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Outline

•IntroductiontoobjectiveBayesiananalysisthrougha

medicaldiagnosisexample.

•ObjectiveandsubjectiveBayesiananalysis-history.

•NicefeaturesofobjectiveBayesiananalysis,through

examples.

•UnificationoffrequentistandobjectiveBayesian

statistics

–inestimation(correlationcoefficient);

–theconditioninghurdle;

–hypothesistesting.
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I.IntroductiontoBayesianAnalysis

Bayesiananalysisproceedsby

•modelingthedataprobabilistically;

•modelingunknownfeaturesofthedata-modelusing

priorprobabilitydistributions;

•usingprobabilitytheory(oftenBayestheorem)to

findtheposteriorprobabilitydistributionof

quantitiesofinterest,giventhedata.
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AMedicalDiagnosisExample(withMossman,2001)

TheMedicalProblem:

•Withinapopulation,p0=Pr(DiseaseD).

•AdiagnosictestresultsineitheraPositive(P)or

Negative(N)reading.

•p1=Pr(P|patienthasD).

•p2=Pr(P|patientdoesnothaveD).

ItfollowsfromBayestheoremthat

θ=Pr(D|P)=
p0p1

p0p1+(1−p0)p2

.
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TheStatisticalProblem:Thepiareunknown.Based

on(independent)dataXi∼Binomial(ni,pi)(arisingfrom

medicalstudies),finda100(1−α)%confidencesetforθ.

SuggestedSolution:AssignpitheJeffreys-ruleprior

π(pi)∝p
−1/2
i(1−pi)−1/2

.

ByBayestheorem,theposteriordistributionofpigiven

thedata,xi,is

π(pi|xi)=
p
−1/2
i(1−pi)−1/2

×
(

n
xi

)

p
xi

i(1−pi)
ni−xi

∫

p
−1/2
i(1−pi)−1/2×

(

n
xi

)

p
xi

i(1−pi)ni−xi
dpi

,

whichistheBeta(xi+
1
2,ni−xi+

1
2)distribution.
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Finally,computethedesiredconfidenceset(formally,the

100(1−α)%equal-tailedposteriorcredibleset)by

•drawingrandompifromtheBeta(xi+
1
2,ni−xi+

1
2)

distributions,i=0,1,2;

•computingtheassociatedθ=p0p1/[p0p1+(1−p0)p2];

•repeatingthisprocess10,000times;

•usingthe
α
2%upperandlowerpercentilesofthese

generatedθtoformthedesiredconfidencelimits.
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n0=n1=n2(x0,x1,x2)95%confidenceinterval

20(2,18,2)(0.107,0.872)

20(10,18,0)(0.857,1.000)

80(20,60,20)(0.346,0.658)

80(40,72,8)(0.808,0.952)

Table1:The95%equal-tailedposteriorcredibleinterval

forθ=p0p1/[p0p1+(1−p0)p2],forvariousvaluesofthe

niandxi.
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II.SubjectivevsObjectiveBayesAnalysis

•InsubjectiveBayesiananalysis

–priordistributionsrepresentbeliefsorknowledge;

–Bayestheoremshowshowpriorbeliefsbecome

posteriorbeliefs,throughlearningfromdata.

–Thesubjectiveapproachiscrucialinmanyareas

ofdesign,metaanalysis,anddecisionmaking.

•InobjectiveBayesiananalysis

–priordistributionsarechosentorepresent

‘neutral’knowledgeaboutunknowns;

–theposteriordistributionisclaimedtogivethe

probabilityofunknownsarisingfromjustdata.
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HistoryofObjectiveandSubjectiveBayes

•ObjectiveBayesianinference,usingconstantprior

densitiesforunknowns,wasprominentfrom

1775–1925,underthenameinverseprobability.

•By1940,theprevailingstatisticalphilosophieswere

eitherFisherian(associatedwithRonaldFisher)or

frequentist(associatedwithJerzyNeyman).

•SubjectiveBayesiananalysisbecameprominentby

1960;itisoftenmistakenlyequatedwithBayesianism

•HaroldJeffreysrevivedtheobjectiveBayesianschool

from1940-1970.
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III.SomeNiceFeaturesofObjective
BayesianAnalysis

•Itisasobjectiveasanythingelseinstatistics.

•Itallowsdirectanswerofquestionsofinterest

(examples).

•Itisoftentheeasiestwaytoobtaingoodfrequentist

procedures(examples).

