � � r (� r ) + ~� r ; logK � � K (� K ) + ~� K ; log� 0 � � � (� � ) + ~� � : (4.32)

The priors and hyper-priors for the model parametersand latent variables are

assumedto take the form
� r ; � K ; � � � � (� r ) � � (� K ) � � (� � )

� r ; � K ; � � � � (� r ) � � (� K ) � � (� � )

V r ; V K ; V � � N (0; I L ) � N (0; I L ) � N (0; I L )

(4.33)
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where speci�cation of the hyper-priors for � ( �) and � (�) depends on the particular

application. For example, the trend surfacefor the log growth rate may take the

linear regressionform: � r (� r ) = X (s) � r , then we canspecify a dispersenormal prior

N
�
0; � 2

� = 108
�
for � r . The parameter in the correlation function � r may represent

a value proportional to the variance, hencewe can specify a Inverse-Gammaprior

for it. Note that �� j and � 0 in the discretized likelihood (4.23) are deterministic

functions of the parametersand latent variablesde�ned by (4.24), (4.31) and (4.32).

Thereforethe joint posterior is proportional to

JY

j =1

"

exp

 

�
MX

m=1

�� j (m) A (m)

!
MY

m=1

�� j (m)n j m

#

� exp

 

�
MX

m=1

� 0 (m) A (m)

!
MY

m=1

� 0 (m)n0m

� � (� r ) � (� K ) � (� � ) N (0; I L ) N (0; I L ) N (0; I L ) � (� r ) � (� K ) � (� � ) :

(4.34)

Furthermore, each of � r , � K , � � , � r , � K , � � may represent multiple parameters;for

example,we have � r = f  r ; � r ; � r g if we useMat�ern classcovarianceand kernel for

the spatial random e�ect in the log growth rate.

We simulate the posterior distributions of the model parametersand latent vari-

ablesin (4.34) usinga Markov Chain Monte Carlo algorithm. Becausethe intensities

in the likelihood function arevery irregular nonlinear functions of the model parame-

ters and latent variables,it is very di�cult to obtain derivatives,and hencea directed

MCMC (e.g., Langevin di�usions in Beneset al. 2002and Robert and Casella1999),

we usethe random-walk Metropolis-Hastingsalgorithm in the posterior simulation.

Each parameteris updated in turn in every iteration of the simulation and the latent

variables
�

V r ; V K ; V �
	

are sampledin three blocks.
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4.3.2 Prediction

The prediction problemin the context of our spatio-temporal model is about forecast-

ing the future intensity andpoint pattern for the spatial point process.Indeed,wecan

hold out the observed point pattern in a future time period. Then, if we obtain ex-

pectedgrowth for that period, we can comparewith observed growth to validate our

model. The predictive intensity relieshighly on the model speci�cation. For the logis-

tic growth function, conditioning on the posterior samplesof f � r ; � K ; � � ; � r ; � K ; � � g

and
�

V r ; V K ; V �
	

, we canextrapolate the intensity �� J +1 (s) in period J + 1 at any

location s 2 D by calculating

� r (s; � r ); � K (s; � K ) ; � � (s; � � )

~� r (s) =
LX

l=1

H (s � s�
l ; � r ) V r

l ;

~� K (s) =
LX

l=1

H (s � s�
l ; � K ) V K

l ;

~� � (s) =
LX

l=1

H (s � s�
l ; � � ) V �

l .

and then using(4.18) and (4.19) recursively. Becausewe canobtain a predictive sam-

ple for �� J +1 (s) from the posterior samples,we can easilycomputeany quantit y of

interest pertaining to the predictive distribution of �� J +1 (s), such asE [�� J +1 (s)],

M edian[�� J +1 (s)] and a predictive interval for �� J +1 (s).

For any subregionD1 � D of interest, we can aggregate�� J +1 (s) over s 2 D1

to obtain the predictive distribution of the Poissonintensity �� J +1 (D1):

�� J +1 (D1) =
Z

D 1

�� J +1 (s) ds �
X

m\ D 16= �

�� J +1 (m) .

We can then use the predictive distribution of �� J +1 (D1) to �nd the predictive
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distribution for NJ +1 � Po(�� J +1 (D1)). And, asabove, with holdout data, we can

compareobserved growth with predicted.

4.4 Examples and Results

4.4.1 Simulation Example

In order to seehow well we can learn about the true process,we �rst illustrate the

�tting of models (4.21) and (4.25) with a simulated data set. In a study region D of

24� 24 squaremiles shown as the central block in Figure 4.2, we simulate an initial

point pattern representing the locations of the existent housesin a city, and 16 con-

secutive yearsof growth. Figure 4.3 displays the growth of the simulated urban area,

where the �rst plot shows the existent housesat the time we start our observation,

and the other �v e show the locations of new housesin the next 5 successive years.

The data are simulated asfollows. As in the real houseconstruction data set, the

observed spatio-temporal point processis discretein time (we useannual data here).

The point patterns in our simulation comprise locations of new buildings in each

year. The intensity for the development of thesepoint patterns has the transition

model de�ned by (4.25), wherewe needthree spatial processesr (s), K (s) and � 0 (s),

s 2 D. The initial intensity � 0 (s), s 2 D also generatesthe initial point pattern,

e.g. the locations of the existent houseswhen we start our observation.