•Itisgreatfordifficultproblems,suchasdealingwith

manynuisanceparametersandmultiplicityof

hypotheses(examples).
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1.DirectlyAnsweringQuestionsofInterest

Bayesiananswerscanbeobtainedforvirtuallyalldirect

questionsofinterest,suchas

•WhatistheprobabilitythatdrugAimproves

averagesurvivalbyatleast3monthsoverdrugB?

•Whatistheprobabilitythatanewdrugisas

effectiveasthestandarddrug?

Questionslikethisareansweredonlyindirectlyusing

classicalmethods.

Indeed,onecangiveanentireprobabilitycurveforthe

differenceinperformanceofatreatmentandcontrol.
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2.ObtainingGoodFrequentistProcedures

ObjectiveBayesianproceduresareusuallygreat

frequentistprocedures.Inthemedicaldiagnosisexample,

considerthefrequentistpercentageofthetimethatthe

95%Bayesiansetsforθ=Pr(D|P)=
p0p1

p0p1+(1−p0)p2misson

theleftandontheright(idealwouldbe2.5%each)for

theindicatedparametervalueswhenn0=n1=n2=20.

(p0,p1,p2)O-BayesLogOddsGart-NamDelta

(
1
4,

3
4,

1
4)2.86,2.711.53,1.552.77,2.572.68,2.45

(
1
10,

9
10,

1
10)2.23,2.470.17,0.031.58,2.140.83,0.41

(
1
2,

9
10,

1
10)2.81,2.400.04,4.402.40,2.121.25,1.91
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3.DealingwithNuisanceParametersand
MultiplicityinHypothesisTesting

A.NuisanceParameters:Complexmodelsusually

havemanynuisanceparameters,anditisdifficultto

accountfortheuncertaintyintheirvalueswhen

eliminatedinnon-Bayesianways(e.g.,byusingplug-in

estimates).

Byeliminatingnuisanceparametersthroughintegration,

objectiveBayesiananalysisautomaticallyaccountsfor

theuncertaintyinthenuisanceparameters.

14



AllenT.CraigLectures,UniversityofIowaApril8-9,2004
'

&

$

%

Example:Hierarchicalorrandomeffectsormixed

modelsormultilevelmodelsor...

Averysimpleversion:Fori=1,...,p,

Xi∼Normal(µi,1)andµi∼Normal(0,τ
2
).

IfS
2

=
∑

X
2
i<p,themleforτ

2
isτ̂

2
=0andthe

unbiasedestimateisnegative.(Withnumerous

variancecomponents,thisisacommonoccurrence.

Evenhere,forp=4andτ
2

=1,Pr(S
2

<p)=0.264.)

Thelikelihood,L(τ
2
),decreasesawayfrom0veryslowly,

indicatingconsiderableuncertaintyaboutτ
2
,even

thoughthemleis0.
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Figure1:Likelihoodfunctionofτ2whenp=4andS2=4is

observed.
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Neglectinguncertaintyinτ
2

affectstheanalysisinan

incorrectlyaggressivefashion.

Settingτ
2

to0isequivalenttosettingµ1=...=µp=0.

Classicalmethodshavedifficultyincorporatingthe

uncertaintyinτ
2
,becausethemaximumisachieved

ataboundary.

ObjectiveBayesanalysis

•leadstoaposteriorforτ
2

thatreflectsthe

uncertaintyinthelikelihood;

•canbeeasilyimplementedcomputationallyfor

verycomplexhierarchicalmodelsusingBUGS.
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B.DealingwithMultiplicity

ObjectiveBayesiananalysisdoesnotrequireBonferroni

typeadjustmentsformultipletesting;adjustmentsare

automatic.

Example:MicroarrayAnalysis

•Theprobabilitymodelandanalysisgoalforthedata:

–Suppose,fori=1,...,m,thatobservationXiis

normallydistributedwithmeanµiandvariance1,

tobedenotedXi∼N(µi,1).

–Mostoftheµiarethoughtlikelytobezero,and

itisdesiredtodetectthosethatarenonzero.
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•Theprobabilitymodel(priordistribution)forthe

unknownµi:

–Letpdenotetheunknownpriorprobabilitythata

givenµiiszero;thus1−pisthepriorprobability

thatitisnonzero:

∗assignptheuniformdensityontheinterval(0,1).

–AssumethatthenonzeroµifollowaN(0,V)

distribution,withVunknown:

∗assignVthepriordensityπ(V)=1/(1+V)
2
.
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•Ofprimaryinterestaretheposteriorprobabilities

thattheµjarenonzero,givenby

pj=1−
∫

1
0

∫

1
0p

∏

i6=j

(

p+(1−p)
√

1−we
wXi

2
/2)
)

dpdw
∫

1
0

∫

1
0

∏

m
i=1

(

p+(1−p)
√

1−wewXi
2
/2)
)

dpdw
.

•(p1,p2,...,pm)canbecomputednumericallyifmis

moderate.Forlargem,itismostefficienttodothe

computationviaimportancesampling,witha

commonimportancesampleforallpj.
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•Notethat,intheBayesianapproach,the‘penalty’

foraddingadditional(meanzero)comparisonsis

thatpwillconcentrateonsmallervalues.Thisis

automatic,andoneneednotdoanyadjustments

(e.g.Bonferoni).

Example:DrawtenN(0,4
2
)‘signal’observations:

-8.48,-5.43,-4.81,-2.64,-2.40,3.32,4.07,4.81,5.81,6.24

Generaten=10,50,500,and5000N(0,1)‘noise’

observations.

Mixthemtogetherandtrytoidentifythesignals.
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Centralseven‘signal’observations#noise

n-5.4-4.8-2.6-2.43.34.14.81pi>.6

1011.94.89.99111

5011.71.59.94110

50011.26.17.67.9612

50001.0.98.03.02.16.67.981

Table2:Theposteriorprobabilitiesthatthecentral‘sig-

nal’meansarenonzero(theothersalwayshadpi=1).

Note:Thepenaltyformultiplecomparisonsisautomatic.
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IV.ObjectiveBayesandtheUnificationof
Statistics

EstimationExample-theCorrelationCoefficient:

Thebivariatenormaldistributionof(x1,x2)hasmean

(µ1,µ2)andcovariancematrixΣ=

(

σ
2
1ρσ1σ2

ρσ1σ2σ
2
2

)

,

whereρisthecorrelationbetweenx1andx2.

Forasample(x11,x21),(x12,x22),...,(x1n,x2n),define

S=
n∑

i=1

(Xi−x)(Xi−x)′=

(

s11r√s11s22

r√s11s22s22

)

,

wheresij=
∑

n
k=1(xik−xi)(xjk−xj),r=s12/√s11s22.
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CredibleIntervalsforρ,undertheright-Haarprior

π(µ1,µ2,σ1,σ2,ρ)=
1

σ
2
1(1−ρ2),

canbefoundby

•drawingindependentZ∼N(0,1),χ
2
n−1andχ

2
n−2;

•setting

ρ=
Y √

1+Y
2,whereY=−

Z √χ
2

n−1

+

√χ
2

n−2
√χ

2

n−1

r √
1−r

2;

•repeatingthisprocess10,000times;

•usingthe
α
2%upperandlowerpercentilesofthese

generatedρtoformthedesiredconfidencelimits.
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Lemma1

1.ThisBayesiancredibleset,C(r),whenconsideredasa

frequentistconfidenceinterval,hasexactcoverage1−α.

2.Thiscrediblesetcanbeshowntobethesameasthe

fiducialconfidenceintervalobtainedbyFisherin1930.

TwoHistoricalCuriosities:

1.WasitknownthatFisher’sfiducialintervalhasexact

frequentistcoverageof1−α?

2.Intheearly60’s,resultsofLindleyandBrillinger

showedthat,ifonestartswiththedensityf(r|ρ)ofr,

thereisnopriordistributionforρwhichhasaposterior

equaltothefiducialdistribution.
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TheMainHurdletoUnification:The
ConditioningProblem

Basicquestionforafrequentist:Whatisthe

sequenceofpossibledataforwhichtoconsider

frequentistevaluations?

(Fisher:“relevantsubset;”Lehmann:“frameofreference.”)

Artificialexample:ObserveX1andX2,where

Xi=











θ+1withprobability1/2

θ−1withprobability1/2.
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Considertheconfidencesetforθ

C(X1,X2)=











1
2(X1+X2)ifX16=X2

X1−1ifX1=X2.

Unconditionalcoverage:

Pθ(C(X1,X2)containsθ)=0.75.

Thisissilly:ifx16=x2,weknowC(x1,x2)=θ;

ifx1=x2,C(X1,X2)equalsθonlywithprobability1/2.
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Onemustusetheconditionalfrequentistapproach:

•DefinetheconditioningstatisticS=|X1−X2|,
measuringthe“strengthofevidence”inthedata

(hererangingfroms=0tos=2);

•Computefrequentistcoverageconditionalonthe

strengthofevidenceS.

Pθ(C(X1,X2)containsθ|s=2)=1

Pθ(C(X1,X2)containsθ|s=0)=
1
2.