In practice, we can only simulate the latent spatial processesat a �nite number

of grid points. We thereforedivide the region into 1600(40� 40) equally spacedgrid

cells. In order to use the kernel convolution methods in Section 4.2.2, we put our

study region in a larger areaD r of 40� 40 squaremiles (seeXia and Gelfand 2006for

justi�cations for the selectionof the area and grid). We overlay the region D r with

a 10� 10 grid at spacingof 4 miles and thus obtain 100 blocks shown in Figure 4.2,

each of which has an area of 16 squaremiles. The latent variablesV r , V K and V �
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Figure 4.2: The region under study and the bigger area and grid for the kernel
convolution approximation (seeSection4.4.1).

are de�ned at the centroid (seeFigure 4.2) of each square.

The latent variables r (m), K (m) and � 0 (m) of each cell in D are de�ned in

(4.25). The log initial intensity log� 0 (m) has a mean surface� � of the following

structure: if the centroid of m is less than 4 miles from the center of the entire

region, we let � � (m) = � 1, otherwise we let � � (m) = � 0, where � 1 > � 0. By

doing so, we generatea denselypopulated \downtown" area with the diameter of 4

miles,and lesspopulated \suburbs". The spatial random e�ect � � is assumedto be a

isotropic Gaussianprocesswith Mat�ern classcovariancefunction C ( � ; � � ; � ) de�ned

by (4.29). The vector of f � � (m), m = 1; : : : ; 1600g is then simulated usingthe kernel
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Figure 4.3: Existing housesat time 0 and new housesconstructed in 5 successive
yearsfor the simulated example.

convolution method with the corresponding Mat�ern kernel. We assumelogr (m) has

a homogeneousmean � r and � r has a Mat�ern classcovarianceC ( r ; � r ; � ). Finally

logK (m) has the homogeneousmean � K and � K has a Mat�ern class covariance

C ( K ; � K ; � ). f � r (m) and � K (m), m = 1; : : : ; 1600g are also simulated using the

kernel convolution method. The actual valuesof theseparametersare presented in
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Table 4.2. We �x the smoothnessparameter � to be 3
2.

At the centroid of each cell m, we usethe simulated r (m), K (m) and � 0 (m) and

the transition equation (4.24) recursively to obtain the intensity �� j (m) for each of

the following years. Within each cell, we simulate the points using a Poissonprocess

with homogeneousintensity equal to �� j (m). We simulate the initial point pattern

with intensity � 0 (m) and then 16 point patterns with �� j (m), j = 1; : : : ; 16. We

use the initial point pattern and the next 15 to �t our model and leave the 16th

period out for prediction and model validation. Table 4.1 summarizesthe number of

points in each of the following years.

Year Initial One Two Three Four Five Six
# of houses 4914 224 236 227 214 226 237
Year Seven Eight Nine Ten Eleven Twelve Thirteen
# of houses 262 267 261 286 293 300 309
Year Fourteen Fifteen Sixteen
# of houses 311 341 347

Table 4.1: Number of new housesin 16 years.

We�t the discretizedmodel with the same40� 40grid to the data obtainedabove.

We usevery vaguepriors for the parametersin the mean function. Because and

� are weakly identi�ed (Zhang 2004), we only use vaguesprior for  ( �) 's and very

informative priors for � (�) 's:

� (� 0) ; � (� 1)
ind� N

�
0; 10� 8

�
; � (� r ) � N

�
0; 108

�
; � (� K ) � N

�
0; 108

�
;

� ( � ) � log-N
�
0; 108

�
; � ( K ) � log-N

�
0; 108

�
; � ( r ) � log-N

�
0; 108

�
;

� (� � ) � log-N(� 2:5; 2) ; � (� K ) � log-N(� 2:5; 2) ; � (� K ) � log-N(� 2:5; 2) ;

wherelog-norm(� 2:5; 1) has the mean=0.223and variance=0.318.

Our posterior is proportional to (4.34) by the kernel convolution approximation.

We usethe random-walk Metropolis-Hastingsmentioned in Section4.3.1to simulate
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posterior samples. The algorithm is tuned to obtain acceptancerates closeto the

theoretically optimal valuesin Robert and Casella(1999). We obtain 50,000samples

from the algorithm and discardthe �rst 20,000asburn-in. For the posterior inference,

we use3,000subsamplesfrom the remaining 30,000samples,with a thinning equal

to 10. The posterior median and 95% equal-tail quantile for the model parameters

are presented in Table 4.2. Evidently we are recovering the true parameter values

very well. Figure 4.4 displays the contour plot of the posterior median surfacesfor

the initial intensity, growth rate and carrying capacity, comparedwith the actual

surfaces. Up to the uncertainty in the model we seemto approximate the actual

intensity surfacequite well.

Model Parameters True Value Posterior Median 95%Equal-tail Interval
� 0 3:0 2:998 (2:815; 3:211)
� 1 1:0 0:897 (0:741; 1:091)
� r � 3:0 � 2:991 (� 3:135; � 2:855)
� K 5:0 5:011 (4:844; 5:188)
 � 2:0 � 10� 3 2:37� 10� 3 (1:62� 10� 3; 3:23� 10� 3)
 r 1:0 � 10� 3 1:35� 10� 3 (9:07� 10� 3; 1:95� 10� 3)
 K 1:0 � 10� 3 7:46� 10� 4 (7:91� 10� 5; 2:18� 10� 3)
� � 0:2 0:204 (0:171; 0:251)
� r 0:2 0:288 (0:21; 0:376)
� K 0:6 0:241 (0:148; 0:505)

Table 4.2: Simulation exampleparametersand their posterior inference.

We use the Bayesian prediction in Section 4.3.2 to obtain the predictive distri-

butions for the intensity �� J +1 (m) in each cell. In Figure 4.5 we display the true

intensity surfaceat period J + 1 = 16 and the predictive intensity surface,using the

mediansof the predictive samplesfor �� J +1 (m), m = 1; : : : ; M . We can seethe

prediction capturesthe major spatial variation of the actual intensity surface.
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Figure 4.4: Actual and posterior-medianinitial intensity, growth rate and carrying
capacity in the simulated example.
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Figure 4.5: Actual and predicted intensity surfacesfor period J+1 in the simulated
example

4.4.2 Residen tial House Construction Data for Irving, TX

Our real houseconstruction data consistof the geo-coded locations and yearsof the

newly constructed residential housesin Irving, TX from 1901 to 2002. Figure 4.1

demonstrateshow the city developsfrom early 1950'sto late 1960's. It seemsthat
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Figure 4.6: New residential housesconstructedin Irving, TX from 1952to 1957.

Irving started to develop after WWI I. The current outline of the city is not much

di�erent from that of late 1960'sbecausecity had been almost fully developed by

the early 1970's.For our data analysis,we selectthe period from 1951through 1968
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when the urban development wassubstantial. The number of new residential houses

for each of the 18 year is recordedin Table 4.3. Figure 4.6 shows the geographical

distribution and locationsof new housesin six consecutive years(1952{1957)during

that period. In our analysis,we usethe data for year 1951{1966to �t our model and

leave year 1967and 1968out for prediction and model validation.

Year Before1951 1952 1953 1954 1955 1956 1957
# of houses 1957 747 1006 1288 1332 807 629
Year 1958 1959 1960 1961 1962 1963 1964
# of houses 910 759 950 918 860 954 1034
Year 1965 1966 1967 1968
# of houses 851 531 654 583

Table 4.3: Number of new housesfrom 1952to 1968.

As shown in the central block of Figure 4.7,our study regionD in this exampleis a

squareof 5.6� 5.6 squaremiles with Irving, TX in the middle. This region is selected

to excludeother urban areasof Dallascounty. Wedivide the regioninto 2500(50� 50)

equally spacedgrid cells. In order to use the kernel convolution approximation, we

put our study region in the middle of a larger area D r of 10� 10 squaremiles. We

again overlay the region by a 10� 10 grid at spacingof 1 mile and de�ne the latent

variablesV r , V K and V � at the centroids (centroids shown assmall circlesin Figure

4.7) of the resulting 100blocks.

The log initial intensity, log� 0 (m), in this caseis assumedto have a constant

mean surface � � . We also assumea constant mean, � r , for the log growth rate

and � K for the log carrying capacity. � � , � r and � K have Mat�ern classcovariance

C ( � ; � � ; � ), C ( r ; � r ; � ) and C ( K ; � K ; � ) respectively, with � equal to 3
2 .

We again use very vague priors for the parameters in the mean function. For

the samereasonas in the simulated example,we only usevaguepriors for  (�) 's and
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Figure 4.7: The gridded study regionencompassingIrving, TX and the bigger area
for the kernel convolution approximation.

informative priors for � (�) 's:

� (� � ) � N
�
0; 10� 8

�
; � (� r ) � N

�
0; 108

�
; � (� K ) � N

�
0; 108

�
;

� ( � ) � log-N
�
0; 108

�
; � ( K ) � log-N

�
0; 108

�
; � ( r ) � log-N

�
0; 108

�
;

� (� � ) � log-N(0:5; 1) ; � (� K ) � log-N(0:5; 1) ; � (� K ) � log-N(0:5; 1) ;

Weusethe samerandom-walk Metropolis-Hastingsalgorithm asin the simulation

exampleto simulate posterior sampleswith the sametuning of acceptancerates. We

obtain 250,000samplesfrom the algorithm and discard the �rst 100,000as burn-

in. For the posterior inference,we use5,000subsamplesfrom the remaining 150,000

samples,with a thinning equalto 30. The posteriormean,medianand 95%equal-tail

102



quantile for the model parametersare presented in Table 4.4. Figure 4.8 displays the

contour plot of the posterior mediansurfacesfor the initial intensity, growth rate and

carrying capacity.