Note:Thecorrectanswerisobtainedtriviallyby

objectiveBayesiananalysis,usingaconstantprior

densityforθ.
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GeneticsExample(A.Kong):Mappinggenesfor

complextraitsbasedonaffectedhalf-sibdataX.

Goal:A95%confidencesetfor

θ=truelocationofasusceptibilitygene.

Unconditionalmethod:KruglyakandLander(1995)

foundC
u
(X)suchthatPθ(C

u
(X)containsθ)=0.95.

Conditionalmethod:Conditioningonthelocation

ancillarystatisticSresultsinaconfidencesetC
c
(X)

suchthatPθ(C
c
(X)containsθ|S)=0.95.

Differencescanbesignificant:

1−α
u
(s)=Pθ(C

u
(X)containsθ|S)canbenearzerofor

somes.Furthermore,Pr(1−αu(S)<0.90)=0.11.

Note:ObjectiveBayeseasilygivesthecorrectanswer.
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TheExampleofSimpleversusSimpleTesting:

FortestingsimpleH0vs.simpleH1,

•classicalN-Ptestsyieldunconditionalfrequentist

errorrates(α,β),buttheseratesdonotreflectthe

‘conditional’evidenceasthedatavarieswithinthe

rejectionoracceptanceregions;

•p-valuesaredata-dependentbutdonothaveastrict

frequentistinterpretation.
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Oneindicationofthenon-frequentistnatureofp-values

canbeseenfromthefollowingapplet(availableonmy

webpagewww.stat.duke.edu/∼berger).Thesituation

consideredhas:

•normaldatawithunknownmeanθandknown

variance;

•testsoftheformH0:θ=0versusH1:θ6=0.

Theappletsimulatesalongseriesofsuchtests,and

recordshowoftenH0istrueforp-valuesingivenranges.
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TheConditionalFrequentistApproachprovidestrue

conditionalfrequentisterrorrates,andalsounifies

frequentistandobjectiveBayesiantesting.

•Letpibethep-valuefromtestingHiagainstthe

otherhypothesis.

•Whilenotfrequentisterrorprobabilities,Fisher

arguedthatp-valuesaregood‘measuresofevidence,’

sodefinetheconditioningstatisticS=max{p0,p1};
itsuseisequivalenttodecidingthatdata(ineither

therejectionoracceptanceregions)withthesame

p-valuehasthesame‘strengthofevidence.’

•AcceptH0whenp0>p1,andrejectotherwise.
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•ComputeTypeIandTypeIIconditionalerror

probabilities(CEP)as

α(s)=P0(rejectingH0|S=s)≡P0(p0≤p1|S(X)=s)

β(s)=P1(acceptingH0|S=s)≡P1(p0>p1|S(X)=s).

•Thepotentialunification:

–Theevidentiarycontentofp-valuesis

acknowledged,but‘converted’toerror

probabilitiesbyconditioning.

–Theconditionalerrorprobabilitiesα(s)andβ(s)

arefullydata-dependent,yetfullyfrequentist.

–α(s)andβ(s)areexactlyequaltothe(objective)

posteriorprobabilitiesofH0andH1,respectively.
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Historyofconditionalfrequentisttesting

•ManyFisherianprecursors(theFisherexacttest).

•GeneraltheoryinKiefer(1977).

•Brown(1978)foundoptimalconditionalfrequentist

testsfortesting‘symmetric’simplehypotheses.

•Berger,BrownandWolpert(1994)developedthe

theorywediscussfortestingsimplehypotheses.

•Berger,BoukaiandWang(1997a,1997b)generalized

tosimpleversuscompositehypothesistesting.

•Dass(2001)generalizedtodiscretesettings;

•DassandBerger(2003)tocompositehypotheses.
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FinalComments

•FoundationalComments

–Wedonotpayenoughattentiontogood

conditionalperformance:

∗Bayesians,becauseitisautomatic;

∗frequentists,becauseapracticaltheoryis

elusive.

–Focusingonconditionalperformancebrings

frequentistsandBayesians(andFisherians)closer

togetherfoundationallyandmethodologically.
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•PracticalCommentsonObjectiveBayesianAnalysis

–Itallowsdirectanswerofnaturalquestions.

–Itisoftentheeasiestwaytoobtaingoodfrequentist

procedures.

–Itisgreatfordifficultproblems,includingproblems

withmanynuisanceparametersorhypotheses.

–Ithasothermethodologicalbenefits,suchas

∗nothavinga‘spendingα’penaltyinsequential

trials;

∗beingabletodealwithmultiplepossiblemodels

throughmodelaveraging;

∗...
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