Model Parameters Posterior Mean Posterior Median 95%Equal-tail Interval
� � � 0:6464 � 0:5764 (� 1:2540; � 0:2013)
� r � 2:6467 � 2:6458 (� 2:8476; � 2:4582)
� K 2:7747 2:6049 (1:7955; 4:5789)
 � 1:3456 1:3578 (1:1964; 1:5210)
 r 3:2675 3:2839 (2:9858; 3:4921)
 K 35:4332 38:0502 (0:7739; 67:4488)
� � 0:04231 0:04399 (0:03765; 0:05109)
� r 0:4765 0:4808 (0:3119; 0:6320)
� K 0:6429 0:6578 (0:4197; 0:8953)

Table 4.4: Posterior inferencefor Irving, TX data

In Figure 4.9 we display the predictive intensity surfacein year 1967and 1968,

using the mediansof the predictive samplesfor �� J +1 (m), m = 1; : : : ; M . We also

overlay the actual point patterns in 1967and 1968on the predictive intensity surface.

Figure 4.9shows our model can forecastthe major areasof high intensity, hencehigh

growth very well.

4.5 Discussion

In our data analysis, we apply the parsimoniousmodel (4.21) without the time-

varying growth rate to a simulated exampleand the Irving, TX data. In the short

term, when the fundamental elements in the structured model are stable, this is

advantageousaswe demonstrateits functionality through the real houseconstruction

data for Irving, TX. In the long term, the growth rate r (t; s) is expected to change,

and therefore we will have to employ model (4.14) for the growth rate. But in this

case,the more complicated model can be �tted since many more periods of data
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Figure 4.8: Posterior-medianinitial intensity, growth rate and carrying capacity in
the Irving, TX example.

will be available. Of course,(4.14) is only an idealizedmodel for the growth rate,

presuminga stablemeanand stationary processin both time and space.However, if

the dampinge�ect of growth is controlled by the logistic model, it is not unreasonable

to assumethe growth rate is mean-reverting. Additionally the logistic model, in a

�xed functional form, may be too restrictive aswell asthe time-independent carrying

capacity. Theseissueswill be consideredin future research.
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Figure 4.9: Predicted intensity surfacesand actual point patterns for year 1967and
1968in the Irving, TX example.

We demonstrate in our data analysis that the Bayesian hierarchical model can

preserve the complicated model structure and achieve good estimation and predic-

tion. The major challengesin �tting our proposedmodel are: (i) the handling of a

large data set that has thousandsof spatially correlated observations; (ii) the eval-

uation of a likelihood that involves stochastic integrals to be approximated with

discretization; and (iii) a likelihood that does not allow an easyformulation of an
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e�cien t Metropolis-Hastingsalgorithm. In dealing with �rst two challenges,we use

the process-convolution approximation in Xia and Gelfand (2006)and the discretiza-

tion method in Beneset al. (2002). Though the simulation results are encouraging,

further investigation of theseapproximations or alternatives would be helpful. For

(iii), we apply the random-walk Metropolis algorithm to the posterior simulation,

which is liable to create large auto-correlation in the sampling chain. The nonlinear

and recursive structure of our likelihood makesmost of the current Metropolis meth-

ods inapplicable,encouragingfuture research for a moree�cien t Metropolis-Hastings

algorithm for this classof problems.

Despiteall theseconcerns,the current model is the �rst attempt to incorporate a

structured growth model into a spatial-temporal point process.The structured model

and its statistical inferencea�ords valuable insights into the mechanismof the urban

development problem. We hope our approach will spark more research related to the

integration of scienti�c mechanismsand statistical models, and the development of

novel statistical methodologiesin this �eld.
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App endix A

Gibbs Sampler for the GSDP Mo dels

1. Full conditionals for the Z's.

To write the full conditionals for the Z 's, we �rst write the conditional distributions

[Z t;l (si )jZ t;l (sj ); j 6= i; � l ; � ] � N (~� i
t;l ; ~H i (� )) ;

for all i = 1; : : : ; n, l = 1; : : : ; K � 1, t = 1; : : : ; T, where

~� i
t;l = � l � hi (� )T H � 1

(� i )(� ) Z (� i )
t;l ;

~H i (� ) = 1 � hi (� )T H � 1
(� i )(� )hi (� );

in which hi (� ) is the i -th column vector of Hn (� ), H (� i )(� ) the (n � 1) � (n � 1) sub-

matrix obtainedfrom Hn (� ) by deletingthe i -th row andcolumn,andZ (� i )
t;l is the n� 1

dimensionalvector obtained from Z t;l by deleting the i -th element. Notice that both

~� i
t;l and ~H i (� ) are scalars. Let us indicate with  = f X t ; � ; � � ; � 2; � 2; �; � l ; l > 1; � g

the vector of parametersof the model other than the Z t;l 's. Then, the full conditional

of Z t;l (si ) is given by

[Z t;l (si )jYt ; Z t;l (sj ) ; Z t;m (si ); m 6= l; j 6= i;  ] / [Z t;l (si )jZ t;l (sj ); j 6= i;  ] �

KX

m=1

exp
�
�

1
2� 2

n
yt (si ) � X t (si )

T � � � �
m (si )

o2
�

I Z t;m (si ) ;
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where Z t;m (si ); m 6= l are all known. If Z t;m (si ) � 0; for some m < l, then

� t (si ) = � �
m (si ) and Z t;l (si ) is sampled directly from the unrestricted distribution

N (~� i
t;l ; ~H i (� )).

Otherwise if Z t;m (si ) < 0; for all m < l, the full conditional is a binary mixture of

truncated normals. If Z t;k (si ) � 0 for the �rst k > l, let

! � = exp
�
�

1
2� 2

f yt (si ) � X t (si )T � � � �
l (si )g2

�

! + = exp
�
�

1
2� 2

f yt (si ) � X t (si )T � � � �
k(si )g2

�
;

and

� l =
! � � �

�
~� i

t;lp ~H i (� )

�

! � � �
�

~� i
t;lp ~H i (� )

�
+ ! + � �

�
�

~� i
t;lp ~H i (� )

� and � k =
! + � �

�
�

~� i
t;lp ~H i (� )

�

! � � �
�

~� i
t;lp ~H i (� )

�
+ ! + � �

�
�

~� i
t;lp ~H i (� )

� :

The full conditional for Z t;l (si ) is a mixture of two truncated normals. In partic-

ular, with probability � l , we sampleZ t;l (si ) from the truncated normal distribution

N (~� i
t;l ; ~H i (� )) I f Z t;l (si )� 0g; with probability � k , we sampleZ t;l (si ) from the truncated

normal distribution N (~� i
t;l ; ~H i (� )) I f Z t;l (si )< 0g.

The modi�cation for the full conditionals for the Z 's in the spatio-temporal dy-

namic model is as follows: for t = 1, follow the samestepsas in the original sampler

of the independent-sample case. SupposeZm;l , l = 1; ::K � 1; m = 1; : : : ; t � 1 are

already sampled. Calculate ! m by Zm;l and � �
l . For t, let ~yt = yt �

P t � 1
m=1 
 t � m ! m .

With ~yt replacingyt , follow the samestepsas in the independent samplerto get Z t;l ,

and calculate ! t .

2. Full conditional for the � � 's.

We can update all the � � 's at oncefor all locations. Let us considerat each point
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s 2 D the partition induced on the spaceof the Z 's by the allocation process,that

is, for t = 1; : : : ; T and l = 1; : : : ; K � 1, considerthe setsZ t;l (s) = f s 2 D : Z t;1(s) <

0; : : : ; Z t;l � 1(s) < 0; Z t;l (s) � 0g, and Z t;K (s) = f s 2 D : Z t;1(s) < 0; : : : ; Z t;K � 1(s) <

0g. Then, I (Z t;l ) = diagf I Z t;l (s1 ) ; : : : ; I Z t;l (sn )g is the diagonalmatrix whosei -th entry

is equal to onewhen the component l is chosenat location si . Immediately, the full

conditional for � �
l = f � �

l (s1); : : : ; � �
l (sn )g is given by

[� �
l jYt ; Z t ; t = 1; : : : ; T; � ; � 2; � 2; � ] /

exp

(

�
1

2� 2

TX

t=1

(yt � X T
t � � � �

l )T I (Z t;l )(yt � X T
t � � � �

l )

)

exp
�

�
1

2� 2
� � T

l R� 1
n (� ) � �

l

�

Then, with � =
�

1
� 2

P T
t=1 I (Z t;l ) + 1

� 2 R� 1
n (� )

� � 1
,

[� �
l jYt ; Z t ; t = 1; : : : ; T; � ; � 2; � 2; � ] � N

 
1
� 2

�
TX

t=1

I (Z t;l )
�
yt � X T

t �
�

; �

!

:

Once we know � �
l and Z t for all l = 1; : : : ; K and t = 1; : : : ; T, we can compute

each � t asa function of (� �
l ; Z t ). The full conditionals for � �

l 's in the spatio-temporal

dynamical model are far more complicated. We are still able to update � �
l at all

locations, but it has to be conditioned on all the other value � �
j 's with j 6= l.

For the dynamic linear model (2.17), we expandaccumulated spatial random e�ect

Yt (s) = X t (s)T � +
tX

m=1


 t � m ! m (s) + " t (s)

Then, if we write ! m as a function � �
l 's and Z t 's, we obtain

Yt (s) = X t (s)T � +
tX

m=1


 t � m
K � 1X

j =1

I (Zm;j )� �
j (s) + " t (s)
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Hence,the likelihood � prior can be written as proportional to

exp

2

4�
1

2� 2

TX

t=1

(

yt �
tX

m=1


 t � m
K � 1X

j 6= l=1

I (Zm;j )� �
j �

tX

m=1


 t � m I (Zm;l )� �
l � X T

t �

) T

(

yt �
tX

m=1


 t � m
K � 1X

j 6= l=1

I (Zm;j )� �
j �

tX

m=1


 t � m I (Zm;l )� �
l � X T

t �

)#

�

� exp
�

�
1

2� 2
� � T

l R� 1(� )� �
l

�
:

Let us de�ne

~yt = yt �
tX

m=1

(


 t � m
K � 1X

j 6= l=1

I (Zm;j )� �
j

)

� X T
t � ;

The expressionabove becomes

exp

2

4�
1

2� 2

TX

t=1

(

~yt �
tX

m=1


 t � m I (Zm;l )� �
l

) T (

~yt �
tX

m=1


 t � m I (Zm;l )� �
l

) 3

5 �

� exp
�

�
1

2� 2
� � T

l R� 1(� )� �
l

�
,

from which we can deduce

[� �
l j� �

j (j 6= l) ; zt ; yt ; � t ; � 2; � 2; � ] � N

 
1
� 2

�
TX

t=1

(
tX

m=1


 t � m I (Zm;l )

)

~yt ; �

!

;

with � =
h

1
� 2

P T
t=1

� P t
m=1 
 t � m I (Zm;l )

	 2
+ 1

� 2 R� 1(� )
i � 1

.

3. Full conditionals for � ; � 2; � 2; �; � and � :

Assume� � Np(� 0; � 0). Then, [� jX t ; Yt ; Z t ; � t ; � 2] � N (�̂ ; �̂ � ), where

�̂ � =

 
1
2

TX

t=1

X T
t X t + � � 1

0

! � 1

and �̂ = �̂ �

�
1
2

X T
t (yt � � t ) + � � 1

0 � 0

�

110



:

4. Full conditional for � 2.

Assume� 2 � I Gamma(� � ; � � ): Then [� 2jX t ; Yt ; � t ; � ] � I G( ~� � ; ~� � ) where

~� � = � � +
nT
2

and ~� � = � � +
1
2

TX

t=1

�
yt � X T

t � � � t

� T �
yt � X T

t � � � t

�
:

5. Full conditional for � 2.

Assume� 2 � I G(� � ; � � ): Then, [� 2j� �
l ; � ] � I Gamma( ~� � ; ~� � ) where

~� � = � � +
nK
2

and ~� � = � � +
1
2

KX

l=1

� � T
l R� 1

n (� )� �
l :

6. Full conditional for � .

Dependingon the prior [� ], the full conditional of � canbesampledwith a Metropolis

within Gibbs step

[� j� �
l ; � 2] � [� ] � exp

(

�
1

2� 2

KX

l=1

� � T
l R� 1

n (� )� �
l

)

:

7. Full conditional for � .

Generally we must use a Metropolis step for � l , l = 1; : : : K � 1, unlessthe � in

the Beta(1; � ) is equal to 1. Note that pr f Z l (s) � 0g = � (� l ) and pr f Z l (s) � 0g �

Beta(1; � ) induce a prior for � l / f 1 � � (� l )g
� � 1 � exp

�
� 1

2 � 2
l

	
. If � = 1, the prior

for � l is but a normal distribution thus conjugate. The full conditional for � l is

�
� l jZ l

t ; �
�

/ f 1 � � (� l )g
� � 1 � exp

�
�

1
2

� 2
l

�
�

� exp

(

�
1
2

TX

t=1

(Z t;l � � l1n )T H � 1
n (� ) (Z t;l � � l1n )

)
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8. Full conditional for � .

Dependingon the prior [� ], the full conditional of  canbesampledwith a Metropolis

within Gibbs step

[� jZ t ; � l ] � [� ] � exp

(

�
1
2

TX

t=1

K � 1X

l=1

(Z t;l � � l1n)T H � 1
n (� ) (Z t;l � � l1n )

)

:
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App endix B

Posterior Simulation for the SDP Disease
Mapping Mo dels

Here, we provide the details for MCMC posterior simulation for the spatial and

spatio-temporal modelsdiscussedin Sections2.1and 2.4, respectively. In both cases,

the posteriorof the model canbeexploredusinga Gibbs samplerthat combinesstan-

dard MCMC techniquesfor DP mixtures (West et al. 1994;Bush and MacEachern

1996)with updatesfor the latent zit .

1. Spatial model

Under model (3.2), the full conditional for each zit can be expressedas

p(zit j :::; data) / exp(� nit exp(zit ))N (zit j � + � it + � 2yit ; � 2):

We can samplefrom this full conditional introducing an auxiliary variable uit , with

positive values,such that

p(zit ; uit j :::; data) / N (zit j � + � it + � 2yit ; � 2)1(0<u it < exp(� n it exp(zit ))) :

The Gibbs sampleris extendedto draw from p(uit j zit ; data) and p(zit j uit ; :::; data).

The former is a uniform distribution over (0; exp(� nit exp(zit ))). The latter is a
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N(� + � it + � 2yit ; � 2) distribution truncated over the interval (�1 ; log(� n� 1
it loguit )).

Alternativ ely, adaptive rejection sampling can be usedto draw from the full condi-

tional for zit noting that its density is log-concave.

Having updated all the zit , the mixing parameters� t , t = 1; :::; T, and hyperpa-

rameters � , � 2, � 2, � , can be updated as in the spatial DP mixture model, with zt

playing the role of the data vector yt . (We refer to the Appendix in Gelfand et al.

2005for details.) All theseupdatesrequirecomputationsinvolving the matrix Rn (� ).

To approximate the entries of this matrix, we use Monte Carlo integrations based

on sets of locations distributed independently and uniformly over each region B i ,

i = 1; :::; n. Note that, with the discreteuniform prior for � , thesecalculationsneed

only be performedonceat the beginningof the MCMC algorithm.

2. Spatio-temp oral model

The posterior for model (3.5) is given by expression(3.8). The form of the full

conditionals for the zit is similar to the one for the spatial model, and, thus, ei-

ther auxiliary variablesor adaptive rejection sampling can be usedto update these

parameters.

For each t = 1; :::; T, the full conditional for � t ,

p(� t j:::; data) / p(� t jf � j : j 6= tg; � 2; � )
TY

`= t

Nn (z` jd` + � ` � t � t ; � 2I n )

whered` = (� 0 + � 1`)1n +
P `

m=1 ;m6= t � ` � m � m , ` = t; :::; T. The product term above is

proportional to a Nn (� t j� t ; � t ) density, with � t = (
P T

`= t � 2(` � t ) )� 1 P T
`= t � ` � t (z` � d`)

and � t = � 2(
P T

`= t � 2(` � t ) )� 1I n . Let T �� be the number of distinct � j in f � j : j 6=

tg, � ��
j , j = 1; :::; T �� , be the distinct values, and T �

j be the size of the cluster

corresponding to � ��
j . The prior full conditional p(� t jf � j : j 6= tg; � 2; � ) is a mixed

distribution with point massesT �
j (� + T � 1)� 1 at the � ��

j and continuous mass
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� (� + T � 1)� 1 on the Nn (0; � 2Rn (� )) distribution. Hence,p(� t j:::; data) is also a

mixeddistribution with point masses,proportional to T �
j qj , at the � ��

j andcontinuous

mass,proportional to � q0, on an n-variate normal distribution with covariancematrix

H t = (� � 1
t + � � 2R� 1

n (� )) � 1 and mean vector H t � � 1
t � t . Here, qj is the value of the

Nn (� t ; � t ) density at � ��
j , and

q0 =
Z

Nn (uj0; � 2Rn (� ))Nn(uj� t ; � t )du;

an integral that is available analytically.

Updating � 2 and � proceedsasin the spatial model. The full conditional for � 2 is

an inversegammadistribution, and � 0 and � 1 have normal full conditionals. Finally,

working with a discreteuniform prior for � , we sampledirectly from its discretized

full conditional.

115



Bibliograph y

Albert, J. and Chib, S. (1993), \Ba yesiananalysisof binary and polychotomous
reponsedata," Journal of the American Statistical Association, 88, 669{679.

Antoniak, C. (1974), \Mixtures of Dirichlet processeswith applications to
Bayesiannonparametricproblems," Annals of Statistics, 2, 1152{1174.

Banerjee, S., Carlin, B., and Gelfand, A. (2004), Hierarchical Modeling and
Analysis for Spatial Data, Chapman& Hall/CR C.

Banerjee,S., Gelfand, A., and Sirmans,C. (2003a),\Directional rates of change
under spatial processmodels," Journal of the American Statistical Association,
98, 946{954.

Banerjee,S., Wall, M., and Carlin, B. (2003b), \F railt y modeling for spatially
correlated survival data, with application to infant mortalit y in Minnesota,"
Biostatistics, 4, 123{142.

Benes,V., Bodlak, K., M�ller, J., and Waagepetersen,R. (2002), \Ba yesian
Analysis of Log GaussianCox Processesfor DiseaseMapping," Working paper,
Department of Mathematical Sciences,Aalborg University.

Bernardinelli, L., Clayton, D., and Montomoli, C. (1995),\Ba yesianestimatesof
diseasemaps: How important arepriors?" Statistics in Medicine, 14,2411{2432.

Besag,J., Green,P., Higdon, D., and Mengersen,K. (1995), \Ba yesiancompu-
tation and stochastic systems(with discussion),"Statistical Science, 10, 3{66.

Besag,J., York, J., and Mollie, A. (1991), \Ba yesianimagerestoration with two
applications in spatial statistics," Annals of the Institute of Statistical Mathe-
matics, 43, 1{59.

Best, N., Ickstadt, K., and Wolpert, R. (2000), \Spatial Poissonregressionfor
health and exposure data measuredat disparate resolutions," Journal of the
American Statistical Association, 95, 1076{1088.

Blackwell, D. and MacQueen,J. (1973), \F ergusondistributions via P�olya urn
scheme." Annals of Statistics, 1, 353{355.

B•ohning, D., Dietz, E., and Schlattmann, P. (2000), \Space-time mixture mod-
elling of public health data," Statistics in Medicine, 19, 2333{2344.

116



Brix, A. and Diggle, P. (2001), \Spatiotemporal prediction for log-GaussianCox
processes,"Journal of the Royal Statistical Society: SeriesB, 63, 823{841.

Brix, A. and M�ller, J. (2001), \Space-time multi type log GaussianCox Pro-
cesseswith a View to Modelling Weeds."Scandinavian Journal of Statistics, 28,
471{488.

Brown, P., Diggle, P., and Henderson,R. (2003), \A non-Gaussianspatial pro-
cessmodel for opacity of 
o cculatedpaper," Scandinavian Journal of Statistics,
30, 355{368.

Bush, C. and MacEachern, S. (1996), \A semiparametricBayesian model for
randomisedblock designs,"Biometrika, 83, 275{285.

Christensen,O. and Waagepetersen,R. (2002), \Ba yesianprediction of spatial
count data using generalizedlinear mixed models," Biometrics, 58, 280{286.

Cifarelli, D. and Regazzini,E. (1978), \Problemi statistici non parametrici in
condizioni di scambiabilit�a parziale. Impiego di medie associative," Quaderni
dell'Istituto di Matematica Finanziaria dell'Universita' di Torino, Serie I I I, n.
12, 1{13.

Clayton, D. and Kaldor, J. (1987), \Empirical Bayes estimates of age-
standardizedrelative risks for usein diseasemapping," Biometrics, 43, 671{681.

Cox, D. (1955), \Some statistical methods connectedwith seriesof events."
Journal of the Royal Statistical Society: SeriesB, 17, 129{164.

Cressie,N. (1993), Statistics for Spatial Data, New York: Wiley, 2nd ed.

Cressie,N. and Chan, N. (1989), \Spatial modeling of regionalvariables." Jour-
nal of the American Statistical Association, 84, 393{401.

Daley, D. and Vere-Jones,D. (1988), Intr oduction to the Theory of Point Pro-
cesses, New York: SpringerVerlag.

Damian, D., Sampson,P., and Guttorp, P. (2001),\Ba yesianestimation of semi-
parametric non-stationary spatial covariance structures," Environmetrics, 12,
161{178.

De Iorio, M., M•uller, P., Rosner,G., and MacEachern, S. (2004), \An ANOVA
model for dependent random measures,"Journal of the American Statistical
Association, 99, 205{215.

117



Diggle, P. (2005a), \A partial likelihood for spatio-temporal point processes,"
Working Paper, JohnsHopkins University.

| (2005b),\Spatio-temporal point processes:methodsandapplications," Work-
ing Paper, JohnsHopkins University.

Diggle, P., Tawn, J., and Moyeed, R. (1998), \Mo del-basedgeostatistics(with
discussion),"Applied Statistics, 47, 299{350.

Elliott, P., Wake�eld, J., Best, N., and Briggs, D. (2000), Spatial Epidemiology:
Methods and Applications, Oxford: University Press.

Escobar,M. (1994), \Estimating normal meanswith a Dirichlet processprior,"
Journal of the American Statistical Association, 89, 268{277.

Escobar,M. and West, M. (1995), \Ba yesiandensity estimation and inference
using mixtures," Journal of the American Statistical Association, 90, 577{588.

Ferguson,T. (1973), \A Bayesian analysis of somenonparametric problems,"
Annals of Statistics, 1, 209{230.

| (1974), \Prior distributions on spacesof probability measures,"Annals of
Statistics, 2, 615{629.

Fernandez,C. and Green, P. (2002), \Mo delling spatially correlated data via
mixtures: a Bayesianapproach," Journal of the Royal Statistical Society: Series
B, 64, 805{805.

Fuentes,M. andSmith, R. (2001),\A newclassof nonstationaryspatial models,"
Tech. Rep., North Carolina State University.

Furrer, R., Genton, M., and Nychka, D. (2006), \Covariancetapering for inter-
polation of large spatial dataset," To appear in Journal of Computational and
Graphical Statistics.

Gard, T. (1988), Intr oduction to Stochastic Di�er ential Equations, New York:
Marcel Dekker.

Gelfand, A., Kottas, A., and MacEachern, S. (2005), \Ba yesian nonparamet-
ric spatial modeling with Dirichlet processesmixing," Journal of the American
Statistical Association, 100,1021{1035.

118



Gelfand, A. and Smith, A. (1990), \Sampling-basedapproaches to calculating
marginal densities," Journal of the American Statistical Association, 85, 398{
409.

Giudici, P., Knorr-Held, L., andRasser,G. (2000),\Mo delling categoricalcovari-
atesin Bayesiandiseasemappingby partition structures," Statistics in Medicine,
19, 2579{2593.

Glaeser, E. (2003), \Sprawl and urban growth," Handbook of Regional and
Urban Economics,Vol. 4, forthcoming.

Green,P. and Richardson,S. (2002), \Hidden Markov modelsand diseasemap-
ping." Journal of the American Statistical Association, 97, 1055{1070.

Gri�n, J. andSteel,M. (2004),\A classof dependent Dirichlet Processes,"Tech.
rep., University of Kent at Canterbury.

Heagerty, P. and Lele, S. (1998), \A composite likelihood approach to binary
spatial data," Journal of the American Statistical Association, 93, 1099{1111.

Higdon, D., Swall, J., and Kern, J. (1999), \Nonstationary spatial modelling,"
in Bayesian Statistics 6, eds. Bernardo, J., Berger, J., Dawid, A., and Smith,
A., Oxford University Press,pp. 761{768.

Hjort, N. (2000), \Ba yesianAnalysis for a generalizedDirichlet processprior,"
Tech. rep., University of Oslo.

Ishwaran, H. and James,L. (2001), \Gibbs sampling methods for stik breaking
priors," Journal of the American Statistical Association, 96, 161{173.

Ishwaran, H. and Zarepour, M. (2002a), \Diric hlet prior sieves in �nite normal
mixtures," Statistica Sinica, 12, 941{963.

| (2002b), \Exact and approximate sum-representations for the Dirichlet Pro-
cess,"Canadian Journal of Statistics, 30, 269{283.
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